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Overarching themes 


© Overarching themes 


The following three overarching themes have been fully integrated throughout the Pearson Edexcel 
AS and A level Mathematics series, so they can be applied alongside your learning and practice. 

1. Mathematical argument, language and proof 

¢ Rigorous and consistent approach throughout 

* Notation boxes explain key mathematical language and symbols 

* Dedicated sections on mathematical proof explain key principles and strategies 

* Opportunities to critique arguments and justify methods 


2. Mathematical problem solving The Mathematical Problem-solving cycle 
© Hundreds of problem-solving questions, fully integrated (==> specify the problem 

into the main exercises r 1} 
¢ Problem-solving boxes provide tips and strategies interpret results 


collect information 
* Structured and unstructured questions to build confidence 
* Challenge boxes provide extra stretch process and 

represent information 


3. Mathematical modelling 
* Dedicated modelling sections in relevant topics provide plenty of practice where you need it 


° Examples and exercises include qualitative questions that allow you to interpret answers in the 
context of the model 


* Dedicated chapter in Statistics & Mechanics Year 1/AS explains the principles of modelling in 


mechanics 
Finding your way around the book Aneecantonling 
digital edition using 
the code at the 
A front of the book. 
Modelling with 
differential equations 
Se cents 
Each chapter starts with ara 


a list of objectives 


The real world applications 
of the maths you are about 
to learn are highlighted at 
the start of the chapter with 
links to relevant questions in 
The Prior knowledge check the chapter 
helps make sure you are 
ready to start the chapter 


Exercise questions 
are carefully graded 
so they increase 

in difficulty and 
gradually bring you 


up to exam standard ‘Movie shen ert, 
| 
ieee ey 


Exercises are 
packed with exam- 
style questions 

to ensure you 

are ready for the 
exams 


Challenge boxes 
give you a chance 
to tackle some 
more difficult 
questions 


Exam-style questions 
are flagged with ©) 


Problem-solving 
questions are flagged 
with @) points 


Every few chapters a Review exercise 
helps you consolidate your learning 
with lots of exam-style questions 


Review exerci 


Each section begins 
with explanation 
and key learning 


ise 


Each chapter 
ends witha 

Mixed exercise focus on the key 
anda Summary types of questions out boxes highlight 
of key points 


Overarching themes 


Step-by-step Problem-solving boxes 
worked examples _ provide hints, tips and 
strategies, and Watch 


you'll need to areas where students 
tackle often lose marks in their 
exams 


Exam-style practice 


Further Mathe: 
Ala ‘matics 


1 Radel rb 
Orato macnn 


Two A level practice papers at 
the back of the book help you 
prepare for the real thing. 


Extra online content 


@ Extra online content 


Whenever you see an Online box, it means that there is extra online content available to support you. 


SolutionBank 


SolutionBank provides a full worked solution for 
every question in the book. 


GID Full worked solutions are Oe 


available in SolutionBank. 


Download all the solutions as a PDF or 
quickly find the solution you need online 


Use of technology 


Explore topics in more detail, visualise { ontine } Find the point of intersection ey 


problems and consolidate your understanding 
using pre-made GeoGebra activities. 


graphically using technology. 


GeeGebra 


GeoGebra-powered interactives 


Interact with the maths you are learning gieeeee | 
using GeoGebra's easy-to-use tools 


a a es. | 


vi 


Access all the extra online content for free at: 


www.pearsonschools.co.uk/cp2math 


You can also access the extra online content by scanning this QR code: 


Complex numbers 


After completing this chapter you should be able to: 


Express a complex number in exponential form 


e 
@ Multiply and divide complex numbers in exponential form 
e 


Understand de Moivre's theorem 


@ Use de Moivre's theorem to find sums of series 


Use de Moivre’s theorem to derive trigonometric identities 


— pages 2-5 
> pages 5-8 
+ pages 8-11 
~ pages 11-15 


> pages 16-19 


@ Know how to solve completely equations of the form z" —a—ib =0, 


giving special attention to cases where a= 1 and b= 


@ Use complex roots of unity to solve geometric problems 


The relationships between complex numbers 
and trigonometric functions allow electrical 
engineers to analyse oscillations of voltage 
and current in electrical circuits more easily. 


— pages 20-25 
> pages 25-27 


0.02; 


Brae | 


2=4+4iy3 andw= 2(cose + ising). 
ita 


a |z|_— b arg(z) 


e | f are(2) 
f(z) = 24 + 423 4 922 +4248 


Given that z = iis a root of f(z) = 0, show 
all the roots of f(z) = 0 on an Argand 
diagram. € Book 1, Chapters 1,2 


c |zw| di arg(zw) 


€ Book 1, Chapter 2 


Use the binomial expansion to find the 
né term in the expansion of (2 + 7)°. 
+ Pure Year 1, Chapter 8 


Chapter 1 


@® Exponential form of complex numbers 


You can use the modulus—argument form of a 
compleenN number to express it in the exponential 


{ Links ) The modulus-argument form of 
a complex number is == r(cos + isin 6), 


where r =|z| and @ =argz. 
Book 1, Section 2.3 


) ger 
— 1) 
@n! @ 
. @ 6 (<1) 971 
sin@=9-—+_-— Sra 2) 
at Bl (2r+1)! @) 
You can also write e*, x € R, asa series expansion in { Links } ihesaaa tie wadnuntnsaites 
powers of x. expansions of sin@, cos @ and e*. 
. a ¥ > Chapter 2 
Saltxtytata ate peo 


You can use this expansion to define the exponential 
function for complex powers, by replacing x with a 
complex number. In particular, if you replace x with 
the imaginary number i@, you get 

(iO)? _ GO)? (i0)* |, (i0)> | (i0)® 


ié 
Se ee ee 


iS 262, 303, 494 , 565, i695 
=14+i64+574+37+Gr Zi +r +r 


G i0? | 64 ig? ae 
Ta at ats a 


at~)+(0-$+5-—) 


By comparing this series expansion with (1) and (2), you can write e” as 


=(1-9+ 


e”=cosd+isingd This formula is known as Euler's relation. 
It is important for you to remember this result. 


= You can use Euler’s relation, e = cos 0 + isin 6, REED substituting 4 = = into Euler's 
to write a complex number z in exponential relation yields Euler’s identity: 
a e41=0 
=rei? 
gare This equation links the five fundamental 
where r= |z| and 6 = arg z. constants 0, 1, z, © andi, and is considered 


an example of mathematical beauty. 


Complex numbers 


Express the following in the form re‘, where -7 < 6 <7. 
Race OC Towa a 
a 2=V2(cos 7g + isin 7p) b 2=5(cos§ - isin § ) 


age V2 (cos aa isingg) 


So r=V2 and 0 = 35 


bes 5(cos 5 - isin 4] Problem-solving 


2 = 5{cos(-Z) + isin(-)) Leah senvenisine =n : 


Express z = 2 - 3i in the form re”, where -7 < 0 <7. 


2=2-3i 
2] = V22 + (3)? = VIS 


0 = argz = -arctan (3) = -0.963 (@ sii) 


3 


Chapter 1 


Example 


3ai 
Express z = /2e# in the form x + iy, where x,y € R. 


| Bri 
z= V2e*, so r= V2 and 6 = 3% 


(cos + isin 32) 


aie 


Therefore, z=-1 +i 


: 


Express z = 2e 5 in the form r(cos@ + isin 0), where —7 < 0 <x. 


23x ] 
| 
5 ora 5 -2ra5 Problem-solving 
an | cos @ = cos (6 + 2x) and sin @ = sin (9 + 2z). 
<= is in the range -7 < OS 3m 
| 5 Subtract imullles@rcrtike “unl yeu aislal 
S025 (cos3E + isin 32) L value in the range —1 <@<7. 


Use e” = cos 6 + isind to show that cos@ = Ke” +e). 


e” = cos + isind () 
eo” =e = cos (-6) + isin(-0) 

So e~* = cos@ — isind (2) 1 
e” + ee? = 2cos@ cr 


LEA 
aa = 0088 


Hence, cos0 = 3(e" + & 


M), as required. 


Complex numbers 


Exercise 


1 Express the following in the form re”, where -7 < 9 < z. Use exact values of r and 6 where 
possible, or values to 3 significant figures otherwise. 


a -3 b 6i e -2V3 -2i 
d -8+i € 2-51 £ -2V3 + 2iV3 
g VB( cos] + isinZ) h 8(cosg - ising) i 2(cos$ - ising) 


2 Express the following in the form x + iy where x, y € R. 


ae b 4c e wet 
ai = si 
d 8e6 e 3e2 fee 
aai Asi 
gee h 3V2e4 i 83 


3 Express the following in the form r(cos@ + isin 9), where -7 <0 <a. 


16zi Wai 
siete b 4c 5 


® 4 Use e” =cos@ + isin to show that sin = x (el#—e#), 


(1.2) Multiplying and dividing complex numbers 


You can apply the modulus—argument rules for multiplying and dividing complex numbers to 
numbers written in exponential form. 


Recall that, for any two complex numbers z, and zz, 


12122] = |1llZal 
© arg (22) = arg (z,) + arg (cy) 
. a a t Links ) These results can be proved by 
. E42! considering the numbers =, and z, in the form 
z 7 
Fel |Zel (cos @ + isin 6) and using the addition formulae 
for cosand sin. © Book 1, Section 2.3 


° ag 2) = arg (21) — arg (Z2) 


Applying these results to numbers in exponential form gives the following result: 


@ If z,=r,e™ and z= re", then: 
ae : oe WEEDS You cannot automatically assume 
© gagg = range +d the laws of indices work the same way with 
fy ty complex numbers as with real numbers. This 
‘papel result only shows that they can be applied in 
fa Ve 


these specific cases. 


=~ > | 


Example (s) 


a Express 2e* x /3e? in the form x + iy. 
b 2=242i, Im(ew) = 0 and [zn] = 3c] 
Use geometrical reasoning to find the two possibilities for w, giving your answers in exponential 


form. 


= w 28 (cook + ising 


= 2V3(0 +i) 
= v3 
b zw] = 3]z| > [wl =3 | 


a 


argz = arctan(3) =2 
ges 214 


| Im(zi) = O 50 arg (ew) = O or 7 
= 


So argw = a or 3 


| 2(cosz5 + ising) 
| 


12 (cos + isin) 


Complex numbers 


Exercise 


1 Express the following in the form x + iy, where x, y € R. 


aecixe? b V5e® x 3c ¢ V2e* xe x 3e* 


2 Express the following in the form x + iy where x, y € R. 


b WBe7 - v2e* cas 
407 20° 


3 Express the following in the form re’. 


a (cos 20 + isin 20)(cos 30 + isin 30) b (cos## + isin $£)(cos SF + isin ¥# 
c 3(cos§ + isin J) x 2( cos 75 + isin 75) 
d V6(cos (-75) +isin(-75)) x /3(cos§ + isin 5) 
4 Express the following in the form re’. = " a 
eot50- isin ‘ ae) . 3{cos} +isin 3) 
eos sism2t) 3(c0s] + isin) {cos + isin >=) 


5 = and w are two complex numbers where z = —9 + 3iV3, |r| = V3 and arg w = 5 


Express the following in the form re, where -7 < 9 = 7. 
az bw ce zw d a 
® 6 Use the exponential form for a complex number to show that 


(cos 90 + isin 90\(cos 40 + isin 40) 


cos 70 + isin 70 = cos 66 + isin69 


@®7 221443, Re(Z) = 0 and | =14 


Use geometrical reasoning to find the two possibilities for w, giving your answers in exponential 


form. (4 marks) 
8 a Evaluate (1 + i)?, giving your answer in exponential form. (2 marks) 
b Use mathematical induction to prove that (1 +i)" = de® forn eZ*. (4 marks) 
¢ Hence find (1 + i)!® (1 mark) 


® 9 Use Euler's relation for e!# and e-i# to verify that cos? + sin?@= 1. 


Chapter 1 


Challenge You cannot assume 


a Given that is a positive integer, prove by induction that that the laws of indices will apply to 
Greif)” = "ei? complex numbers. Prove these results 
using only the properties 


b Given further that 2" = + for all z € C, show that 


(ee Agary ee 


‘2, r; 
+ = —al-4) 


ram 


(1.3) De Moivre’s theorem 


You can use Euler's relation to find powers of complex numbers given in modulus—argument form. 
(cos @ + isin ))* = (re)? 
=rel x reo 
= pzei2d 
=r(cos 20 + isin20) 
Similarly, (r(cos @ + isin @)° = r°(cos 30 + isin 30), and so on. 
The generalisation of this result is known as de Moivre’s theorem: 
@ For any integer n, 


(cos 0 + isin 0)” = 1"(cos nO + isin nO) 


You can prove de Moivre's theorem quickly using Euler's relation. 
(r(cos @ + isin 0)” = (rei)" 


= pein? 
= r(cos nd + isin n6) 
You car alsu prove de Muivie’s Lheurern fur positive Tirpjpestiecesiine matted 


integer exponents directly from the modulus— 
argument form of a complex number using the addition 
formulae for sin and cos. 


of proof by induction. 
Book 1, Chapter 8 


1. Basis step 

n= 1;LHS = (r(cos 0 + isin @))' =r(cos 6 + isind) 
RHS =r(cos 10 + isin 19) = r(cos @ + isin @) 

As LHS = RHS, de Moivre’s theorem is true for 7 = 1. 

2. Assumption step 


Assume that de Moivre’s theorem is true form =k, k € Z*: 
(-(cos 0 + isin 9))* = *(coskO + isin kd) 


Complex numbers 


3. Inductive step 

Whenn=k+1, 

(r(cos 6 + isin @))**! = (r(cos 6 + isin ))* x r(cos @ + isin 6) 
=r*(cosk@ + isinké) x r(cos 6 + isin@) 
=r**1(cos kO + isink@)(cos @ + isin®) 
=r**1((cos k@ cos 0 — sink@ sin @) + i(sink@ cos @ + cos k@ sin @)) 


By assumption step 


=r**1(cos(k6 + 0) +isin(ké + 6) By addition formulae 
=rk+l(cos((k + 1)4) +isin((k + 1)8)) 
Therefore, de Moivre’s theorem is true when n =k + 1. 
4. Conclusion step 
It de Moivre's theorem is true tor n = k, then it has been {Links ) The corresponding proof 
shown to be true forn =k +1. for negative integer exponents is 


left as an exercise. 


As de Moivre’s theorem is true for = 1, it is now proven to Brrecisedcichallence! 


be true for all € Z* by mathematical induction. 


on)" ] Problem-solving 


(cos 2 + isin 2F R sn 
eee ee a You could also show this result by writing both 


3 
(cos 7 isin 3) numbers in exponential form: 
5 sa)5 asa 
M (cos 5 + isin =) ie Syed) lagi 1 
ie Bx\ au Px\\? | enn se) 
(co=( #5) + isin(-24)) 


cos 430 + isin BE 


coo( -2F) + isin( SF) 


= cos(47" - (-)] + isin( $32 -( és) | 


A 17 17 17 


= cos on + isin ae 


= cos 37 +isin3a 


= cosa tisina 


=-1 + i(0) 
5 
(coo $F sion) 
30--— —_. 52"! 


(cos2 —isin28) 


Chapter 1 


Example (>) 


Express (1 + iV3)' in the form x + iy where x, y ER. 


ae 


Se ee 


(143) = (2 (coos + isin)" 
ee 
= 120(co= + sin$)-______ Subtract 2m from the argument, 
= v2e(4+i(%3)) 


Therefore, (1 +iv3’ = 64 + C4iV3 


Exercise 


1 Use de Moivre’s theorem to express each of the following in the form x + iy, where x, y € R. 


a (cos + isind)° b (cos 36 + isin 39)* c (cos + ising) 
d (cos¥ +isin§)® e cos 2 + isin 2)’ f (cos 7p -isin gp)” 


2 Express each of the following in the form e’. 


a 208 50+ isin 50 (cos 20 + isin 20)’ é 1 
(cos 26 + isin 20)* (cos 40 + isin 40)* (cos 26 + isin 20)° 
(cos 20 + isin 26)* e008 56+ isin 50 ¢ —cosé=isind 
(cos 30 + isin 30) (cos 30 — isin 30° (cos 20 — isin 20) 


10 
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3 Evaluate the following, giving your answers in the form x + iy, where x, ye R. 


(cos 7 Tt isin 7) (cos3#— isin un\' (cos#Z isin 22)! 
13 13 a 7 3 3 
(cos an +isin-> a2)" (cos2= ir +isin z) (cos = +isin 4)’ 

13 13 a 7 3 3 


4 Express the following in the form x + iy where x, y € RB. 


a (1 +i)5 b (24218 e (1 -i) 
d (1 -iv3)6 e (3-4iv3)’ f (-2V3-2i)° 
® 5 Express (3+iv3 oy in the form a + biV3 where a and b are integers. (2 marks) 
BE sae 
® 6 w= 2cosZ +isinZ) 
Find the exact value of w*, giving your answer in the form a + ib where a,bE R. (2 marks) 
3m oe Sm 
®©® wh 2213 (cos% 4 —isin +) 
Find the exact value of 2°, giving your answer in the form a + ib where a, b ER. (3 marks) 
1+iv3. 
8a Express =F in the form re’, where r > 0 and -7 <6 S77. (3 marks) 
1+iv3\" 
b Hence find the smallest positive integer value of n for which is real 
1-iv3, 
and positive. (2 marks) 
9 Use de Moivre’s theorem to show that (a + bi)’ + (a — bi)" is real for all integers n. (5 marks) 
Challenge Problem-solving 
Without using Euler's relation, prove that if 7 is a positive integer, You may assume de Moivre's 
(cos @ + isin @)”” =1-"(cos (-n8) + isin (—n@)) theorem for positive integer 


exponents, but do not write 
any complex numbers in 
exponential form. 


1.4 ) Trigonometric identities 


You can use de Moivre's theorem to derive trigonometric identities. 


Applying the binomial expansion to (cos @ + isin @)" allows you to express cos 4 in terms of powers of 
cos 6, and sind in terms of powers of sind. 


{ Links } (a+ 6)" =a"+ oes 1b + "Coa"? bh? +... + "Ca" Tb +... +b. NEN 
where "C, = ( 


a Al € Pure Year 1, Chapter 8 


If 


=~ > | 


Use de Moivre’s theorem to show that 
cos 60 = 32cas°6 — 48cos*@ + 18cos?@-1 


= cos* 6 + °C, cos® Aisin 9) + ©Czcos* Aisind)? | 
+ ©C3c0s? Wisin 0)? + SC, cos? Misin 0)" 
+ ©C5cos isin 0)° + (isin 8)* 


= cos @ + Gicos* Asin + 15i*cos4 Asin? 0 
+ 201° cos? Asin? @ + 15i4+ cos? Asin* 8 
+ GP cos Asind A + iSsine A 


= cos® 8 + Gicos? Asin 8 — 15cos*Osin? 6 


+ Gicos Asin? 6 — sine@ 


Equating the real parts gives 


cod 68 = cos®@ — 15cos* Asin? @ 
+ 15.cos? Osin* @ — sin? @ 
= cos®@ — 15.co0s46(1 — cos26) 
+ 15.cos? A(1 — cos? 8)? — (1 - cos? #3 
= cos® 6 — 15.c0s46(1 — cos20) 
+ 150s? (1 — 2cos? + cos* 6) 
- (1 - 3c0s?4 + 3cos*4 - cos*#) ——_——___ 
= cos’ @ — 15cos40 + 150s — Applyacubi binomial expansion, 
+ 15cos?@ — 30cos*@ + 15cos®@ 
= 32cos60 — 48cos* 0 + 18cos?0 — 1 ————— Simplify, 
Therefore, 
C0568 = 32cos®8 — 46cos*8 + 16cos* a —1 


You can also find trigonometric identities for sin" @ and cos" @ where zis a positive integer. 
If z=cos@+isin@, then 


bh 


=z7= (cos+ ising)" 
= (cos(-6) + isin(-0)) Apply de Moivre’s theorem. 
= cos 0 —isin@ —————___ Use cos @ = cos (-6) and sin @ = sin (-8). 


It follows that 


2+2=cos6+isind + cos 0 —isind =2cos0 
2 -4=cos6+isin@ - (cos0 -isin#) = 2ising 


12 


Complex numbers 


Also, 


= (cos @ + isin 6)” = cosné + isinnd By de Moivre’s theorem. 


(cos @+isin@)”" 
= (cos(—n) + i sin(—n0)) ———————————_ Apply de Moivre’s theorem. 
=cos nd — isinn@ ———________ Use c0s 0 = cos (-@) and sin (0) = -sin 0. 


Sie ON 


It follows that 


a+4= cos nf + isinn@ + cos nf — isinn# =2 cosnb 


got. cos 70 + isinn@ — (cosné —isinn@) = 2isinnd 


It is important that you remember and are able to apply these results: 


. z+2=20050 . z+ La2cosnd { Notation ] In exponential form, these results are 
z = 
equivalent to: 
en 
Big geo elaine cos = Sle end) sinnd = Flom — e-*#, 


Express cos*@ in the form acos 50 + bcos 36 + ccos 9, where a, b and ¢ are constants. 


Let z= cos@ + isin® 


=2496,2A(1) 45¢,2(1)" + 5e,2 
+ (2)° 
=5452(1) + 10=(5) + 10=*( 4) 
+544) +( 
= 29452341024 


=(2+4)+9(2+4)+10[2+4) 


= 2cos 50 + 5(2cos 34) + 10(2cos 6) 


+Cs2(2) 


So, 32.cos°@ = 2cos50 + 10cos30 + 20cos@ 


= c03°0 = 7500950 + j760930 + 3c0s0 
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a Express sin*@ in the form dcos4@ + ecos 20 + f, where d, e and f are constants. 


b Hence find the exact value of i sint@d9. 
0 


a Letz=cos@+isin@ 


: 
(2-1) = @isingy* = 16i*sint 0 = 16sin‘@ 


afte tld rete 


= 2c0s 40 — 4(2cos 20) + € 


So, 1Gsin*@ = 2cos40 — &cos20+6 


= — sint@= § cos 40 — 3 cos20 +3 


+ [Esetan thf 0 eenwetenrne 
lo 0 
= (szsin 2a —Lsina + a(s)) -o 


a 
=0-042% 
=0-04%% 

_3r 
“16 


Exel 


Use de Moivre’s theorem to prove the following trigonometric identities: 
@) 1 a sin30=3sin0 —4sin’0 b sin 50 = 16sin59 — 20sin34 + Ssind 
¢ cos 74 = 64cos!@ - 112cos*4 + 56cos3 4 — 7cos0 d cos*9= (cos 49 +4cos 24 + 3) 


e sindd = 4(sin 50 - 5sin 30 + 10sin0) 
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Complex numbers 


Use de Moivre’s theorem to show that 


cos 50 = 16cos° 4 — 20cos3 + Scos 4 (5 marks) 
Hence, given also that cos 30 = 4cos*@ — 3cos 0, find all the solutions of cos 59 + Scos 30 =0 
in the interval 0 = @ < 7. Give your answers to 3 decimal places. (6 marks) 
Show that 32cos°6 = cos 6@ + 6cos4@ + 15cos 26 + 10. (6 marks) 

oa 
Hence find i) “cos d0 in the form am + by3 where a and b are rational constants to be 
found. f (3 marks) 
Show that 32 cos?@sin'é@ = cos 60 — 2cos 46 — cos 20 + 2. (6 marks) 
Hence find the exact value of { cos?@sin4 4 dd. (3 marks) 
0 


By using de Moivre’s theorem, or otherwise, compute the following integrals. 


a 


a 


a 


[siotoao b J sin?0cost oo c J sn ocossoan 
0 0 0 


Use de Moivre’s theorem to show that 


cos 66 = 32c0s°@ — 48cos*9 + 18 cos? 4-1 (5 marks) 
Hence find the six distinct solutions of the F 

: Problem-solving 
equation 

6 ef Use the substitution x = cos @ to reduce 
fae Sexe abet Berg 7 0 the equation to the form cos 60 = k. 

giving your answers to 3 decimal places Find as many values of # as you need 
where necessary. (5 marks) to find six distinct values of x. 
Use de Moivre’s theorem to show that sin 49 = 4cos3@sin 0 — 4cos @sin3 9. (4 marks) 


4tan 6 - 4tan?¢ 


Hence, or otherwise. show that tan 40 = 1- 6tan?64 tan’6 


(4 marks) 


Use your answer to part b to find, to 2 decimal places, the four solutions of the equation 
a4 4. 4x3 — 6x2 4x 41=0. (5 marks) 
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® Sums of series 


You can use results about the sums of geometric series with complex numbers. 
= Forw,zeC, 


n-1 w(z" — 1) 
2 Viwsr sw 4 wet gt... beget = These results match the 


tee ea corresponding results for real numbers. 
2 Swit awstats 27 The infinite series 2iwz"converges only 
z when|z]<1. = 


© Pure Year 2, Chapter 3 


Example 


Given that z = cose + isin, where m7 is a positive integer, show that 
2 =e igteate 
eS ee ee =1 +icot( } 
2n 


P4242? 4+ cb AO" 


You know that sin 14 =z re) 

You can use this result to simplify an 
expression like e” - 1 by writing it in the 
form e*(e - *) =ei(2ising). In this case 
this is equivalent to multiplying the top 
and bottom of the fraction by em, 
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Complex numbers 


sin(Z) icos| (En) 
+ — ant 
sn(S,) (En) 


The series e + ei + e314... + ev js geometric with first term e”, common ratio e® and n terms. 


(anid — 
The sum of this series is given by S, = eee 


Converting the exponential form into modulus-argument form lets you consider the real and 
imaginary parts of the series separately. 


el 4 004 3 4 + orld 
= (cos @ + isin@) + (cos20 + isin 26) + (cos3@ + isin3@) + ... + (cosnd + isinné) 


= (cos + cos26 + cos30 +... + cosn9) + i(sind + sin20 + sin3@ + ... + sinn@) 


Therefore, 
‘id 
cos @ + COS 26 + Cos 30+... + Cosi = re( Se") 
i(enid 
sin9 + sin20 + sin30+...+sinn9 = im(ee"=) 
ev 


Example 


S= elf + 2? + e304... + ei", for O Qn, where n is an integer. 


mH 
a Show that S= ae 
ae 
Let P=cos@ + cos20 + cos 30+ ...+cos8@ and Q=sin#+sin20+sin30 +... +sin80 
b Use your answer to part a to show that P= cos sin 40cosecS and find similar expressions for 
Q 
Qand P 


a e420 pest, 4 cow oe - 1) 
ev 1 
_ elfed# — 1) 
"ef = 
e%e5 — 1) 
age earn 
ee? 


aid 


Chapter 1 
ae ———eeeteaunh 
Bisa” 


a 


_ ebettles— 48) | 


Problem-solving 


sins 


b P=Re(S) = a oe | 


2 By writing each term of S in modulus- 
26. argument form you can see that P is the 
es aes eal real part of S and Q is the imaginary part 
agin of S. 
2 
Sees cty a 
= C055 sin 40. cosec 2 
2, 
O = In(S) = Inf 282 
sins 
_ sin eins 
sin’ 
2 
= sine sinatcosec$ 
sold og eli 
sin=sin4@cosec5 = sin=- 
oe Bg rae 
i cos 8 singe cosec® cos 28 7 
va 2 2 


Exercise 


® 1 Givenz= e, where 7 is a positive integer, show that: 


a leze24...¢2%-1=0 b lee+24...+2"=icot(z) 


12 
® 2 Show that if z =e, then }> 2" =1. 


r= 


x! 
©) 3 Show that }°(1 +i)’ = -15i. 
r=0 


18 


Complex numbers 


4 The convergent infinite series C and S are 


defined as ILI) The sum of an infinite geometric series with 
Ree? a 
omit +4cos0 +4cos 20+ + cos 04... first term a and common ratioris S.=7 
© Pure Year 2, Chapter 3 
S=4sin0 +4 sin20+37sin30+... 
a Show that C+iS= 3 25 (4 marks) 
b Hence show that C= peso d: and find a similar expression for S. (4 marks) 
= 10= 6cos 8° sa : 
5 The series P and Q are defined for 0 <0 <7zas 
P=1+cos@ + cos 20 + cos 30+... + cos 120 
Q=sin@ + sin 20 + sin30+...+sin 120 
(eS _ eS 
a Show that P+iO= eter aie) (4 marks) 


= 


b Deduce that Q = sin sin cosees and write down the corresponding expression for P. 
io ete? 
‘You can assume the results sin? = 3 and cos0= = (4 marks) 
c Hence find the values of @, in the range 0 < @ < x, for which P + i is real. (2 marks) 


6 Series Cand S are defined as 


C=1+ (Heosa + (5 


1 3)eos 20+ (§)cos 3O4 4 (i)cos nf 


S=(j)sino + (5)sin 20+ (5)sin 304 ... + ("t)sin nd 


n 
a Show that C= (2c0s 2) cos (4 marks) 
b Show that & =tan x (3 marks) 
7 a Show that (2 + ¢”)(2 +e) =5 + 4cos0. (2 marks) 


The convergent infinite series C and S are defined by 
c=1- yoos 0 +4008 20 — $c0s 30 + set 
S=3sin 9 — 4sin 20 + gsin 30 +... 
b By considering C-iS, show that C= phasestt and write down the corresponding expression 


for S. (4 marks) 
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(1.6) nth roots of a complex number 
You can use de Moivre's theorem to solve an equation of the form 2" = 1», where z, w € C. 
This is equivalent to finding the nth roots of w. 
Just as a real number, x, has two square roots, Vx and —/x, any complex number has » distinct nth roots. 


= If z and w are non-zero complex numbers and z is a positive integer, then the equation z” = 
has n distinct solutions. 


You can find the solutions to 2” = w using 
de Moivre’s theorem, and by considering the fact GD 0:24) ae values of k. 


that the argument of a complex number is not unique. 
= For any complex number < = (cos @ + isin @), you can write z = 1(cos (6 + 2k7) + isin(@ + 2kz)), 
where & is any integer. 


a Solve the equation 23 = |. 
b Represent your solutions to part a on an Argand diagram. 
¢ Show that the three cube roots of 1 can be written as 1, w and w where 1 +w+w?=0. 


=? =cosO + isinO 


(r(cos 8 + isin)? = 
cos(O + 2ka) +isin(0 + 2kn), KE Z 


1(cos 30 + isin 30) = 
cos (O + 2km) + isin(O+ 2kn), kez 7 


Sor=1 
30 = 2kr 


k=0 = 0=0,s02,=cosQ +isinO=1 


Problem-solving 


Choose values of k to find the three distinct 
foots. By choosing values on either side of 

k=O you can find three different arguments in 
the interval [-z, 7]. 
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Complex numbers 


It can be proved that the sum of the ath 
roots of unity is zero, for any positive integer 
n22. 


@ In general, the solutions to z"= 1 are z= cos (22) + isin(274) =e fork=1,2,...,n and 
are known as the mth roots of unity. 


If nis a positive integer, then there is an nth root of unity w = e* such that: 
+ the th roots of unity are 1, w, w?, ---,w4 
* 1, wu, w2, ---, "1 form the vertices of a regular m-gon 


eltwtwit..tw7™t=0 


21 


Chapter 1 


Example 


Solve the equation 24 = 2 + 2iV3. 


modulus = (2? + (2/3 =V/4412 =4 


a2) == 


argument = aretan( 


4(cosZ + ising) 


((cos 8 + isin 8)y* 


= 4(cos (5+ 2km) +isin G x 2kx), kez 


14(cos 40 + isin 48) 
= A(cos ( + 2kr) +isin & # 2kz)), kez 


Sors4ar=/4=V2 


AG = 5+ 2ka 


Make sure you choose 


n consecutive values of k to get n 
distinct roots. If an argument is not 


fae at ss = in the interval [—z, 7] you can add 
or z= V2e",2=(2e",2=V2e * orz=V2e * or subtract a multiple of 2x. 
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Complex numbers 


You can also use the exponential form of a complete number when solving equations. 


Solve the equation z3 + 4y2 + 4iy2 =0. 


234+ 4/2 + 4iv2 =O 
23 =-AV2 - 4iv2 


Im 


modulus = \(-4V2)° + (-4V2)° = 32 + 32 = V4 =6 


2 42). a__3a 
argument = + arctan( 242 lle tae 


(re? = Bel #4249) | 


103 = Bel E+2ha! | 


SoP=83r=\S=2 


or z= 2cox(—) + isin(—3)), = 2(coo 2% 4-isin 2) 
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Exercise 


1 Solve the following equations, expressing your answers for z in the form x + iy, where 


x,yeR. 
a A7-1=0 b 3-i=0 c 
d 4+64=0 e 4+4=0 f 34+8i=0 


2 Solve the following equations, expressing the roots in the form r(cos 6 + isin 8), 
where -7 << 0S 7. 


agi= b 244 161=0 e 2+32=0 
d 33-2421 e 244 2i/3 -2 f 3432/3 +32i-0 


3 Solve the following equations, expressing the roots in the form re’, where r > 0 
and -7 < 6 =7z. Give @ to 2 decimal places. 


a =344i b 3=V1l -4i ce A=-v7 43: 


® 4 a Find the three roots of the equation (z + 1)? =-1. 
Give your answers in the form x + iy, where x, y € R. 


b Plot the points representing these three roots on an Argand diagram. 
e Given that these three points lie on a circle, find its centre and radius. 


® 5 a Find the five roots of the equation 25 - 1 = 0. Problem-solving 


Give your answers in the form r(cos@ + isin), where —z < 0 <7. Use the fact that the 
b Hence or otherwise, show that sum of the five roots 
(74) (42) __? of unity is zero. 
cos |“) + cos("5-] =—3 
® 6 a Find the modulus and argument of —2 - 2iv3. (2 marks) 


b Hence find all the solutions of the equation z4 + 2 + 2iv3 =0. 
Give your answers in the form re”, where r > 0 and -7 < 9 <7 and 
illustrate the roots on an Argand diagram. (4 marks) 


® 7 Find the four distinct roots of the equation z* = 2(1 — iV3) in exponential form, and show these 
roots on an Argand diagram. (7 marks) 


8 2a V6 +iv7 
a Find the modulus and argument of =z. (2 marks) 


b Find the values of ww such that w? = 2‘, giving your answers in the form re”, where r > 0 
and-1<0<z. (4 marks) 
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Complex numbers 


9 a Solve th Li 
(O) RY dee reaper Problem-solvin; 


l+ezt 2434454 2%427=0 ; 
1+zt+224254... 42! isthe sum 


b Hence deduce that (z? + 1) and (z* + 1) are factors of of a geometric series. 
l+zt7e3t Ae b+ooz7. 


Challenge 


a Find the six roots of the equation z® = 1 in the form e”, 
where —1 < @ <r. 


b Hence show that the solutions to (z + 1)°=z* are 
()« 23,45. 


@® Solving geometric problems 
You can use properties of complex mth roots to solve geometric problems. 


® The zth roots of any complex number a lie N = 
jotation 
at the vertices of a regular n-gon with its EDD »- rey ate 


centre at the origin. be the centre of the circle that 
The orientation and size of the regular polygon will asses tw ouetiall its vertices: 
depend ona. 


For example, the sixth roots of 7 + 24i form this 
regular hexagon. Lach vertex of the hexagon is 
equidistant from the origin, which lies at the centre 
of the circle passing through all six vertices. 


{ online } Explore ath roots of complex 


numbers in an Argand diagram using GeoGebra. 


You can find the vertices of this regular polygon by finding a single vertex, and rotating that point 
around the origin. This is equivalent to multiplying by the sth roots of unity. 


@ If z, is one root of the equation z” = s, and 1, w, w%, ..., w"-+ are the nth roots of unity, then 
the roots of z”=s are given by Z,, 71, Z,’, ..., Zw". 
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Example 


f 


The point P(V3, 1) lies at one vertex of an equilateral triangle. The centre of the triangle is at the origin. 


a Find the coordinates of the other vertices of Problem-solving 


the triangle. * 4 7 
i o Consider the Cartesian coordinate plane as an 
b Find the area of the triangle. ‘Argand diagram. The vertices of the triangle will 
5 correspond to the cube roots of (V3 + i)?, You can 
a The cube roots of unity are 1, w, w* where find these roots by multiplying /3 +i by the cube 
w=e. - roots of unity. 
V3 +i=2e* - 


So the vertices are at: 


(B+i 


2s 
= 2e* = 26° 


So the coordinates of the vertices of the 


triangle are 
(3, 1), (V3, 1) and (O, -2). 
b va 
V3, 1), 
oO x 
(0, -2) 


Area = 4 X base x height 
=ix 2/3 x3 


= 3V3 


Exercise 


® 1 Find the coordinates of the vertices of the following regular polygons with centres at the origin. 
a Equilateral triangle with one vertex at (0. 4) 
b Square with one vertex at (5, 0) 
¢ Regular pentagon with one vertex at (-1, V3) 
d Regular hexagon with one vertex at (2, 2) 


2 Find the coordinates of the vertices of an equilateral triangle with centre (2, 3) and one vertex 
at (3, -2). 
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GP) 6 


The triangle OAB in an Argand diagram is equilateral. O is the origin and A corresponds to the 
complex number /3(1 - i). B is represented by the complex number b. 

Find the two possibilities for b in the form re. Illustrate the two possibilities for OAB in a 
sketch. (5 marks) 


a Find the 4th roots of -12i in the form re where r > 0 and -7 < @ < zr. Illustrate these roots 
onan Argand diagram. (6 marks) 

Let the points representing these roots on an Argand diagram, taken in order of increasing 0, be 

A, B, C, D. The midpoints of the sides of ABCD represent the 4th roots of a complex number w. 


b Find w. (4 marks) 


P is one vertex of a regular hexagon in an Argand diagram. The centre of the hexagon is at the 

origin. P corresponds to the complex number 8 + Si. 

a Find, in the form a + bi, the complex numbers corresponding to the other vertices of the 
hexagon, and illustrate these on an Argand diagram. (5 marks) 


b The six complex numbers corresponding to the vertices of the hexagon are squared to form 
the vertices of a new figure. Find, in the form a + bi, the complex numbers corresponding to 
the other vertices of the new figure. Find the area of the new figure. (4 marks) 


An ant walks forward one unit and then turns to the right by = It repeats this a further 
al) 

9 
sal 


three times. Show that the distance of the ant from its initial position is 7 
5) 


(6 marks) 


Mixed exercise 


® 1 


a Use el = cos + isin to show that cos = He + e~"), 
cos (A + B) +cos(A - B) 


b Hence prove that cos A cos B= z 


Given that z = r(cos # + isin #), r € R, prove by induction that 2” = r"(cos n@ + isin), n € Z*. 
(5 marks) 
(cos 3x + isin3x)? _ 


Express in the form cos mx + isinnx where 7 is an integer to be determined. 


cosx -isinx 


Use de Moivre’s theorem to evaluate: 


m 1 
a (-1+i)8 b ne 
(3-3) 
a Given z=cos@ + isin @, use de Moivre’s theorem to show that 2+ alt = 2cosnd. (4 marks) 
3 
b Express (? + ul ) in terms of cos 6@ and cos 20. (3 marks) 


¢ Hence, or otherwise, find constants a and b such that cos*20 = acos60+bcos20. (3 marks) 


d Hence, or otherwise, show that a cos? 20.d@ = k/3. where k is a rational constant. (4 marks) 
0 
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6 a Show that 


cos'@ = + (cos 50 + Scos 30 + 10cosé) (5 marks) 


The diagram shows the curve with equation y = cos* x, -+ <x< - The finite region R is 
bounded by the curve and the x-axis. 7 7 


b Calculate the exact area of R. (6 marks) 
7 a Show that 
sin’ 0 = —z(cos 60 — 6cos 40 + 15cos 20 — 10) (5 marks) 
b Using the substitution a = (5- 6). or otherwise, find a similar identity for cos°@. (3 marks) 
a 
© Given that [cos*9 + sins ad =a, find the exact value of a. (5 marks) 


8 Use de Moivre’s theorem to show that 
sin 60 = sin 20(16cos*@ — 16cos? + 3) (S marks) 


9 a Use de Moivre’s theorem to show that 
cos 50 = 16cos' @ — 20cos34 + Scos 0 (5 marks) 
b Hence find all solutions to the equation 
16x° - 2003 + 5x+1=0 


giving your answers to 3 decimal places where necessary. (5 marks) 
10 a Show that 
sin’ = L(sin 50 - 5sin 30 + 10sin@) (5 marks) 


b Hence solve the equation 
sin 50 - 5sin 30 + 9sin@ =0 for0<0<a (4 marks) 


11 a Use de Moivre’s theorem to show that cos 50 = cos 6(16cos* 0 — 20 cos? + 5) ( marks) 


az) _5+V5 


b By solving the equation cos 5@ = 0, deduce that cos? (70) a8 (4 marks) 
¢ Hence, or otherwise. write down the exact values of cos? (32), cos(72) and 
9: 
cos? ( 3). (3 marks) 
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@&®) 12 


GP) 13 


ip) 15 


EP) 16 


a Use de Moivre’s theorem to find an expression for tan 34 in terms of tan @. (4 marks) 
cot3@ — 3coté 
b Deduce that cot 39 = 300201 (2 marks) 


The infinite series C and S are defined as 
C=1+kcos@ + k*cos 20 + k*cos 36+ ... 
S=ksind + k’sin 20 + sin30 + _.. 

where k is a real number and |k| < 1. 


1-keos@ 


1+k? -2kcosd 
expression for S. (8 marks) 


By considering C + iS, show that C = and write down the corresponding 


a Express 4 - 4i in the form r(cos @ + isin @), where r > 0, -7 < @ < x, where r and 0 are 


exact values. (2 marks) 
b Hence, or otherwise, solve the equation z5 = 4 — 4i, leaving your answers in the form z = Re“*, 

where R is the modulus of z and k is a rational number such that -1 <k =< 1. (4 marks) 
¢ Show on an Argand diagram the points representing the roots. (2 marks) 
a Find the cube roots of 2 - 2iin the form re’ where r > O and -7 <0 <7. (5 marks) 


These cube roots are represented by points A, B and C in the Argand diagram, with A in the 
fourth quadrant and ABC going anticlockwise. The midpoint of AB is M, and M represents the 
complex number w. 


b Draw an Argand diagram, showing the points 4, B, Cand M. (2 marks) 
¢ Find the modulus and argument of w. (2 marks) 
d Find w® in the form a + bi. (3 marks) 


An equilateral triangle has its centre at the origin and one vertex at the point (2, 1). 
a Find the coordinates of the other two vertices. (4 marks) 
b Show that the length of one side of the triangle is /15. (2 marks) 


Challenge 


Show that the points on an Argand diagram thet represent the roots 


of ( 


sei) 


=1 lie ona straight line. 
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Summary of key points 


1 


30 


1 You can use Euler’s relation, e” = cos 0 + isin 0, to write a complex number z in exponential 
form: 


2 For any two complex numbers z, = r,e" and z, = re, 
+ 242) = ryrpell@+6) 


Zieeetrer 
+ = toile,-4) 
Camioe 


3 De Moivre’s theorem: 
For any integer 7, (r(cos 0 + isin @))” = r"(cos nO + isin n@) 


4: z+4=2c050 : 24 G=2c0sn0 
i 
Zz 


ges 


ee il oes 
= 2isind ¢ m— == aisinn® 


5 Forw,z EC, 
So, 2 an Sl) 
+ Sowers wt wz + wz? +... + wz! = 
= Zoi 


+ Mower = wt wz +22 + = jz] <1 
a 


w | 
1-2’ 
6 If zand ware non-zero complex numbers and z7 is a positive integer, then the equation 2” = w 

has n distinct solutions. 


7 For any complex number z = r(cos@ + isin9), you can write 
z=r1(cos (0+ 2kn) + isin (9 + 2kz)) 
where k is any integer. 


8 In general, the solutions to 2” = 1 are z= cos (az +isin (€) =e fork =1,2,...,nand 
are known as the mth roots of unity. 
If nis a positive integer, then there is an nth root of unity w =e such that: 
+ The nth roots of unity are 1, w, w%, ..., wt 
+ 1,w, v2, ..., wl form the vertices of a regular 2-gon 
s1tw+o?t...t+w"=0 


9 The nth roots of any complex number s lie on the vertices of a regular n-gon with its centre at 
the origin. 


0 If z, is one root of the equation 2” = s, and 1, w, w?, ..., w""1 are the mth roots of unity, then the 
foots of z” = s are given by z,, z,w, 274w%, ..., Zyw"1. 


After completing this chapter you should be able to: 
@ Understand and use the method of differences to sum finite series 

~> pages 32-37 
@ Find and use higher derivatives of functions — pages 38-39 
® Know how to express functions as an infinite series in ascending 

powers using Maclaurin series expansion — pages 40-44 

@ Be able to find the series expansions of compound functions 

+ pages 44-48 


Find the sums of the following series. 


18 16 
a > (99-4n) b 3G)" 


ni = 


< Pure Year 2, Chapter 3 


a Show that 
n 
D2 + 2r + 3) = Zn(2n? + 9n + 25) 
Physicists use Maclaurin series in special . Tat 
relativity to approximate the Lorentz P 


factor. The Lorentz factor relates time, 
length and relativistic mass change for a 
moving object. Experiments with atomic 
clocks have shown that time passes 
more quickly for a stationary observer 
than for one travelling at high speeds. 

— Exercise 2D, Challenge 


30 
b Hence find >> (2 + 2r + 3) 
10 
< Book 1, Chapter 3 
Given y = sin 3x, find: 
aw dy 
dx dx? 


+ Pure Year 2, Chapter 9 


Chapter 2 


@ The method of differences 


You can use the method of differences to find the sum of a finite series. 
= If the general term, u,, of a series can be expressed in the form 


f(r) - f(r +1) 
You can also start with wv, written in the form 


f(r + 1) — f(). After adding and cancelling, 


then ys u,= = (f(r) - f(r + 1)) 
rel orsi you get Sw, = f(a + 1) — F(1) 
so ,=f(1) -f(2) 
Uz = F(2) - (3) 


uy = (3) — F(4) 


uy + uy = F(1) — f(2) + F(2) - FG) 
3 =f(1) - fG) 
Then adding >> u, = £(1) — f(m + 1) —— The f(2) terms cancel. 
cea By summing w, + uz + ... + u, all terms cancel except 
the very first term, f(1), and the very last term, f(a + 1). 


u,, = f(n) - f(n+ 1) 


a Show that 473 = 7°(r + 1)? - (r — 1)r? 
b Hence prove, by the method of differences, that 


n 


Yes = pe(nt 1P 


(r — 1)2r2, ——____________ Start with the RHS. 
24 2r+1)— (2 — 2r + Ir? 
3 +r? — 4 + 2r3 — r? ————______ Expand and simplify the brackets. 


= 47 
b Consider So (r%(r + 1)? - (r — 1)?r) 
let r=1 
i 
All the terms cancel except the first and last. 
r=3: Baa — gper sea 
e 3 * UES When using the method of 
z me — eden differences, be sure to write out enough terms 
Sum of terms = = n(n + 1% to make it clear which terms cancel. When you 
a cancel terms, make sure that they can still be 
Then 43> r3 = n2%(n + 1)2 clearly read. You could cross them out in pencil. 
fet 
So Dir? = n(n + 1/2 The same result could be proved by mathematical 
a induction. Book 1, Chapter 8 
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Series 


1 e F 
Verify that ——~ e+ = =e y and hence find Pay) re +1) using the method of differences. 
1 ~% 4 {= ee oar Write asa single fraction. 
ae | Hen? 
70 + 1) simply: 


2 4 All terms cancel except the first and last. 


n+1-1 ———————_—— Put overa common denominator. 


Find © mo I using the method of differences. 


Use the difference of two squares to factorise the 


1 = 1 
4r2 — 1 — (2r + 1)(@r - 1) denominator. 
| ane=T | Split the fraction into partial fractions. 
Pure Year 2, Chapter 1 
_ A(@r —1) + Bar +1) 
~~ (r+ Nar = 1 L_ Add the fractions. 
‘so 1= Ar -1) + Ber +1) 
‘— Set numerators of both sides equal to each other. 
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1=O+Bx2 


1 
let r= 


Put values of rin to find 4 and B. 


= see ‘as one i) 


1-h 
r=2 g-} All terms cancel except the first and last. 
e a il il 
r=3: 4 = 7 Substitute the values of r into pal EL 
only. The} is only required later. 
= 1 
Pau ~2n+1 


If the general term of the series is given in the form f(r) — f(r + 2), you need to adapt the method of 
differences to consider the terms f(1), f(2), f(z + 1) and f(n + 2). 


2 
a Express Gener) in partial fractions. 


b Hence prove by the method of differences that 


z 2 n(an +b) 
> (r+ T(r +3) O(n + 2\(n +3) 


where a and b are constants to be found. 


30 
c¢ Find the value of }> 


2 ‘ 
0+ e+a to 5 decimal places. 
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Series 


Split into partial fractions. 


: 2 ae: eae: 
G4 06+3)~ rt+1 r4+3 
_ Air + 3) + Bir + 1) 
=~ oF Nr + 3) 


> 2= Air +3)+ Br+1) 
letr=-3: 2=-2B=> B=-1 


lars) 22483 424 


Therefore care J 


2 1 
+0643) r+1 r+3 


b Using the method of differences, 


| 


when r 


1 


Add the fractions. 


Compare numerators. 


Cancel terms. 


1 
DR DR FN 


WW 
TH w= nl 
1 


eat aes 


1 1 


Problem-solving 


Se) -f(r +2) = 
(1) + F(2) — flr + 1) — fla +2) 


Put these four terms over a 


ij 4 = 
Soe +0043) 6 nt2 2+3 


_ S(a + 2)(n + 3) — Gn + 3) - Glu + 2) 
~ Gln + 2)(n + 3) 


_ 5n? + 25n + 30 - Gn-18-Gn-12 


6(u + 2)(u + 3) 


=m + 130 __ 
~ Cla + 2Q)(n + 3) 


__nlSn + 13) 


common denominator. 


~ 6a + 2)(n + 3) 
So a=5 and b= 13. 


¢ > oe 


Factorise. 


20 30 
Subtract )> from 0. 


30 2 20 2 
Ko 0 + Yr + 3) x, (+ Yr + 3) »» (r + 1)(r + 3) 


_ _30(5 x 30 + 13) 20(5 x 20 + 13) 
~ 6(30 + 2)(30 + 3)” G(20 + 2)(20 + 3) 


ra = 


= 615 _ 565 
“1056 759 
665 


= 34286 = 0.02736 to 5 dp. 


Evaluate. 


Give answer to 5 d.p. 


35 


Chapter 2 


Exercise 


1 


36 


a Show that r=5(7(r + 1) - r(r - D). 


b Hence show that 3s r= ln +1) using the method of differences. 
ral 


1 ac = ll 1 
r(r+ Ir +2) > r+ 1)” r+ I+ 2) 


Given 


find 2 aD using the method of differences. (5 marks) 


] A . a 
a Express W+D +2) in partial fractions. (1 mark) 
b Hence find the sum of the series s wD using the method of differences. (5 marks) 
rl 
1 s é . 
a Express GFD0t3™ partial fractions. (1 mark) 


b Hence find the sum of the series ys EEE using the method of differences. (5 marks) 
rel oa 


Pi 
a Show that (+! 1 (2 marks) 
ip 
b Hence find p> Go (5 marks) 
, art l 4 Opel 
Given that Pele =P GF? find > P04 1p (6 marks) 


a Use the method of differences to prove that }> sass = or 


ral 


where a and / are 
constants to be found. 


b Prove your result from part a using mathematical induction. 


8 n(an + b) 


: 
Prove that ) 3—33-3.4 = Gas Gn +4) 


re 


where a and b are constants to be found. 
(6 marks) 


{ Hint ) This question can be answered using either the method 
of differences or proof by induction. In the exam, either method 
would be acceptable. If you use proof by induction, you will need 
to substitute values of n to find the values of a and b. 


Prove that $*(r + 1)? — (r— 1)? = aan + 1), where a is a constant to be found. (4 marks) 
rl 


Series 


a 3 an 
10 a Prove thaby GralGrea inte’ where a, b and c are constants to be found. (5 marks) 
; ; : < 3 _ 34+) 
b Hence, or otherwise, show that 373554 =2Gn+ DGn¥2) (4 marks) 
2 A 4 2r+1 1 
11 Robin claims that Ce 1 eal 
His workings are shown below. Explain the error that he has made. 
Using partial fractions: 
2@rti_A, B 
m+) tre 
Therefore 2r4+1= Alr +1) 4+ Br 
So A=1 and B=1. 
Using the method of differences, 
; ‘ wt rtd 1 
Summing the differences: py any!" wa 
(2 marks) 
1 1 1 1 3 an+b 
12 Show that Tx tha + xs tot re) ie ea oy nee ean bate, 
constants to be found. (6 marks) 
13 a Express Sa in partial fractions. (3 marks) 
28 
b Find the value of >> A to 4 decimal places. (5 marks) 


oie (27 + D(2r + 5) 


x0 
a Given that Vir(2 2 aa =Ink, where kis an integer, find k. 
peti r+2 
= eS! n(an? +bn +0) 
b Given that 718 _M@r PFO a bande. 
MEL ey GaGa ey eee 
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@® Higher derivatives 


You need to be able to find third, and higher, derivatives of given functions. 
You already know how to find first and second derivatives. 


d 
If » = f(9, the first derivative of f(x) is given by d f'(x), and the second derivative of f(x) is given 


dy gq (2) - 
Y dx? ~ dx\dx ies: 


dB 
Similarly, the third derivative is given by q 


You can find the nth derivative of f(x) by 5 
if ae = 5 Notation ete : 
differentiating » times with respect to x. The nth derivative of y= f(x) is 


By 


da 
Given that y = In(1 — x), find the value of a3 when x = ; 


=f"(x), and so on. 


ittenas 2 = Fm 
written as =f". 


Use the chain rule. 


ee eo ee 

ax Tax an ag ee ae € Pure Year 2, Section 9.3 
2, 

ry od Hd n—xy= 1 | 

se~ ae Pax 089 = Ge pe ON“ ae 


a 
dx 


y= 2 
0-99-94 5 


‘Substitute x =} 


f(x)=e" 

a Show that f’(x) = 2xf(x). 

b By differentiating the result in part a twice more with respect to x, show that: 
i £"(x) = 2f(x) + 2xf"(x) ii £"(x) = 2xf"(x) + 4f"(x) 


¢ Deduce the values of f’(0), f"(0), and f”(0). 


a f(x) =e IF F(x) =e, then f"(x) = end 


= 2xf) ——_—_—__________ ee 
\— f(x)= 


bi f(x) = Qix) + Qxf"(x) ——_1_ 
i P(x) = QP (x) + (xP) + 2FO0) -— Use the product rule. < Pure Year 2, Section 9.4 


= 2xi"(x) + 4f'(x) 
Differentiate again. 
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Series 


ec fO)=e9=1 
fO)=2xO0xe°=0 
¥"(O) = 2f(O) + 2 x O x f(O) —_————____ Substitute x = 0 into f"(x). 


= 20) = 2 
#"(Q) = 2 x O x f(Q) + 4*(0) ———————_ Substitute x = 0 into F"(a). 
= 4°) = 


Exercise 


1 


®2 


For each of the following functions, f(x), find f’(x), f"(x). f(x) and f(x). 
a ev b (l+xy" © xe* d In(1 +x) 


dy 
a Given that = e?**, find an expression, in terms of y, for Fa = 


dsy 
b Hence evaluate —| ae when x = In (3). 


Given that y = sin? 3x, 


ay 
a_ show that ce 3 sin 6x b_ find expressions for => 
dx dx 


d4y 
¢ Hence evaluate aR qi Whenx=¢ 


x 


f(x) 
a Show that f’"(x) = (6x - 6 - x2)e*. b Show that f”’(2) = 0. 


ad 


Given that y = sec x, 


a show that a = 2sec3 x - secx 


b show that the value of = ~ when x = a is L1v2. 


Given that y is a function of x, 


a show that 4 ~ Y GA= =2y 


Given that f(x) = In (x + V1 + 3°), show that: 
a Vie f'(x)=1 b (1422) £%(x) +af"(x) =0 
© (14 x2) £"(x) + 3xf"(x) + f(x) =0 d_ Deduce the values of f’(0), f"(0) and f""(0). 
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@® Maclaurin series 


Many functions can be written as an infinite sum of terms of the form ax”. You may have already 
encountered series expansions like these: 


it 2 3 
—_= x+x' x aay El A . 
; T4+xtx? 4974... [x]/<1 ETT) The first two series expansions 
a 3 shown here are examples of the binomial 
Tex=14+> 2... |x] <1 
Vitx= Ten expansion. © Pure Vear 2, Chapter 4 


xP 
etaltixt+ st 


Example 


Given that f(x) can be differentiated infinitely many times and that it has a valid series expansion 
of the form f(x) = do + a,x + ox? + a3x3 + ... + a,x" + ..., Where the a; are all real constants, show 
that the series expansion must be 
£"(0)x? £O(O)x* 

yee 


f(x) = £(0) + £’(0)x + 


Write f(x) = dp + ax + dpx? + as. 
#0) = ag 
Differentiating f(x) gives: 


Feta +... 
The coefficient of ay can be 


found by setting x = 0. 


#00 = ay + 2dgx + Bagx? +... +Tax +... Successively differentiate 
Mx) = 2X ldg + 3X 2agx+... + rr - a,x? +... with respect to x to obtain 
Mxj= 3X 2X lag+... trie — Wer — Qaxr? +... F(x), F(a) and F"(x). 


Continuing in this way by differentiating r times: 
firtx) = rla, + terms in powers of x 


Evaluate each term at x =O: 


#0) = a, > a, = (0) 


(MO) = 2lay => ap = oS Find the coefficients a, a2, 
. ,,..., d,,... by substituting. 
#10) = Blas > ag = r"(O) BS into each result and 
3! rearranging. 
fir{Q) 
n{) = 1! = 
ROL SAG Substitute a, =f'0), 
ea em " FO) fF") 
? ? 0 Sho 
Therefore fix) = (0) + f(O)x + TO) 52 Zs Mose, er “Oe os. +] eee 
7 s s _ fir) 
are 
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Series 


In this process, outlined in the worked example above, a polynomial in powers of x is being formed 
step by step. The process focuses on x = 0; substituting x = 0 into successive derivatives increases the 
power of the polynomial. For example, if you stop the process after finding f' (0) the polynomial is 


linear, F(0) + f'(O)x, after f"(O) it is quadratic, f(0) + f'(O)x+ FO. 2, after f”(0) it is cubic, 

f'O) co 
TONEOWe oy aeaay and sole Not all functions satisfy the 
The above argument assumes that the function can condition that f(0), F(0), f”(O), ..., FO) all 
be written in the given form. This is only true if the have finite values. fl 
given series converges. The above reasoning also only For example, when fax = Inx, 09 = 
holds if the function can be differentiated an infinite so f'(0) is undefined and therefore does not 


number of times, and if (0) is always finite. have a finite value. 


= The Maclaurin series expansion of a function f(x) is given by 
' os) o) #0) 
f(x) = (0) + fF’ (O)x + Spx? tet ape te 


The series is valid sea that f(0), f’ (0), f’(0), ... , (0), ... all have finite values. 


The polynomial f(Q) + f"(0)x is a Maclaurin polynomial of degree 1. 


The polynomial f(0) + f(O)x + FO is a Maclaurin polynomial of degree 2. 


The polynomial (0) + F'(O)x + PO et eres ae 


—— x is a Maclaurin polynomial of degree r. 
Even when ft" (0) exists and is finite for all, a ae series expansion is only valid for 


values of x that give rise to a convergent series. For example, the Maclaurin series of. 7 u 
isl+xtx24x3 40... 


But when x = 2, the series gives 1+ 2+4+8 + ... which does not converge to 


{ Note ) The range of validity for some individual Maclaurin series is 
given in the formulae booklet. If no range of validity is given in this 
chapter, you may assume that the expansion is valid for allx€ R. 


Example 


a Express In(1 + x) as an infinite series in ascending powers of x. 


b Using only the first three terms of the series in part a, find estimates for: 
i In1.05 ii In 1.25 iii In 1.8 


Comment on the accuracy of the estimates. 


a f(x) =In(i +x) => (O)=Ini=0 


Fol=piosd+at > fos! 

Px) = = MOSa Problem-solvi 

P(x) = (-D(-2)1+ 93 > = #"(O) = 2! The term (—1)' can be used in the general term of 

F(x) = (-1(-2)(-3)... (er = (1 + 2977 alternating sequences, in which the terms are 
= #0) = (Fr — 1)! alternately positive and negative. 
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! 
124 Qs 


So In(i +x) =O+ txt 5p 3 


en ai ae 


Int +x)ax-S ee ey 


0.05? , 0.0! 


zt 3 
® 0.0487916... This is correct to 5 d.p. 


bi Int05=0.05 — 


O25? 0.253 
“a a 
& 0.223958... This is correct to 2 dp. 


i Int?5=075- 


Ou 


ii In16 =08- ope + 


3 
» O.650666E... This is not correct to 1 d.p. 


Example 


a Find the first four terms in the Maclaurin series of sin x. 


Substitute the values for f(0), f’ (0), f”(0) 
etc. into the Maclaurin series for f(x). 


{ Online ) This expansion is valid ) 


for -1 < x <1, If you use a computer 
to generate the graphs of the 
successive Maclaurin polynomials 
you will see that they converge to the 
graph of In (1 + x) between x =—1 
and x = 1, but outside that interval 
they diverge rapidly. Explore this 
using GeoGebra. 


The further away a value is from x = 0, 
the less accurate the approximation 
will be and the more terms of the 
series you need to take to maintain a 
required degree of accuracy. 


b Using the first two terms of the series find an approximation for sin 10°. 


a f(x) =sinx => f(O) = sin0 =O 
f(x) = cosx > (Q) = cosO = 1 
(x) = -sinx > f"(O) = -sin0 =O 
f"(x) = -cosx > f"(O) = -cosO = -1 


f(x) = sinx => f"(O) = sinO =O 


So sinx= 


| 


1 G (ts, 


b sin10° = sings td 


= 0.174532925 — 0.000&&6096 
x 01736466829 


f =0, ifm is even, and the cycle of 
values 0, 1, 0, —1 repeats itself. 


___ This expansion is valid forall 
values of x. 


VES 2 must be in radians 


in expansions of trigonometric 
functions. 


This estimate is correct to 5 decimal 
places; even using sin x =x, the 
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approximation is correct to 2 d.p. 


Series 


Exercise 


1 Use the formula for the Maclaurin series 


4 nae { Hint ) The binomial expansions of (1 + x)", 
and differentiation to show that: 


where is fractional or negative and 
a (l-xyl=1lex4rx24 2.47422. |x] < 1, are the Maclaurin series of the 


function. 
b Vl+¢x=1 


2 Use Maclaurin series and differentiation to show that the first three terms in the series 
x2 


expansion of e*"* are 1 +x 


xt 


® 3 a Show that the Maclaurin series of cos x is 1 -— a +... +(-1) 7 te. 
b Using the first three terms of the series, show that it { Hint ) This expansion is 
gives a value for cos 30° correct to 3 decimal places. valid for all values of x. 


4 Using the series expansions for e* and In(1 + x) respectively, find, correct to 3 decimal places, 
the values of: 


ae b In (§) 


5 Use Maclaurin series and differentiation to expand, in ascending powers of x up to and 
including the term in x*, 
a ev b In(1+2x) e sin?x 


® 6 Using the addition formula for cos (4 — B) and the series expansions of sin x and cos x, 
show that 


cos (x - 


®© 7 Given that f(x) = (1 - x? In(1 - x), 

a_ show that f"(x) = 3 + 2In(1-.) (2 marks) 
b find the values of (0), f’(0), £”(0), and £"(0) (1 mark) 
¢ express (1 - x)? In(I - x) in ascending powers of x up to and including the 


term in x3. (3 marks) 

8 a Using the series expansions of sinx and cos x, show that 
3sinx - 4xcosx+x=5 (5 marks) 
b Hence, find the limit, as x — 0, oy taints Amen (1 mark) 
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© 9 Given that f(x) = Incos x, 


a show that f(x) =-tan x (2 marks) 
b find the values of f'(0), £"(0), (0) and f""(0) (1 mark) 
¢ express In cos.x as a series in ascending powers of x up to and including the term 

inx* (3 marks) 


d show that using the first two terms of the Maclaurin series for In cos x, with x gives a 


value for In 2 of 6 (1 + =). (2 marks) 


(5 marks) 


10 Show that the Maclaurin series for tan x, as far as the term in x°, is x +e +75 


Challenge Problem-solving 


The ratio test is a sufficient condition for the convergence of an infinite 


fam = 1ordoes not 
7_| < Land diverges 


series. It says that a series a, converges if lirn| x , 
rat exist then the ratio test is 


Ls 
> 1. inconclusive. 


a, 


if im 
Use the ratio test to show that 


a the Maclaurin series expansion of e* converges for all xe R 


b the Maclaurin series expansion of In (1 + x) converges for -1 << x <1, 
and diverges for x > 1. 


@ Series expansions of compound functions 


You can find the series expansions of compound functions using known Maclaurin series. In the last 
exercise you found the Maclaurin series of simple compound functions, such as e** and In (1 + 2x). 
However, the resulting series could also be found by replacing x by 3x or x by 2x in the known 
expansions of e* and In (1 + 2) respectively. When successive derivatives of a compound function are 
more difficult, or when there are products of functions involved, it is often possible to use one of the 
standard results. 


@ The following Maclaurin series expansions are given in the formulae booklet: 


for all.x 
jeg re Xt 
eiIn(l+xex-Zt set (HD+ -l1<xs1 
ered 
. —4)r te _ 
«+. + (-1) @reD! toe for all x 


ee for all x 


meget ee 1)" 
arctanx =x 315 weet (-1) 3 
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Write down the first four non-zero terms in the series expansion, in ascending powers of x, 
of cos (2x*). 


(2x2)? . (2x2)4 (2x2)6 | 


cos (2) 1a ay a el os Substitute 2x? for x in the above series for cos x. 
25 
=1— 2x44 3x8 — Sexe . 
s “35 WETS) Make sure you simplify the 


coefficients as much as possible. 


Find the first three non-zero terms in the series expansion of In 


|, and state the values of 
x for which the expansion is valid. 


in O28 = InvT# 2x — In( — 3x) eet) 


(1 + 2x) - In( — 3x) —————_____-._ Using Ina?=1Ina 


= 


-1<2x=1+-—— | Substitute 2x for x in the 
~ expansion of In(1 + x). 


Problem-solving 


You are substituting 2 into the 
series expansion of In (1 + x), so 
1 the series is now only valid for 
3 -1<2x<1,or4t<x<} 


Sin) + 2x = 42 yp EE EE ) 


Saxe rE 


In (1 — 3x) = (-3x) — 


Soh 
Substitute —3x for x in the 
) + <xe Ps expansion of In(1 +2). 
eet You need both intervals to be 
| = 3 satisfied. This is the case for 
<x<} 
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Given that terms in x" with n > 4 may be neglected, use the series expansions for e* and sin x to 
show that 


ed Only two terms are used as the 
are next term is kx5. 


SIGE RETO vey Use et =e¢xe4 


alt ee: x3) 3D 
PR og hie | a) eee se Substitute — for xin the 


expansion of e*. 


Simplify as much as possible. 


Exercise 


® 1 Use the series expansions of e*, In(1 + x) and sin x to expand the following functions as far as the 
fourth non-zero term. In each case state the values of x for which the expansion is valid. 


2x 3 
‘- ee @ 
1 For part f, write 2 + 3x as 
eee d In(1-.x) - 
é i) 
e sin (3) f In(2+3x) 


(4 marks) 


b Deduce the series expansion for In (2 marks) 


¢ By choosing a suitable value of x, and using only the first three terms of the series from 
. giving your answer to 4 decimal places. (2 marks) 
3 


part a, find an approximation for In (3 


d Show that the first three terms of your series from part b, with x = , give an approximation 


for In 2, which is correct to 2 decimal places. (2 marks) 

3 Show that, for small values of x, e2* -— e~* =~ 3x + 3x2, (4 marks) 
4 a Show that 3x sin2x -cos3x =-1+ ae (5 marks) 
b Hence find the im (= sind fe Seri (1 mark) 
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Find the series expansions, up to and including the term in x*, of: 


a Indl +x- 2x) z ; 
b In@+6x +x) { Note) Factorise the quadratic first. 


and in each case give the range of values of x for which the expansion is valid. 


a Write down the series expansion of cos 2x in ascending powers of x, up to and including the 
term in x*. (3 marks) 
b Hence, or otherwise, find the first four non-zero terms in the series expansion for sin’ x. 
(3 marks) 


Show that the first two non-zero terms of the series expansion, in ascending powers of x, 
of In (1 + x) + (x 1)(¢* = 1) are px* and g24, where p and g are constants to be found. 
(6 marks) 


sinx 
(1- xP 
in ascending powers of x as far as the term in x*. (6 marks) 


a By considering the product of the series expansions of sin x and (1 - x)-?, expand 


b Deduce the gradient of the tangent, at the origin, to the curve with equation y = 


(3 marks) 
Use the Maclaurin series, together with a suitable substitution, to show that: 
a (1-3x)In(1 + 2x) 
b 
c 
r . : . = 
a Write down the first five non-zero terms in the series expansions of e 2 (3 marks) 


1 
b Using your result from part a, find an approximate value for il e 2 dx, giving your answer to 
J 


3 decimal places. (3 marks) 


3(p? - 3 
a Show that e”* sin 3x = 3x + 3px? + se) +... where p is a constant. (5 marks) 
b Given that the first non-zero term in the expansion, in ascending powers of x, 
of e”* sin 3x + In (1 + gx) — x is kx, where k is a constant, find the values of 
p.qand k. (4 marks) 


fix) =e sinx, x > 0 


a Show that, if x is sufficiently small, x and higher powers of x may be neglected, 


f(x) s ltxt 3 (5 marks) 


b Show that using x = 0.1 in the result from part a gives an approximation for f(0.1) which is 
correct to 6 significant figures. (2 marks) 
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13 y=sin2x—cos2x 


dy 
a Show that a" 16y (4 marks) 

b Find the first five terms of the Maclaurin series for y, giving each coefficient in its simplest 
form. (4 marks) 

Challenge [ Note } A light year is the 

The Lorentz factor of a moving object, 4, is given by the formula distance light travels in 

1 one year. 
y= 


where /3= Tis the ratio of », the speed of the object, to ¢, the speed of 

light (3 x 108ms~). 

a Find the Maclaurin series expansion of 7 = 
powers of 3 up to the term in 9* 


The theory of special relativity predicts that a period of time observed 


as Twithin a stationary frame of reference will be observed as a period 


of time 2 ina moving frame of reference. 


al 


in ascendin; 
ieee ae 


A spaceship travels from Earth to a planet 4.2 light years away. To an 
observer on Earth, the journey appears to take 20 years. 


b Use your answer to part a to estimate the observed journey time for 
a person on the spaceship. 


c Calculate the percentage error in your estimate. 


d Comment on whether your approximation would be more or less 
accurate if the spaceship was travelling at three times the speed. 


Mixed exercise 


= 


1 a Express Fs 4) in partial fractions. (1 mark) 
2 2 Tn? + 25n 

b Hones show that 2) Ty a) ~ n+ 3m +) G marks) 

2 a Express Gro D4r+3) in partial fractions. (2 marks) 


b Using your answer to part a and the method of differences, show that 


cu 4 4n 


p> Gr —D4r+ 3)” 34n+3) G marks) 


200 4 


e Evaluate > 


Gone giving your answer to 3 significant figures. (2 marks) 
r=to0 47 — Di4r 
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® 3 


Series 


a Show that (r+ 13 -(r - 1 = 6r?4 2. (2 marks) 


b Using the result from part a and the method of differences, show that 


nn + 1\2n + 1) (5 marks) 


2 ( ) 
Prove that >> 4 mE SOE 


Gees “34+ Dn+3’ where a and # are constants to be found. (5 marks) 
r=1lV ¥ f+ 2 3 


Prove that Pe ((r + 13 —(r - 13) = an3 + bn? + cn + d, where a, b, c and d are constants to 
be found. "~" (5 marks) 


dy 


a Given that y =e!» find an expression, in terms of y, for aw 


8. 


d 
b Hence show that gsatx= In32is = 


4 


a For the function f(x) =1In(1 + e’), find the values of f'(0) and f"(0). 
b Show that f"(0) = 0. 


¢ Find the series expansion of In (1 + e*), in ascending powers of x up to and including the 
term in x°. 


a Write down the Maclaurin series of cos4x in ascending powers of x, up to and including the 
term in x6 (3 marks) 


b Hence, or otherwise, show that the first three non-zero terms in the series expansion of 


a) 16 128 
sin? 2x are 4x? — x4 + Gen. ‘3 marks. 
45 


Given that terms in x and higher powers may be neglected, use the Maclaurin series for e* and 


4 
cos x, to show that e°°* = a(t - ~), (5 marks) 


Given that |2x| < 1, find the first two non-zero terms in the series expansion of 
In((L +.x)°(1 - 2x)) in ascending powers of x. (5 marks) 


Use differentiation and Maclaurin series, to express In (sec x + tan x) as a series in ascending 
powers of x up to and including the term in x°. (5 marks) 


Show that the results of differentiating the standard series expansions of e*, sin x and cos x 
agree with the following: 


a ra (e*) =e* b a (sin x) = cos x c 4 (cos x) =-sinx 
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xt xe SS 
Gy ~ --» Show that secx = 1+ 5 + 54x44... (4 marks) 


® 13 a Given that cosx =1- 


A x3 
b Using the result found in part a, and given that sin x = x -— ar + =r 


.-., find the first three 


non-zero terms in the series expansion, in ascending powers of x, for tan x. (4 marks) 


14 By using the series expansions of e* and cos x, or otherwise, find the expansion of 
e* cos 3x in ascending powers of x up to and including the term in 2°. (5 marks) 


15 Find the first three derivatives of (1 + x)?In (1 + x). Hence, or otherwise, find the expansion of 
(1 + x) In(J + x) in ascending powers of x up to and including the term in x. (5 marks) 


16 a Expand In(1 + sinx) in ascending powers of x up to and including the term in x4. (4 marks) 
b Hence find an approximation for { In (1 + sin x) dx giving your answer to 
3 decimal places. : (3 marks) 


3 
17 a Using the first two terms, x + re in the expansion of tan x, show that 


emma lane > (3 marks) 


b Deduce the first four terms in the series expansion of e~*"*, in ascending powers of x. 


(3 marks) 
®) 18 a Using Maclaurin series, and differentiation, show that In cos x = 
b Using cos x = 2cos* (5) - 1. and the result in part a, show that 
x4 
In(1 + cosx) =In2- 
19 y=e*}-e* 
a Show that (4 marks) 


b Find the first three non-zero terms of the Maclaurin series for y, giving each coefficient 
in its simplest form. (3 marks) 
e Find an expression for the mth non-zero term of the Maclaurin series for . (2 marks) 


Challenge 


Given that the Maclaurin series of e* is valid for all x € C, show, using 
series expansions, that e' = cos x +i sin x. 
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Series 


Summary of key points 


1 Ifthe general term, w,, of a series can be expressed in the form f(r) — f(r + 1) 


0) = f(r+1)). 
so u,=f(1) -f(2) 
uy = f(2) -fG) 
uy = f(B) - £(4) 
u, = f(n) — f(a + 1) 
Then adding )> w, = f(1) - f(r + 1) 
ri 
2 The Maclaurin series of a function f(x) is given by 
7 0) 
fa) =H) +FOx+ ey MO, 
The series is valid provided that f(0), f’(0), f”(0), ... , f(0), ... all have finite values. 


3 The following Maclaurin series are given in the formulae booklet: 


x x 


evaltxtyt+...4¢54+... for all x 
al rl 
2. 5 
Ind+ay=x-S 45-4 CNS +... -1<xe1 
a 8 cared 
sins 2S pe a EW ag = for all x 
2 , xer 
cosx= 1-34. tN Bo. for all x 
2rd 
arctanx =x +1 5 4b se -l<x<1 
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After completing this chapter you should be able to: 


@ Evaluate improper integrals + pages 53-58 
@ Understand and evaluate the mean value of a function 
~ pages 58-62 
@ Integrate rational functions using trigonometric substitutions 
> pages 62-69 
© Integrate using partial fractions > pages 69-73 


b fx2erdx (a {fellate ise 
1+ 3sin?x 


€ Pure Year 2, Chapter 11 


dy 
Find a in terms of x and y for the following: 
x 


a x@4y2=1 b 5x24 xy+2y2=11 
¢ x=tany « Pure Year 2, Chapter 9 The lowest speed necessary 

q for an object to escape from a 
gravitational field is called the 
escape velocity. You can use 
improper integrals to calculate 
escape velocities. 


Express in partial fractions: prices 
1 Agi Bee) 
a b= c 
x(x + 1) x?-4 2x? +3x4+1 
+ Pure Year 2, Chapter 1 


Methods in calculus 


@& Improper integrals 


Ifa function f(x) exists and is continuous for all values in the interval [a, 5] then the definite integral 


b 
f f(x) dx represents the area enclosed by the curve y = f(x), the x-axis and the lines x = a and x=b. 


y 


{ Notation } The interval [a, 4) is all the real 


numbers x satisfying the inequality a =< x <b. 


In this section you will consider integrals where one or both of the limits are infinite, or where the 
function is not defined at some point within the given interval. These are called improper integrals. 
In these cases it is still possible for the function to enclose a finite area. 


y 


The area bounded by the curve y = alle The function f(x) = 4 is not defined at x = 0. However, the 
the x-axis and the line x = 1 is finite. area bounded by the curve y= -L. the coordinate axes and 


vx 


This area is represented by the improper 
P my prep the line x = 3 is finite. This area is represented by the 


7 ne 
integral | — dx. : i ae 
af oF improper integral | wo 


6 
@ The integral J f(x) de i improper if either: Ani 

+ one or both of the limits is infinite is said to be convergent. If it does not exist it is 

* f(x) is undefined at x =a, x = 6 or another said to be divergent. 

point in the interval [a, 4]. 
You can determine whether improper integrals are convergent, and evaluate them if so, 
e : 

by considering limits. To find J= J e~ dx, you need to consider the integral | e~ dx, for some finite 


value ¢. If this integral tends to a limit as ¢ + e then J is convergent and equal to that limit. If it fails 
to tend to a limit, then /is divergent. 
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Ast ~, 
t .° 
if evdx + f e“dx 
0 0 
Fi 
f ewdx=[-e“]) =-et+1 
i 
1 
Since e~* 0 as t+ o, the integral [ e“dx  last— 0, 


Not 


So [renae is convergent and equal to 1. 


Evaluate each improper integral, or show that it is not convergent. 


a Sosa Db Lys 


Ly You can use limit notation to write: 
f e“dy=lim f'e*dy=lim-e++1)=1 
fina fim 


1 aa 
<2 dx converges and { xeax 


n(ln ¢ — In) 
= fiming) 


Inf © ast— «so f 0% does not 
a 
converge. 


{ Online } Explore the integral (a dx 6) Make sure you show the limiting 


using GeoGebra. process clearly in your working. You can’t just 
os 
write f Laps Inco =o, 
a 
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You need to use a similar limiting process if the function you are integrating is not defined at one or 
more points in the interval. 


Evaluate each integral, or show that it does not converge. 


1 
1 
a [eax 


1 
1 1 

-1+7> a5 1-0, s0 [eax does. 

not converge. . 


Fo 
b [we lin 


med, y 


= fim Lv4 = x? |5 


= fim(-V4 —  - V4) 


=2 


dx converges and 


dx=2 


If both limits of an integral are infinite, then you need to split the integral into the sum of two 


improper integrdls. In other words, you write { Watch out ) 2 
ey ~o Watch out a 
J F(x) dx= f “F(x) dx+ f f(x) dx for some value c. 5 Wouise write [_ fs) dxas 
ee a i dim. df f(x) dx. You must split it into two separate 
ie 
integrals to determine whether it converges. 
— Review Exercise 1, Challenge Q3 


If both of these integrals converge, then the 
original integral converges, but if either diverges, 
then the original integral is also divergent. 


b Hence show that i xe dx converges and find its value. 


day | 


= =D ye-%? 
Cries 2xe | 
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° O Proble: Lvi 
b Split [xewax up as fe ev dx + [sew ax ve 


‘ You can choose any point at which to split 
Consider if xe dy: the integral up, but choosing a special 

value like 0 will often make evaluating the 
integral easier. 


° 2 
So | xe dx converges and | xe“ ax =} 


' 
Similarly. consider [xe ax: 


[xewar = [+4 


So Jin [xem ax = fi 


EIS TTSD You need to check that 


both the integrals converge before you 
can determine that the original integral 
converges. 


So [sever converges and f xe“dx=t 


Since both integrals converge, we know that 


[[xewax converges and 


[[xewax 7 Pew ax + [xem a — 


a@ 


i 
2 


Exercise 


1 Find the values of the following improper integrals. 
2] og eae 
af ssax b fx tax e [red 


2 For each of the following, show that the improper integral diverges. 


- rel 8x 
a fred b [ax c [eu 
3 For each of the following, show that the improper integral converges and find its value. 
1] 204 ind’ jet 
a het ‘le ef eae 


@®) 4 For cach of the following, determine whether the integral converges, and if so, find its value. 
2. 3 xl ss 
a tad b J, Feet e ftanxdx 
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® 9 


@w 
@u 


® n 


‘ 1 
a Find f Gone 


2 


Methods in calculus 


(2 marks) 


2 4 - 
b Hence show that Gap converges and t Watch out ) Make sure you show the 


find its value. (3 marks) 


a Find fx2e"dx. 


1 
b Hence show that [ x7e™ dx converges and find its value. 


a Find f sues dx. 
b Hence show that f BS ay is divergent. 
1 


a Find f(nx)dx. 
Hence show that: 


1 
b J (nx dis convergent. 
0 


c { (Inx)’ dx is divergent. 


x 
Evaluat f dx. 
-valuate } Va—x2 x. 
2/7 J 
Evaluate f eS ee EY ada 
Jy v4—-) 


The diagram shows the curve with equation y = In x. 


Find the shaded area enclosed by the curve and the coordinate axes. 
You may assume that xInx > 0 asx 0. (5 marks) 


a Explain why [Ptanx dy is an improper integral. 


b Show that { “tan x dx is divergent. 


limiting process clearly in your working. 


(2 marks) 


(3 marks) 


(3 marks) 


(3 marks) 


(2 marks) 


(2 marks) 


(2 marks) 


(4 marks) 


(5 marks) 


(1 mark) 


(3 marks) 


Bi: 


Chapter 3 


13 A student writes the following working to evaluate i} sec?.x dx. 


[sec 2xdx = [tanaly 
ana — tanO 
=O0-0=0 
a Explain the mistake that the student has made. (1 mark) 
b Show that { sec?x dx is divergent. (4 marks) 


14 Find alla € R for which [eeu converges and find its value in the case when it 
converges. ' (7 marks) 


i See 
45: a Siow that [ a 1 —— ies n( 4 + ‘), Problem-solving 
o 2x74 3x41 k+l When an integral is undefined at one or more 
where k = 0. (4 marks) points within the interval of integration, you 
need to split the integral and consider each part 


b Hence find the exact value separately. 


1 
of ie, ees | dx. (3 marks) 


Challenge 


Show that { esin?xdx =? 


3.2) The mean valuc of a function 


You can find the mean of a finite set of values by adding them up, and dividing by the number of 
values: 


pee 
F =H t Vat Yat ++ In) 


You can extend this definition to evaluate the mean value (or average value) of a function ona 
given interval [a, b]. In this case, the function takes an infinite number of values, so you represent 
their sum by integrating the function between a and 4, and you represent the ‘number of values’ by 
the width of the interval, b - a. 


= The mean value of the function f(x) over the Temenvaluectiae) 
interval [a, 4], is given by = +. 1 F(x) dx, (eM MHLESUTTNSNCEA7 CLE 


58 


Methods in calculus 


You can think of the mean value geometrically by considering the area, A, bounded by the curve 

y = f(a), the x-axis and the lines x =a and x = b. If you were to draw a rectangle with its base on the 
interval [a, 6] and height f, then the area of the rectangle would be equal to 4. 

ay 


The area of the rectangle is (b — a)f. Setting this equal to the 
area under the curve gives: 


(o-at= [tax 


i a 
st. F(x) dx 


Find the mean value of f(x) = 


se over the interval [2, 6]. 
+3x 


6 4 6 a 
lage (2 + 3x) "dx 


So the mean value of f(x) on [2, 6] is 


cal: A 1185 - v2)) 


G-2 J, eax 43 
cite —— wonggftmas 


f(x) = 


+e* 
9 


In> 
a Show that the mean value of f(x) over the interval [In 2, In 6] isj—— in 
b Use the answer to part a to find the mean value over the interval [In 2, In 6] of f(x) + 4. 


ce Use geometric considerations to write down the mean value of —f(x) over the interval [In 2, In 6]. 


a Integrate ie dx using substitution. 


7s 
let u=e* 
dt _ os a 
ae = dx= 


x=Ingé>u=e"e=6 
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= 26 
Hein ne x= [" (Ge Fle i) 
4 
= al + a 
Using partial fractions: 
eee (pes 
ul+u ou itu 


So Al + wo) + Bu=1 
When u =O, 4 =1. 
—" u terms, A + B=0,s50 B=-1. 


af anee= aft ~ Tala 
= lina — inte + WIS 
= Allin 6 — In 7) — (In 2 — In 3)) —— 
=4 ne 
=4 Ing 
So the mean value of f on [In 2, InG] is 


a 


[fnew dans 
EEE 


mena (4h3) = 7, 


ney 4 neg (06 
Ne (Sat 4)ar= [ees f tax 


2 
{e 4 dx = [Ax 


ine 
= Alin - 
=4in3 

ers the mean value, 


In2) 


4h 
~ In 


= In3) 


f(x) is a reflection in the x-axis of f(x). 
The mean value of f(x) over the interval 

4ing 
{In 2, In 6] was 3 


Therefore, the mean value of f(x) over the 
2 


interval [In 2, InG] is 7, Zz 


Problem-solving 


Every value of f(x) in the interval has increased 
by 4, so the mean value has increased by 4. 


In the example above, you saw that geometric considerations can be used to find mean values of 
transformed functions, if you already know the mean value of the original function on the same interval. 
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If the function f(x) has mean value f over the interval [a, 5], and & is a real constant, then: 


= f(x) + & has mean value f + / over the interval [a, 5] t watch out ) Vonaa aac 
= f(x) has mean value Af over the interval [a, 5] the mean value of f(x) or f(x) in 
this way. 


= -f(x) has mean value -f over the interval [c, 4]. 


Exercise 


1 For each of the following functions f(x), find the mean value of f(x) on [0, 1]. 


1 
a f(x)=1 b f= 7 e f(x)=er4+1 
2 Find the exact mean value of f(x) over the given interval. 
uss » eoesnee: 16 
a fixy= er [0, 2] b f(x) =cos* xsin? x; [o. | 
¢ f(x)=xe~*; [1, 3] d f= Gs DOx+D? [0, 3] 


e f(x) = (Gee x — cos x)?; [0. 4: 


3 fixyy=x3-3x2-24x4 100 
a Find the coordinates of the turning points of f(x). 
b Sketch the graph of y = f(x). 


¢ Without calculation, state an upper and lower bound on the mean value of the function on 
the interval [-2, 4], giving a reason for your answer. 


d Calculate the exact mean value of f(x) over the interval [-2, 4]. 


: sin xcos x A Ls 
® 4 Find the exact mean value of f(x) = cos2x #2 OE the interval [o. 5]: (4 marks) 
® 5 Find the exact mean value of fix) = xVx +4 over the interval [0, 5]. (4 marks) 
® 6 Find the exact mean value of f(x) = x sin 2x over the interval [o alk (4 marks) 
Sx 
7 f= Gerd 
a Show that the mean value of f(x) over the interval [1, 5] is iin (4 marks) 


b Hence, or otherwise, find the mean value over the interval [1, 5] of f(x) + Ink where k isa 
positive constant, giving your answer in the form pIng, where p and q are constants and 


qis in terms of k. (2 marks) 
8 fly = x(x? — 4)" 
a Show that the mean value of f(x) over the interval [0, 2] is 28 (3 marks) 


b Use the answer to part a to find the mean value over the interval [0, 2] of -2f(x). (2 marks) 


(E/P) 9 f(x) =In(kx), where k is a positive constant. 
Given that the mean value of f(x) on the interval [0, 2] is -2, find the value of k. (4 marks) 
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® 10 Prove that if f(x) has mean value m on the interval [a, 5], then f(x) + c has mean value m + c. 
11 f(x)= i This is an improper integral. 


Find the exact mean value of f(x) on the interval [0, 2]. (6 marks) 


® 12 Use geometric reasoning to explain why the mean value of fix) = sin? x on the interval [0, 27] is 0. 


13 y= 2283 


(2 +sinx)? 
a Find ff(x)dx. (4 marks) 
b Hence show that the mean value of f(x) over the interval [o. 4 is “a. +4)3). (2 marks) 
i 


¢ Hence, or otherwise, find the mean value, over the interval [0.2], of f(x) + 3x. (3 marks) 


® 14 a Sketch a graph of f(x) = | - 3x — 2x°, finding the coordinates of any turning points. 
asl 

Calculate J") dx for ae R. 

¢ Find the maximum possible mean value of f(x) on any real interval of length 1. 


v 


@® Differentiating inverse trigonometric functions 


You can differentiate the inverse trigonometric functions implicitly. 


Show that A (aresin x)= we 


Let y = aresinx 
then siny =x. 
dy 
cosy ay = 1 
ay 4 
dx ~ cosy 
| eek 
1 sin? y 
| but sinpox 
ay 1 
sO ax = Frsaz 
asic Problem-solving 


dy a 
Alternatively, since ae Season can 
conclude the sign is positive since the graph of 
y =arcsin.x shows that the gradient is positive at 
all points x. 
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You can use similar methods to obtain the following standard results. 


d ill 

. de (arcsin x) = aoe 
d oe | 

. ds (arccos x) = Ss 
d 1 

s— = 
az (arctan x) Te 


Example 


Given y = arcsin x? fing 2 
Do > ‘ai 


a_ using implicit differentiation 


Methods in calculus 


You should learn these results, but also be able 
to derive them as in the example above. 


Notice that idl, (arcsin x) = _ (arccos x). 
dx dx 


Recall the domain and range of each of these 
inverse trigonometric functions: 


Function Domain Range 
arcsinx (1,1) Fe Al 
arccos x 1,1] [0.7] 

arctan (ee, e9) (5) 


b using the chain rule and the formula for A aresin be 


a siny = 


dy 2x 
dx” cosy 
Ay. 30x. 
dx” ff —sinty 
but siny = x2 
so a __2x 
ax pot 


b Let ¢ =x?, then y = arcsint 
if 


d 
dy _dy | at 


dt ay 
Then in 7 ON and ae” ae 


dt * dx 


€ Pure Year 2, Chapter 6 
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1- 4) dy 


Given y = arctan tee F de 


tany = ; — 
2g _ +x) - 11 - x) 
eae (+ 
pee 
(+x? 
dy 4 2 
SO Gx ~ Secey * cr + ail 


aay * Cre 
= x(- 
1+ tan?y (1+ x)? 


ghee 

b= 4x? 
1+) 

ms (+ x? 2 

= (4x + (1- x * (-a rac 

eae 

2+ 2x? 

ees 

ae 


Exercise 


Problem-solving ) 


You could also use the chain rule and the formula 
for 4 (arctan x). 
dx 


1 Use implicit differentiation to differentiate the following functions. 


a arctan x b arccosx 


© arccos x7 
in) 

e arcesin |x 
2 Differentiate y = (arccos x)(aresin x) 


1+arctanx 


d arctan (x° + 3x) 


You can check your answers by using the 
chain rule as well as the results stated earlier in 
the section. 


® 3 Differentiate y= 1 aician (4 marks) 
4 f(x) =arccos x + arcsinx 
By considering fee dx, prove that f(x) = a for all values of x. (4 marks) 
5 Differentiate with respect to x: 
a arccos2x b arctan 5 ¢ arcsin3x d arcot(x +1) 
e arcsin (1 — x?) f arccosx? g e*arccos x h arcsin xcosx 
i xarccosx jo eatanx 
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©© 


d 
6 Given that tan y = xarctan.x, find 3 (4 marks) 
7 Given that y = arcsin x, prove that 
ey dy 
ON ae ee 
d-) G3 xqy=0 (6 marks) 


8 Find an equation of the tangent to the curve with equation y = arcsin 2x at the point where 
L 
REG 
q 


9 Find the derivatives of the following functions. 
1 


a (arctan x)? ¢ arctan (arctan x) 


arcsin x 

® 10 Sketch the graphs of the following: 

a_arcsin (aresin x) b arccos(arccos x) ¢ arctan (arctan x) 
® 11 Prove each of the following: ; [ Hint } Wiantetiingaceuens 

a sin(arccos x)= v1 — x? b cos(arctan x) = Fa Toot, you should consider the 

vl+x definitions or graphs of the 
1 T inverse trigonometric functions 
€ sec(arccos x) == d sin(arcsec x) = 1 — Zz to determine the sign. 


Integrating with inverse trigonometric functions 


You can use the results from the previous section to integrate functions of the forms 
1 


i, 
at+xe 
and 


Example 


By using an appropriate substitution, show that | 


13 f . an 
dx = arcsin (=) +c, where a isa positive 
a 


constant and |x| < a. 


=aresinut+c 


=arcswa(®) 
= arcsin(* ce 
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The following two results are given in the formula booklet. You can quote them when calculating other 
integrals, but you should also be able to derive them using substitution as in the example above. 


1 1 x 
. [optiear=Aaretan() +6 a>0, |x| <a@ 


dx = aresin(>) +e 


= 1 
5 
= Je aretan( 5) +e 
Example (11) 
v3 
a Find f % sya b Evaluate ti 5 —s leaving your answer in terms of 7. 


:{ 1 ax= | 
25 2 


1 


b + aes 
3 V3-48 
- 


ne 


resin(3) — daresin(t) 
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x+4 


Find [- 


Problem-solving 


x+4 x 1 
dx = dx +4 dx 
Si 4x? f V1 - 4x? Li = 4x? The integral can be split into a fraction which 
ans can be integrated using the ‘reverse chain 
To calculate J ja use the substitution ie andlone tharloakelike these covered 
u=1- 4x? alee 
du = -8x dx 


x gas shi 
lee oe du 


-3V1- 4x? +e 


8 
Nina aa 


= 2arcsin2x +c 


dx = 2arcsin2x — WI 4x? +¢ 


Exercise 


1 Use the substitution x = atan@ to show that fa 


<yAx = jaretan (% )te 


e+ 


dx =-arecos x + ¢. 


2 Use the substitution x = cos @ to show that {A 
hase 


3 Find: 


‘hea 


of 4 dx e | 
5+x? 25 


®© 4 Find f . Z dx, giving your answer in the form A arctan (Bx) + c where c is an arbitrary 
+ 3x 


constant and 4 and Bare constants to be found. (3 marks) 
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® 5 


&) 8 


Show that I [x = Parcsin (Ox) + c where c is an arbitrary constant and P and Q are 
v 

constants to be found. (3 marks) 

Evaluate: 
9 eames 
a | ——sdx b | ——dx 
| T+ v1+42 
Show that [ ol gg (4 marks) 
Wa f4—x2 12 
2+3x 

fx) = 5 

OAT 3x 
Show that Sfx dx = Aaretan (3x) + Bln(1 + 3x2) +¢ (Hint ) Start by splitting the fraction 
where c is an arbitrary constant and A and Bare into two separate integrals. 
constants to be found. (4 marks) 


©) 10 


@) 1 


@) 12 
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Find J f(x) dx, giving your answer in the form A aresin (3) + BY2—x? +c where c is an 
arbitrary constant and 4 and 2 


Bare constants to be found. (4 marks) 
8x-3 
f(x) = 
= Tat 
Find fx) dx, giving your answer in the form 4 In(x? +4) + Barctan ~) + e where cis 
an arbitrary constant and A and B are constants to be found. (4 marks) 


Show that Jfiay dx = PV6 — 5x? + Qaresin (E x) +c where c is an arbitrary constant 


and P and Q are constants to be found. (4 marks) 
eS 
fe) 2416 


a Find / f(x) dv, giving your answer in the form 4 In(x? + 16) + Barctan ( ) +c where cis 


an arbitrary constant and 4 and Bare constants to be found. (4 marks) 


b Hence show that the mean value of f(x) over the interval [0, 4] ist ( In2+ = ) (3 marks) 


¢ Hence write down the mean value of -4f(x) over the interval [0, 4]. (1 mark) 


Methods in calculus 


® 13 Use the substitution x = }tan @ to find \peq™ 
9 +4 


1 
® 14 By using the substitution x = $sin 6, show that ik dx= cot? Qa - 3V¥3). 


Challenge 


Given that x > 1, use the substitution x =sec@ to 
find: 


a ee 
xvx2=1 


(3.5 ) Integrating using partial fractions 


In your A level course you used partial fractions to integrate some rational functions. 


Prove that Be careful not to confuse this result 


P 1 a B3 
with J 5 y2de= arctan @) +e 


| i ax =f l dx 
a? — x? (a+ xa - x) 

pe Ne = 2 AE 
(a+xja-x) atx 
Aa-x+ Ba+xe=t 


ae ee eo 


1 fps hi fa 
Jee ® = dale * aalane 


i is 
agnle--l +e 


4 fh 
= agnla +l 


= 1 [gt és 
=p,"la—xl te 


Chapter 3 


If the denominator of a partial fraction includes a quadratic factor of the form (x? +c), c > 0, you 
cannot write it as a product of linear factors with real coefficients. 


However, you can still write it in partial fractions, where the partial fraction corresponding to the 
quadratic factor has a linear numerator and quadratic denominator. 
20 A Bx+C 
So = + 
(e+3x?+1) x43 x?4+1 


20 = A(x? + 1) + (Bx + C)(x +3) 


Find the values of A, B and C by multiplying 


both sides by (x + 3)(x? + 1). 
Set x =-3:20=10A>A=2 Set x =-3 so that (Bx + C(x +3) =0 
A+B=0>8B=-2 Equate coefficients of x on each side. 
38+ C=0>C=6 Equate coefficients of x on each side. 


20 ra 6-2x 
So-—_—____ = ——~_ 4 —_ = 
(x+3)(x?+1) x43 x241 
You can use the techniques from the previous section to integrate the second fraction on the right- 
hand side. 


Show that [ Hteze dx= Aln| 
x3 49x 


x? 
249, 


) + Barctaa(3) +c, where A and B are constants to be found. 


yf tee w= [te x= [(44 Bete 
JN 4 on xix? + 9) x 


| Alx? + 9) 4 Bx? + Cxax41 


| Equate x? terms: A+ B=O 
| 
| Equate x terms: C = 1 


| Equate constant terms: 9A =1> A= 


ee: aa ee || 
fitz afl 


= |l- siz25)* 


tpl oy 5 56 1 
= plage ¢ dx 
Cy alg@,e"* Pore hal 
Val? 
lpia vig RD age 
= inn - + garetan(3) +e a 
colleges ge el care 
= glnx — zginx +9) + garctan(5) +¢ 
oct = lab? A Xe 
= 7gl2inx Inlx +9) + garetan(3) +¢ 
sell pflexe: ul x 
= 6"(; ya) t garetan(3) te 
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as partial fractions. 


xt4x 
b Hence find I a Seee dx. 


a x44 5x? +6 = (x? + 2)? + 3) 


xAtx 2 Bx+C , Dx+E 


oo rear pal Beane: Seale 


v4 4 y= A(x? + A)? + 3) 
+ (Bx + Cix? + 3) + (Dx + E\(x? + 2) 


A=1 


B+D=0 | 


3B+2D=1 | 
So B=1and D=~1 
5A+C+E=0 
644+3C+2E=0 
So C=4 and E=-9 


xttx = x+4 x+9 


Se = = 
O 4 5x2 46 xP42 KES 


Methods in calculus 


There are other ways of determining the 
coefficients. You could find A = 1 by writing 


xiax _ (x44+5x246)—(6x2-x+6) 


X84 5x246 x4 +5x2+6 

SxS 6) 
"x44 5x2 +6 
Methods such as this are often quicker than 
using polynomial long division. You could also 
substitute x =i V2 and x =iv3 to eliminate 
terms. 
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“b Using the partial fraction decomposition: 
xe ae Ea 
—— dt = Jidx+ |— as 
Jaeeopeea [1+ fee 


+ [are ae ee 


=x4dinix2s ale Foret 


2 v2 Za) 


Aiale2 = a x 
~pinlx? + 3 Jqavctan( =) +e 


+ QV2arct: (s 
arctan 75) 


-3V3 arctan( Bi 


)te 


Exercise 


1 Express the following as partial fractions. 
iw 1 b I eno 4 
(x? + Dx + 3) (x? + 2x — 1) aMx?+7) 
2F os ee a dx, giving your answer in the form Aln|x + 2| + Barctan ( 


where A and B are constants to be found, and c is an arbitrary constant. 


3 fy axt—x3— 4x2 -2v- 12 
a Given that (x + 2) is a factor of f(x), fully factorise f(x). (2 marks) 


b Hence find j= 20x? + 4x - 24 


dx, giving your answer in the form 
4p —Ie- 12 ee 


x +24 
a3 za) 


and c is an arbitary constant. (5 marks) 


7 Pax 
i Find [STs 


In 


+ Darctan al +c, where A, Band D are constants to be found, 


z ee . x? = 
-dx, giving your answer in the form 4ln 1 = ;) + Barctan (5) +e, 


where 4 and Bare constants to be found, and ¢ is an arbitary constant. (5 marks) 


5 Find { ptkhe. giving your answer in the form A + Barctan (2) +c, where 4 
and B are constants to be found, and c is an arbitary constant. (5 marks) 
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Methods in calculus 


x3 49x27 + x41 
6 Show that [© EOS ** "hay = inp jg + Darctan.x +c, where A, Band Dare 


constants to be found, and c is an arbitary constant. (5 marks) 
7 fixy = x3 - 4x24 6x — 24 

a Given that f(4) = 0, fully factorise f(x). (2 marks) 

-3x+24. a = 
b Express aa eeaor in partial fractions. (2 marks) 
c Use your answer to part b and an appropriate substitution to calculate 
2 
2x? = 3x424 ge (4 marks) 
x3 —4x2 4 6x -—24 
1 

8 f= px—D 

a Calculate ffx) dx. (3 marks) 

4 1 i 

b Hence show that I Ge -DOx- 1 dx diverges. (3 marks) 

9 a Express EP SATS Oe as partial fractions. (4 marks) 
Press 4+ 10x? + 24 "SP 7 
44 5x2 
b Hence find [ eee ieee (5 marks) 
x4 + 10x74 24 
5 A w+4x+10 
10 Use the method of partial fractions to find (355 x>0. (4 marks) 
2 2 = 
11 Show that | Cate Dorey ot = ae + 2In2). (4 marks) 
12 a Ex regen as partial fractions. (4 marks) 
Press 24.22 8 P " 
4 
b Hence find | mek ole dx. (5 marks) 
x(x? + 2)? 
Challenge Problem-solving 
Find: First complete the square in the denominator 
1 1 and then use an appropriate substitution. 
eee Dl percerores 
X?-8x+8 ex? +4x411 
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Mixed exercise 


® 1 a Using the substitution u = e*, find ies 


sae dx. (3 marks) 


b Hence show that EL sts 5 (3 marks) 


® 2 Find the exact mean value of fix) = Lise over the interval lg (4 marks) 
® 3 Show that the exact mean value of f(x) = xsin 2x over the interval lo. 4 is $ (4 marks) 
® 4 a Find the derivative of arccosx?. (3 marks) 
b Hence, or otherwise, calculate f —— (1 mark) 
5 fiy= aretan( = +3) 
a Show that f(x) = se (4 marks) 
b Given that -2 < x < 2, show that |f"(x)| < 1 (2 marks) 


® 6 a Explain what it means for an integral to be improper. 


b Identify two features of f l= dx which make it an improper integral. 


¢ By differentiating arctan x, or otherwise, show that £ moet is convergent and find 
its exact value. 


1+ 5x 
7 f= a 


Find Jfcx) dx, giving your answer in the form AVI - 5x? + Baresin (V5 x) + ¢ where ¢ 


is an arbitrary constant and 4 and B are constants to be found. (4 marks) 
®©® 8 a Show that [4 wal hs =arctant. (2 marks) 
b Hence evaluate: 
a ee 
i J a1 dx (2 marks) 
ns 1 
ii Is rT dx (2 marks) 


14 


@P) 13 


Gp) 14 


ip) 15 


Methods in calculus 


hee 1+2x 
OO 14 4x2 
a Find ffi dx, giving your answer in the form A In(1 + 4x2) + Barctan(2x) +¢ 
where c is an arbitrary constant and A and Bare constants to be found. (4 marks) 
05 
b Hence find the exact value of J fixy)dx (3 marks) 
a Show that dx = Parcsin Qx + c where c is an arbitrary constant and P and Q are 
rears = = 9x2 
constants to be found. (4 marks) 
b Hence show that — = = eae (3 marks) 
Use the substitution x = sin @ to show that = as 
fix) = rae aa 
1 
a Use the substitution u = x? to calculate J fix) dx. (4 marks) 
b Hence show that { fix) dx converges and state its value. (3 marks) 
Show that ies = = 4+ 18x49 Gy = Aln|x|— 3. D arctan (3 ) +c, where A, Band D are 
x44 9x2 5) 
constants to be found. (5 marks) 
fon = 3x+14 


x3 -4x? +2x-8 


a Express f(x) in the form at , Where P and Q are constants to be found. (3 marks) 


4* x42 


b Find {fo dx, giving your answer in the form A In|x - 4| + Barctan (si 5) +c where 


A and Bare constants to be found. (4 marks) 
¢ Hence show that ic) dx diverges. (2 marks) 
fin =— u 

Wx 
a Find , f fix) dx. (4 marks) 
b Hence show that the mean value of f(x) over the interval [1, 2] is ing (2 marks) 
¢ Hence, or otherwise, find the mean value, over the interval [1, 2], of 2f(x) - & 
(3 marks) 
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Challenge 


A function is said to attain its mean value on the interval a, 4) if there 
b 
exists a value ¢ & [a, b] such that f(e) = a f f(x) dx. 


a Show that the function f(x) = 2° — 2.x + 4 attains its mean value on 
the interval [0, 2], and find the exact values of ¢ € [0, 2] for which 


fd =2 [filo 


b Give an example of a function which does not attain its mean value 
on the interval [0, 2], fully justifying your answer. 


Summary of key points 


» 
1. The integral i f(x) dx is improper if either: 
+ one or both of the limits is infinite 


+ f(x) is undefined at x = a, x = b or another point in the interval [a, 6]. 


2 The mean value of the function f(x) over the interval [a, 4], is given by 


1 
ji, [te 


3. If the function f(x) has mean value f over the interval [a, 6], and k is a real constant, then: 


+ f(x) +k has mean value f +k over the interval [a, 5] 
+ kf(x) has mean value Af over the interval [a, 4] 


+ -f(x) has mean value —f over the interval [a, 6]. 


d araeert 

4 ay (arcsin x) = = 
d = 1 
az (arccos x) = is 
d il 
Gy arctan) Spas 


5 a = edv=tarctan (*)+6a>0, [<a 
ae+x' a a. 


. J os dx =arcsin (+e 
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Volumes of revolution 


After completing this chapter you should be able to: 

@ Find volumes of revolution around the x-axis — pages 78-80 

@ Find volumes of revolution around the y-axis — pages 81-83 

© Find volumes of revolution for curves defined 
parametrically — pages 83-87 


®@ Model real-life applications of volumes of revolution 
— pages 87-89 


ii 


§ 


Prior knowledge check 


1 Evaluate: | 
3 
42(3.x? — 6)?dx 

a ff 1°31? — 6)?dx 


b {5 osx dx 
a 
2 teddy 

c f’xte?dx © Pure Vear 2, Chapter 11 
0 


2 Find the area of the region bounded 
by the curve y = $sectx, the x-axis, the 
y-axis and the line x= 1. 

€ Pure Year 2, Chapter 11 


= 3 Theregion Ris bounded by the curve 

y = 4x? + 5, the x-axis and the lines 

x=2and x=4. The region is rotated 

through 27 radians about the x-axis. 

Find the volume of the object generated. 
«Book 1, Chapter 5 


Volumes of revolution can be used to 
model objects with circular cross-sections. 
By defining curves parametrically, you can 
find volumes of a wider range of objects. 

— Exercise 4D Q4 


2 The curve with equation y = cosxVsin2x, 


Chapter 4 


(4.1) Volumes of revolution around the x-axis 


You need to be able to find volumes of revolution 
of more complicated curves. In this chapter you 
might need to use any of the functions and 
integration techniques you encountered in your 
A level course. 


You have already encountered volumes of 
revolution with simpler functions. 
Book 1, Section 5.1 


= The volume of revolution formed when y = f(x) is rotated through 27 radians about the 
x-axis between x = a and x = bis given by 


Volume = af’ yde { Online } Exdloewallimes of revolution 6) 
& around the x-axis using GeoGebra. 
Example (2) 


The region R is bounded by the curve with equation y = sin 2x, the x-axis and the lines x = 0 and 
x= = Find the volume of the solid formed when region R is rotated through 27 radians about 
the x-axis. 
lf PrP aeay 
Ve zt sin?2xdx 


= af *d01 - cos4xjdx 
© 


= a[gx—gsinax}, 


wee 

=(]-0|-0 
es 

A 


Exercise 


1 Find the exact volume of the solid generated when each curve is rotated through 27 radians 
about the x-axis between the given limits. 


ay= between x = 0 and x=2 db y=) between x =0and x= 4 
xt+l 1+cosx 2 
c¢ y=Vxsecx between x = 0 and x== @ y=) —2*— between x =0 and x=2 
ad = “4 Y= V10x2 +1 * * 
ey= * yetween x= 1 and x= 2 f y= cosec x + cot x between x =F and x =F 


= cos. 2x 
Osx > is shown in the diagram. See 
The finite region enclosed by the curve and the 
x-axis is shaded. The region is rotated about 
the x-axis to form a solid of revolution. 
Find the volume of the solid generated. (6 marks) 
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3 The diagram shows the finite region R, which is bounded 
by the curve y = Inx, the line x = 3 and the x-axis. 


The region R is rotated through 27 radians about the 
x-axis. Use integration to find the exact volume of the 


solid generated. 


Problem-solving 


You will need to find the value of a, 
where the curve crosses the x-axis 


(7 marks) 


® 4 a Using the substitution x = 3sin 4, or otherwise, find 


the exact value of 


(7 marks) 


The diagram shows a sketch of part of the curve with 


equation y = 
x( 


The shaded region R, shown in the diagram, is bounded 
by the curve, the x-axis and the lines with equations 


=3and x=222, 
x= and x=">~ 


The shaded region R is rotated 


through 27 radians about the x-axis to form a solid of 


revolution. 


b Using your answer to part a, find the exact volume of 


the solid of revolution formed. 


4x +3 


s Pe ee ae 
5 The curve with equation y’ @+2)0x-) 


the diagram. 


(2 marks) 


is shown in 


The shaded region R, bounded by the lines x = 1, x = 4, 


the x-axis and the curve, is rotated 360° about 
the x-axis. 


Use calculus to find the exact volume of the 
solid generated. 


e curve shown in the diagram has equation 
6 Th he in the diagram has equati 
2)? = xsinx + x. 


a Show that the coordinates of point 4 are 


F5) 


(6 marks) 


(1 mark) 


The shaded region R is rotated about the x-axis to 


generate a solid of revolution. 


b Find the volume of the solid generated. 


(5 marks) 


Volumes of revolution 


on 4x43 
(x +2)Qx- 1D) 


S 
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7 The curve with equation y = SCEEry is shown in the diagram. 
The region R bounded by the curve, the x-axis and the lines 
x =-1, x =2is shown in the diagram. 
The region is rotated through 360° about the x-axis. 


a Find the exact volume of the solid generated. 


(6 marks) 
The region S, bounded by the curves y = 0. and ; 
on : ” P35 +20) 
V=35429 and the lines x = -1 and x = 2, 


is shown in the diagram. The region is rotated through 
360° about the x-axis. 


b Find the exact volume of the solid generated. 
(3 marks) 


3(5 + 2x) 
-1 Qo 2 


KY 


8 The region R is bounded by the curve with equation 
y = xe~ and the line with equation y = iy, as shown 
in the diagram. 


The region is rotated through 27 radians about 
the x-axis. 


Find the volume of the solid of revolution formed. 
Give your answer correct to 3 significant figures. 


(8 marks) 
Challenge 


The diagram shows the region R, which is bounded by the curve with 
equation y =sin.x, 0 <. <x and the line with equation y = ia 


Region R is rotated through 27 radians about the line y= = 


Show that the solid of revolution formed has area 5a -3) 
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{ 4.2.) Volumes of revolution around the y-axis 


You can apply A level integration techniques to volumes of revolution formed when a curve is rotated 
about the y-axis. 
@ The volume of revolution formed when f Links ) Uso anumedifsitoiuleyanais 

x = f(y) is rotated through 27 radians about integrating with respect to y. You might need to 


rearrange functions to get an expression for x“ in 
the y-axis between y = a and y = 4 is given by pe ts g eer io ae 


{ online ) Explore volumes of revolution es) 


around the y-axis using GeoGebra. 


Volume = af’x? dy 


Example y 


The diagram shows the curve with equation y = 4Inx - 1. 4 eeacearasenessss/ 
The finite region R, shown in the diagram, is bounded by the 
curve, the x-axis, the y-axis and the line y = 4. Region R is 
rotated by 27 radians about the y-axis. Use integration to show 
that the exact value of the volume of the solid generated is 


2nve(e? - 1). 


= 2neXe? — 2°) 


= 2uvele? - 1) 


Exercise 


1 Find the exact volume of the solid generated when each curve is rotated through 27 radians 
about the y-axis between the given limits. 


a x=e? —e~ between y=0and y=1 b x=,ye between y=Oand y=1 
y5-Iny 


between y = 1 and y=5 dx= between y =e! and y =e? 


1 
/pIny 
2. Find the exact volume of the solid generated when each curve is rotated through 27 radians 
about the y-axis between the given limits. 


2 

a y=+~1 between y=Oand y=1 b y=25* between y =-1 and y=1 
2 aie 

© y= 2e* between y = 2 and y=4 d y= arccos Vx between y =O and y= 
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3 The diagram shows the curve with equation x = al 


The finite region bounded by the curve, the y-axis and the lines 
y =1and y= 4 is shown in the diagram. The region is rotated 
through 27 radians about the y-axis to generate a solid of 
revolution. Given that the volume of the solid generated is = 


10° 
find the value of 5. (5 marks) 


4 The curve with equation x = /¥ siny is shown in the diagram. 


x= vysiny 


oO 
The finite region enclosed by the curve and the y-axis is shaded. The region is rotated through 
2m radians about the y-axis. 
a Find the value of b. (1 mark) 
b Find the volume of the solid generated. (6 marks) 


5 The diagram shows the curve with equation y = 3In(x - 1). 
The finite region R, shown shaded in the diagram, is 
bounded by the curve, the x-axis, the y-axis and the line 
y= 5. The region R is rotated by 27 radians about the 
y-axis. Lise integration to find the exact value of the 


volume of the solid generated. (5 marks) 
First rearrange the equation to make 
x the subject. 
6 a Express cos y + /3siny in the form Rcos(y — a), where R > 0 and ais acute. (4 marks) 


1 


The region R is bounded by the curve with equation x =——————_. 
cosy +V3siny 


, the y-axis and the 
lines y =O and y= 
b Using your answer to part a, or otherwise, show that the volume of the solid formed when 


a5, (6 marks) 


the region R is rotated through 27 radians about the y-axis is ri 
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7 a Using the substitution wu = 2", or otherwise, find the exact value of 
1 
ad 
[ Ore p (6 marks) 


v2e 
Del 
The shaded region R, shown in the diagram, is bounded by the 
curve, the y-axis and the lines y = 0 and y = |. The region is 
rotated through 27 radians about the y-axis to form a solid 
of revolution. 


The diagram shows part of the curve with equation x = 


b Using your answer to part a, find the exact volume of solid of revolution formed. (2 marks) 


8 a By writing a suitable expansion for sin 59, or otherwise, show that 


sinS0 = i (10sind — 5sin30 + sin59) (3 marks) 


The curve shown in the diagram has equation x = sin?/siny. 


The finite region bounded by the curve, the y-axis and the line 
ua 
Jaq 
The region is rotated through 27 radians about the y-axis to 
generate a solid of revolution. 


x=sin’y Vein 
is shown in the diagram. 


ay = 
b Show that the volume of the solid generated is ae (s + ae ) : 
(7marks) % 


@ Volumes of revolution of parametrically defined curves 


When the equations of curves are given 
parametrically, you can adjust the formulae for 
volumes of revolution by using the chain rule. 


For a parametric curve, x and y are each 
given as a function of a parameter, 1. 
Pure Year 2, Chapter 8 
a The volume of revolution formed when the 


parametric curve with equations x = f(r) After you have used the chain rule, 


and y = g(t) is rotated through 27 radians you are integrating with respect to the parameter, 
about the x-axis between x = aand x=bis 1. Generally if x =a, then ¢ # a. You can evaluate 
given by the definite integral by rewriting the limits of the 


t=? od 4 i 
Velux [my dee n{ ye Ged integral in terms of ¢. 
xa 1=q It 


a The volume of revolution formed by rotating the same curve through 27 radians about the 
y-axis between y = a and y = dis given by 


ed 
war 
<q di 


Volume = a [ei dy =n 
pat t 


83 


Chapter 4 


Example 


The curve C has parametric equations x = (1 + 1), y= 


eal 
+f 
t= 0. The region R is bounded by C, the x-axis and the lines 
x =0and x =2. Find the exact volume of the solid formed 
when R is rotated 2x radians about the x-axis. 


u! 


= y2 = 
Po T4t 7 ae | 
dx 
— 2 a GX _ 
XSIt+e > arte 
e-O a e=0 
S22 SS ——_—__________#— 
val 
van] aye + 20a 
fes2t iA B 


(+o (+m 140 
142t=A+Bi+n 
=> B=2and4=-1 


{(4-ae 
Soma ices hadey 


1 
=af2in|t +41 +4] 
1+, 


=n((2in2+3)-(0+1) 
= a(2In2 —3) 


Exercise 


1 The curve Cis given by the parametric equations x =“, y =f, t ER. The region R bounded 
by the curve, the coordinate axes and the line x = 8 is rotated through 360° about the x-axis. 
Find the volume of the solid of revolution formed. 


2 The curve Cis defined by parametric equations x = e!, y= Vt -1,1= 1. 


The finite region bounded by the curve, the 
x-axis and the lines x = e? and x=¢ is 
rotated through 27 radians about the x-axis. { Hint ) Your answers to parts b and d should be 


a Write down the values of ¢ corresponding the same. You can find a volume of revolution for 
tox=@andx=e. a parametric curve by either integrating with 
< 7 a + d. 
b Find the volume of the solid of revolution respect to the parameter using = fe ae or 
formed. by converting to Cartesian form and then using 
¢ Show that a Cartesian equation of af _y?dx. If you convert to Cartesian form, 
Cisy?=Inx-1. you must remember to convert the limits of 
d Evaluate7 foanx ~1)dx. integration to values of x. 
J, (ins x. 
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3 The curve C is defined by the parametric equations x = 1 — sin?. y = cos0, 0 <@ < 27. 


a Show that a Cartesian equation of the curve is »?= 2x? 


b Find the coordinates of the point P. where the curve intersects the x-axis. 
The finite region bounded by the curve is rotated about the x-axis to form a solid of revolution. 


¢ Find the volume of the solid formed. 


4 The curve C is given by the parametric equations x = tan, y = sec30,0 <6 < 1 


The region R bounded by the curve, the y-axis and the lines y = 1 and y = 8 is rotated through 
2n radians about the y-axis. 


a Find the values of 9 corresponding to y = 1 and y= 8. 


b Find the volume of the solid of revolution formed. 


¢ Show that a Cartesian equation of the curve is x 


d Use z f #2 dy to verify your answer to part b. 


® 5 The curve C has parametric equations x = sin+@/cos@, y =cosé,0<@< 5 fol 


® 6 The diagram shows the curve C with parametric equations x = 21, y = 


The finite region R bounded by the curve and the y-axis is rotated through 
360° about the y-axis. 


Find the volume of the solid of revolution formed. 


, -2 S12. The points 
P and Q correspond to the points where ¢ = —2 and 2 respectively. 


The region R is bounded by the curve and the line y = a. Region R is rotated about the y-axis 
to form a solid of revolution. 
Use parametric integration to show that the volume of the solid formed is 327. 
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a Find fcos?@d0 (2 marks) 
The diagram shows part of the curve C with parametric ‘ 
equations x = cot#, y=4 sin20,0 <@< The finite region 
R shown in the diagram is bounded by C, the lines x = ae 


x = V3 and the x-axis. Region R is rotated through 27 
radians about the x-axis to form a solid of revolution. 


b Show that the volume of the solid of revolution formed 
is given by the integral k dh °cos20 dO, where a, b and k are 


constants to be found. * (5 marks) 
¢ Hence find the exact value for this volume, giving your answer in the form pz”, 
where p is a constant to be found. (3 marks) 
: : 1 bE. 3 
The curve C has parametric equations x = or y= In2412= 2 
a 


The finite region R, shown in the diagram, is bounded by C, 
the x-axis, the y-axis and the line y = a. Region R is rotated 
through 27 radians about the y-axis. 


The solid of revolution formed has volume ae 


Find the exact value of a. (8 marks) 5p 


The curve C has parametric equations x =2sin4, y=?,0<1<7. 


The finite region R, shown in the diagram, is bounded by Cand 
the y-axis. The shaded region is rotated through 27 radians 
about the y-axis. Use calculus to find the exact volume of the 
solid generated. (6 marks) 


fa) * 


The diagram shows the curve C with parametric equations x = P - 27, y=1-f,-1 <1<1. 


Cintersects the coordinate axes at points P, Q and S as shown in the diagram. 
The region R is bounded by the curve and the line segments PQ and QS. 
Region R is rotated through 27 radians about the x-axis. 


Find the exact volume of the solid of revolution. (8 marks) 


Volumes of revolution 


11 The diagram shows part of the curve C with parametric » 
equations x =e', y=e7, ER. 6 
The region R is bounded by the curve, the y-axis and the lines 
y= land y = 6. Region R is rotated through 27 radians 
about the y-axis. c 


a Use parametric integration to find the volume of the solid 
of revolution. (6 marks) 1 


The tangent to the curve at the point (1, 1) is shown on the 
diagram. The region S is bounded by this tangent, the curve, 
the y-axis and the line y = 6. 


b Find the volume of the solid of revolution formed when the 
region S is rotated through 27 radians about the y-axis. 
(3 marks) 


@ Modelling with volumes of revolution 


Volumes of revolution can be used to model real-life situations. 


The diagram shows a model of a goldfish bowl. The cross- 
section of the model is described by the curve with 


parametric equations x = 2sin/, y = 2cost + 2, 7 <1<—. 


where the units of x and y are in cm. The goldfish bow! is 
formed by rotating this curve about the y-axis to form a solid 
of revolution. 


a Find the volume of water required to fill the model toa 
height of 3cm. 


The real goldfish bowl has a maximum diameter of 48cm. 
b Find the volume of water required to fill the real goldfish bowl to the corresponding height. 
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a x= 2sint > x? = 4sin?¢ 


= 2 t+ 2 ae 2sint 
y= 2cost+ 257 =-2sin 


y=O> 2cosl+2=051=T7 


Sa WENN) The two possible values of when 


T 
2 33 | y =3 correspond to the two sides of the bowl. 
vis afF4 sin? t(—2 sint) dt —_—_——________ Choose one of these, as you need to rotate half of 
the bowl about the y-axis. 


y=3> 2cost+2=351= 


= -67] *sin?tdt 


sinf(] — cos? dt + 


= -67J *(sint — sintcos? 1) dt 


i) | 


ee 


Ab oa 
- (-cosm + 3008 7) 


--a-3 308) -(-3) 


= ~6x(-2) =or 


b Linear scale factor = 12 
Volume scale factor = 123 = 1726 


= ~61{-cost oe feos 


Volume in actual tank = 1726 x 9a 
= 46900 cS (3 5.f) 


Exercise 20 


. ; : 2000 
1 The diagram shows the curve with equation x = 2045" y 


A volcano is modelled as the solid of revolution formed 
when the region R bounded by the x-axis, the y-axis, the 
line y = 120 and the curve is rotated about the y-axis. 

The units of x and y are metres. oO ax 
a Write down the diameter of the base of the volcano according to this model. (2 marks) 


b Use this model to estimate the volume of the volcano. (6 marks) 


2. The diagram shows the cross-section of a vase, which has a height of 30cm. 
100 
1Oy?+1° 
0 <p = 30 through 360° about the y-axis. The vase is filled to a height of 20cm 
with water. Find the exact volume of water in the vase in the form prIngcem’, 
where p and ¢ are integers to be found. (6 marks) 


The vase is formed by rotating the curve C with equation x? = 
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Volumes of revolution 


3 a Prove that cos*@ = Fcosd + teos 36 (3 marks) 


The diagram shows the cross-section of a domed tent. 
The tent can be modelled by a solid of revolution of a 


curve C about the y-axis. Curve C has parametric a. 
equations x = S0cos@, y = 30sind,0<4< = 


. 100m——> 
b Find the volume of the tent. (5 marks) 


4 Ascale model of a hot-air balloon is modelled as a solid of 
revolution of a curve C about the y-axis. Curve C has 


equation x = sinysin2y,0=y= 5 where the units of x 
and y are in metres. 


a Find the volume of the model hot-air balloon. (5 marks) 
b The real hot-air balloon has a height of 67 metres. Find the volume of this balloon. (2 marks) 


y. 


5 The diagram shows the image of a silver earring, which has a height 
of 3mm. The earring is modelled by a solid of revolution of a curve C 
about the y-axis. Curve C has parametric equations x = 2sin20, 
y=3sin0,0<0<z. 

id 

a Show that a Cartesian equation of the curve C is x? = # 79 — y?) (4 marks) 


Silver is melted down and cast into a mould to create each earring. 
b Using the model, estimate the maximum number of earrings that can be manufactured from 
300 mm of silver. (6 marks) 
c¢ Give one reason why this might be: 
i an underestimate 
ii an overestimate. (2 marks) 


Mixed exercise 


1 a Find [xcos 2xdx. (5 marks) 
b The diagram shows part of the curve C with 
equation y = 2x3sin x. The shaded region in 

the diagram is bounded by the curve, the x-axis 


and the line with equation x = 7 This shaded 


region is rotated through 27 radians about the 
x-axis to form a solid of revolution. Using 
calculus, find the volume of the solid of 
revolution formed, giving your answer in 
terms of 7. (4 marks) 


Chapter 4 


® 2 a Use integration by parts to show that 
fi sec?*xdx = 7 - 4in2 (5 marks) 
The finite region R, bounded by the curve 
with equation y = x?secx, the line x = ez and 
the x-axis is shown. Region R is rotated 
through 27 radians about the x-axis. 


b Find the volume of the solid of revolution 
generated. (2 marks) 


3 The diagram shows part of the curve C with equation y = a BE 2 x>0. 
x 


uy 


The tangent TJ to C at the point (1, 3) meets the x-axis at the point Gg 0). The shaded region is 

bounded by C, the line x = 3 and T, as shown in the diagram. 

The region is rotated by 27 radians about the x-axis to generate a solid of revolution. 

Find the exact volume of thjis solid. (10 marks) 
4 The shaded region R, shown in the diagram, is bounded by the curves y = sec.x — cos x and 


y =cosec x — sin.x, and by the x-axis. The shaded region R is rotated through 27 radians about 
the x-axis to form a solid of revolution. 


= cosec x — sin x 


2: 


Find the exact volume of the solid. (9 marks) 


5 The diagram shows part of the curve x = e# — 2 
The region R is bounded by the curve, the y-axis and the lines y = 
2 and y =4, as shown in the diagram. Region R is rotated through 
2m radians about the y-axis. Use integration to find the exact value 
of the volume of the solid formed. Leave your answer in the form 
m(Ae? + Be} + Ce? + De + F). (6 marks) 
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® 6 The diagram shows the region R that is bounded by the curve C and Be 
the line /. 


Curve C has parametric equations x = 2sin*/, y = 2 cos7,0 =1= a 


Line / is the tangent to the curve C at the point PG. 1). 

a Find the Cartesian equation of the line /. 

The region R is rotated through 27 radians about the y-axis. 
b Find the volume of solid generated. Q * 


® 7 This graph shows, for 0 = t = 2, the curve C with parametric equations 
x= (t+1)2,y=4$8 +3. 


O1 os 


The shaded region R is bounded by curve C and the lines x= | and x= 9. 

a Find the area of the region R. (3 marks) 
The region R is rotated by 27 radians about the x-axis. 

b Use integration to find the exact value of the volume of the solid formed. (5 marks) 


® 8 A point on the unit circle has coordinates (cos¢, sint). Use parametric integration to show that 


the volume of the unit sphere is = 


9 a Prove the identity sin?@ = 3sind - 4sin30. (3 marks) 
The diagram shows a rugby ball, which has a length of 30cm 


and a height of 20cm. Sw 
The curve C has parametric equations x = 15cos@, y = 10sin?,0 <0 <a 


The rugby ball is modelled as the volume of revolution formed when the curve C is rotated by 
2r radians about the x-axis. 


b Find the exact volume of the rugby ball according to the model. (6 marks) 


10 Part of the outline of a solid glass pendant is shown in the diagram. 
The outline is modelled by the curve with parametric equations 


x =2sin2t, y = 4cost,0<1< The piece of jewellery is 


formed by rotating the shaded region through 27 radians about 
the y-axis. o me 


Use the model to estimate the volume of glass contained in the pendant. (7 marks) 


91 


Chapter 4 


Challenge 


The curve Cis defined by the parametric equations x=, y= 24, te R. 
The diagram shows the finite region R bounded by the curve C and the 
line with equation y = x. 


A solid of revolution is formed by rotating the region through 27 radians 


about the line y =x. Show that the volume of this solid is 2 
15Vv2 


Summary of key points 


1 The volume of revolution formed when y = f(x) is rotated through 27 radians about the x-axis 
between x = a and x = bis given by 


Volume =f’ y?dx 


2 The volume of revolution formed when x = f(y) is rotated through 27 radians about the y-axis 
between » = a and y = is given by 
Volume = xf’ x2dy 


@ The volume of revolution formed when the parametric curve with equations x = f(z) and 
» =g(0 is rotated through 27 radians about the x-axis between x =a and x = bis given by 


= 
Volume =n y?dx= xf” yar 
aed tq 


@ The volume of revolution formed by rotating the same curve through 2x radians about the 
praxis between y= a and y= 4 is given by 


=p | 
Volume = f?*x?dy=7] x2 ay 
Jysa hag dt 
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© 1 Show that 


cos2x +isin2x 
cos9x — isin 9x 


can be expressed in the form 

cosnx + isinnx, where n is an integer 

to be found. (4) 
€ Section 1.2 


a Use de Moivre’s theorem to show that 
cos 54 = 16cos*4 — 20cos*4 + Scos@. (4) 
b Hence find 3 distinct solutions of the 
equation 16x° -— 20x7+ 5x +1 =0, 
giving your answers to 3 decimal places 
where appropriate. (6) 
© Section 1.4 


a Use de Moivre’s theorem to show that 
sin 54 = sin9(16cos*@ — 12cos?@ + 1) 
(4) 
b Hence, or otherwise, solve, for 
0<4@<7z,sin50+cos@sin20=0. (5) 
€ Section 1.4 


a Use de Moivre’s theorem to show that 
sin’ = 75(sin 50 - 5sin30+ 10sind). (4) 
b Hence, or otherwise, show that 
f sinsoao = (} 


0 
© Section 1.4 


a Given that z = cos + isin@, show that 


z" +2" =2cosnd. (2) 
b Express cos*@ in terms of cosines of 
multiples of 0. (4) 
¢ Hence show that 
: Sa 
f cossodd = 35 6 


© Section 1.4 


6 The convergent infinite series C and S are 
defined as 


C=1+4cos8+cos20+...+cos(n—-1)0 
S=sin0 + sin20 +... sin(n-1)0 

By considering C + iS, show that 

1 -cos#+cos(1— 1)@-cosnd 


oe 2-2cosé 
and write down the corresponding 
expression for S_ (4) 


Section 1.5 


7 a Solve the equation 
D=44+4i 


giving your answers in the form 


= re“*, where r is the modulus of = 
and k is a rational number such that 


0<ks2. © 
b Show on an Argand diagram the points 
representing your solutions. (2) 


+ Section 1.6 


8 a Solve the equation 
2 = 324 32V3i 
giving your answers in the form re”, 
where r > 0, -17 <0<7 © 
b Show that your solutions satisfy the 
equation 
2+2k=0 
for an integer k, the value of which 
should be stated. (3) 
€ Section 1.6 


9 Solve the equation 2° = i, giving your 
answers in the form cos@ + isind. (©) 
€ Section 1.6, 1.7 
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Review exercise 1 


® 10 a Find, in the form re*, the solutions to 
the equation 


25-16-16iv3 =0 (5) 


The solutions form the vertices of a 
polygon in the Argand diagram. 
b State the name of the polygon formed. 


a) 


Section 1.7 


Write down the five distinct solutions 
to z* = |, giving your answers in 
exponential form, and show that their 
(4) 


©) ua 


sum is 0. 


b The point (3. 0) lies at one vertex of 
a regular pentagon. Given that the 
pentagon has its centre at the point 
(2, 1), find the coordinates of the 
other vertices. (4) 


Section 1.8 


Prove that 
a a ae 
Air + 1) +2) +2 


@n 


6) 


© Section 2.1 


Prove that 
a ps n(an + b) 
para + (r+ 3) is c(t + 2)(1 + 3) 
where a, b and c are constants to be 
found. 


G) 


Section 2.1 


a Show that 
r+ r 


re2-7+T~ 


rez 


1 
(r+ 1)(r + 2) Q) 


b Hence, or otherwise, find 


7 1 

Lig +1)(r+2) 

asa single fraction in terms of n. (3) 
€ Section 2.1 


giving your answer 


_ 
{(O= Ga Det Der) 
a Express f(x) in partial fractions. (2) 
b Hence find )"f(v). @) 
mA 


€ Section 2.1 
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@) 17 


GP) 20 


© 1 


a Express as a simplified single fraction 


1 
-) 7 Q) 
b Hence prove, by the method of 
differences, that 
GB) 


© Section 2.1 


a Prove that 
| n(an + b) 


sir(r+2)~ (n+ In +2) 
where a and b are constants to be 


found. 6) 
b Find the value of bse or ae = py to 

4 decimal places. (2) 

© Section 2.1 

a Prove that 

Sapa! -aat ) 

At4r?-17 2n+1 
b Hence find the exact value of 

» 9 
p> 4r?-1 @ 


© Section 2.1 


Given that for all real values of r, 
(2r+1?-(2r-1P=A4r+B 

where A and B are constants, 

a find the value of A and the value 


of B. (2) 
b Hence show that 
8) 
“0 
¢ Calculate $° (3r — 1). (2) 
fal 


© Section 2.1 
Prove that 
mn 1 n(an + b) 
Sire + r+ 2) e(n + 1)Qn 41) 
where a, b and ¢ are constants to be 


found. (6) 
€ Section 2.1 

a Show that 
Q) 


Review exercise 1 


CP) 22 
GP) 23 


Gi) 25 


CP) 26 


GP) 27 


-r+1 
BL Bind Pe sig Fx! be 
answer as a single fraction in its 


, expressing your 


simplest form. (3) 
€ Section 2.1 
a Dr 4+3 
Find 2 (304+) (5) 
© Section 2.1 


Given that x is so small that terms in 2° 
and higher powers of x may be neglected, 
show that 

llsinx —6cosx+5=A+Bx+ Cx 


stating the values of the constants 
A, Band C. (6) 


€ Sections 2.3, 2.4 


Show that for x > 1, 
InQ? - x + 1) + In(v + 1) - 3Inx 


ag 
=-4- Cre. © 


Ec” A (2 
€ Sections 2.3, 2.4 


Given that x is so small that terms in x4 
and higher powers of x may be neglected, 
find the values of the constants 4, B, C 
and D for which 
e**cosSx= 4+ Bx + Cx? + Dx? (6) 
& Sections 2.3, 2.4 


a Find the first four terms of the 
expansion, in ascending powers of x, 
of 

(2x 43), [x] <3 @) 

b Hence, or otherwise, find the first four 
non-zero terms of the expansion, in 
ascending powers of x, of 


sin2x 


ye PISS 


6) 


€ Sections 2.3, 2.4 


a By using the Maclaurin series for cos 
and In(1 + x), find the series expansion 
for In(cosx) in ascending powers of x 
up to and including the termin x*. (6) 


© 28 


© 34 


b Hence, or otherwise, obtain the first 
two non-zero terms in the series 
expansion for In(secx) in ascending 
powers of x. 


(4) 


Sections 2.3, 2.4 


Given that 
f(x) =In(1 + cos2x), 0<x c<t 
Show that: 7 
a f'(x)=—2tanx (2) 
bfmay=-E"@@)-FO) © 


¢ Find the Maclaurin series expansion 
of f(x), in ascending powers of x, up 
to and including the term in x*. (4) 
€ Sections 2.2, 2.3, 2.4 


Evaluate | e*sinxdx (5) 
2 € Section 3.1 
1 

Evaluate [ dx (6) 
h vi - 


€ Section 3.1 


it E 
ora 2) 
b Hence show that J yor 
converges and find its value. (3) 


© Section 3.1 


Show that fx e'dx converges and 


find its exact value. [e)) 
Section 3.1 
‘ 1 . 
a Find iF = Tye (2) 
1 
b Hence show that af? G-ty 
diverges. (4) 


€ Section 3.1 


Find the exact mean value of 
f(x) = xcos 2x over the interval [ 


@ 


Section 3.2 
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© 35 x)= Ste 

a Show that the mean value of f(x) over 
the interval [2, 5] is Fin 8 (4) 

b Use the answer to part a to find the 
mean value over the interval [2, 5] 
of f(x) + Ink where k is a positive 
constant, giving your answer in the 
form plng, where p and g are constants 
and q is in terms of k. (2) 

«Section 3.2 


f(x) = 2(x3 - 1 

a Show that the mean value of f(x) over 
the interval [1, 3] is =? @) 

b Use the answer to - a to find the 


mean value over the interval [1, 3] of 
-2f(x). 


Q) 


Section 3.2 


f(x) = 


Find the exact mean value of f(x) on the 
interval [1, 3]. (4) 
€ Section 3.2 


Ea 


@s 


f(x) = Inkx, where k is a positive constant. 
Given that the mean value of f(x) on the 
interval [1, 5] is 40 In5 — 4), find the value 
of k. (4) 
Section 3.2 


Given that » = (arcsin x)’, 


@) 39 


2 
a prove that (1 — =) =4y (4) 


b deduce that (1 — x7 


© Section 3.3 


a Given that y = arctan 3x, and assuming 
the derivative of tan.x, prove that 
dy_ 3 
dx ~ 14 9x2 


Q) 
b Show that 


iN 6xaretan3x=4r—3V3) (4) 
€ Sections 3.3, 3.4 
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@e 


@s 


®© #4 


f(x) =arcsinx 


a Show that f'(x) = (3) 
ul dy 
b Given that y = arcsin2x, obtain ar 
as an algebraic fraction. ~ (3) 


¢ Using the substitution x = $sin 6, show 
that 


= Xaresin2x xa 
“Vi-4x | 


= 46 -7V3). @) 


- € Sections 3.3, 3.4 


Show that 


ie +1ay= Aarctanx + Inx 

ae + Bin(x2+ 1) +e 
where A and B are constants to be 
found. 


6) 


€ Section 3.5 


+5x 
fa) = 53 3x24 5x 15 
a Show that f(x) can be written in the form 
amg 2c 
x-3  x74+5 


where A and Bare constants to be 
found. 


b Hence show that 
Jfeodx = Pln(x — 3) + Qarctan Rx + ¢ 
where P, Q and R are constants to be 
found. 


Q) 


@ 


© Section 3.5 


to) H Ze 

The figure shows the finite region R, 
which is bounded by the curve y = xe*, 
the line x = 1, the line x = 3 and the 
x-axis. 

The region R is rotated through 360° 
about the x-axis. 


Review exercise 1 


® 4 


Use integration by parts to find the exact 
volume of the solid generated. (8) 
© Section 4.1 


y 


y= den = 
y=3sing 


The curve with equation y = 3siny, 

0 <x < 27, is shown in the figure. The 

finite region enclosed by the curve and 

the x-axis is shaded. 

a Find, by integration, the area of the 
shaded region (4) 

This region is rotated through 27 radians 


about the x-axis. 


b Find the volume of the solid 
generated. 


(2) nae 


The figure shows a graph of = xvsinx, 
O<x<7. 

The finite region enclosed by the curve 
and the x-axis is shaded as shown in the 
figure. A solid body S is generated by 
rotating this region through 27 radians 
about the x-axis. Find the exact volume 
of S. (8) 


© Section 4.1 


(5) 
€ Section 4.1 48 


ay 


The curve shown has equation x = 3-1 
sy — 


The finite region shaded is bounded by the 
y-axis, the line y = 5 and the line y = a. 
The region is rotated about the y-axis 
through 360°. 


Given that the volume of the solid 


+ 3m 
generated is =a} find the value of a. (5) 
© Section 4.2 


ay 


The curve shown has equation x = ycosy. 

The finite region shaded is bounded 

by the curve and the y-axis. The curve 

intersects the positive )-axis at (0, k). 

a Show that k= Q) 

The region is rotated through 27 radians 

about the y-axis. 

b Show that the volume of the solid 
generated is ax* + bx? where a and b 
are constants to be found. (6) 

€ Section 4.2 
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® #9 


@P) 50 
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The diagram shows the curve C with 
parametric equations 

P—2,t>0 

The finite region shown shaded is 
bounded by the curve, the x-axis and the 
lines x =In2 and x =h 


x=Int,y 


The region is rotated through 27 radians 
about the x-axis. 

Given that the volume of the solid 
generated is 367 + 471n 2, find the value 
of b. (6) 


« Section 4.3 


The shaded region above is formed by the 
x-axis, the lines x = 0 and x = 4 and the 
curve C where the equation of C is 
5 

v1+4x 
A pottery vase is modelled by rotating 
the shaded region through 360° about the 
x-axis. Given that each unit on the axes 
represents 2cm, 


a_ show that the exact volume of the vase 
can be written in the form azInb where 
aand d are integers to be found. 6) 

b Suggest a reason why the volume of 
the vase may actually be less than your 
answer to part a. q@ 

© Section 4.4 


The diagram shows the curve with 
equation 
/F(3 -3e") 
a Show that the coordinates of the point 
marked A where the curve crosses the 
y-axis are (0, In6). (2) 
The solid of revolution formed when 
the shaded region is rotated through 
360° about the y-axis is used to model a 
prototype of a new type of orthopaedic 
cushion. The prototype is 3D printed 
using plastic filament. 


x= 


Given that each unit on the axes is 1 cm, 
b find, correct to 3 significant figures, the 
volume of the prototype. (6) 
¢ Suggest a reason why the amount of 
filament used to print to model may 
exceed your answer to part b. ad 
© Section 4.4 


The diagram shows the curve C with 
parametric equations 
x =2sint, y= 3sin2t,0<1< 5 

A jewellery pendant is made in the shape 
of the solid of revolution formed when 
the region marked R is rotated through 
2n radians about the x-axis. Each unit on 
the axes represents 0.5cm. 
a Show that the volume of the pendant 

can be found by evaluating the integral 


On fF. 
pus 29 
4 J sim’ 27 cos 1dt (4) 
b Hence show that the exact volume of 
the pendant is = cm. (6) 
Section 4.4 


Challenge 


1 a Show that if w =e*, then 
Vw 2 { ifnis zero ora multiple of 3 
3 SNe otherwise 
Let f(x) be a finite polynomial whose largest 
power of x is a multiple of 3, so that 
F(x) = y+ ax + a,x? +... + y,x** 
wherea,;E R,ke N. 
The sum Sis given by 
S=d)+G,t+A,+... + dy =56 


b By considering a general term of f(x), 


show that S olbsienes 


« Hence, by considering the binomial 
expansion of (1 + x), show that 


(45) —22=2 € Section 1.6 


5 


= 


Review exercise 1 


2 The region bounded by the x-axis and the 


graph of the function 
6) |e S 
fa) =/- > 


on the interval [2, «) is rotated through 
360° about the x-axis. 
Show that the volume of the described solid 
is finite and find its value. 

+ Sections 3.1, 4.1 


3 Acontinuous random variable, ¥, has 
probability density function 


fa) = xER 


A 
14x" 
where 4 is a constant. 


a Given that Jf09 dx = 1, show that 
=e 

The variance of a continuous probability 

distribution which is defined over the real 

numbers and is symmetrical about 

x= 0 is given by 


I 2 f(x) dx 


b Show that ¥ has infinite variance. 


The mean of a continuous probability 
distribution which is defined over the 


real numbers is given by [x dx, 


¢ Show that 
7 EEX en [Pe 
{im -al + 20% * lim “a1 ae 
and explain why the mean of Yis 
undefined. € Section 3.1 
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Polar coordinates 


Objectives 


After completing this chapter you should be able to: 


@ Understand and use polar coordinates > pages 101-104 
© Convert between polar and Cartesian coordinates + pages 102-104 
@ Sketch curves with r given as a function of 4 > pages 104-109 
@ Find the area enclosed by a polar curve > pages 109-112 


@ Find tangents parallel to, or at right angles to, the initial line 
~ pages 113-116 


1 Find the exact value of 
J sintodo © Pure Vear 2, Chapter 11 
0 


2 y=cosx+sinxcosx 
Find, in the interval 0 < x < 7, the values 
‘dy 
of x for which = 0. 
dx 
+ Pure Year 2, Chapter 9 
3 a Onan Argand diagram, show the locus of 
points given by values of z that satisfy 
|z=3i/=3 
b Find the area of the region defined by 


is Polar coordinates describe positions in terms 
the set of points, R, where 


‘ = of angles and distances. GPS navigation 
-3i)<3)n {:0 Sargz <3} systems use polar coordinates to triangulate 
+ Book 1, Chapter 2 the position of a ship or an aircraft. 


Polar coordinates 


(5.1) Polar coordinates and equations 


Polar coordinates are an alternative way of describing the position of a point P in two-dimensional 
space. You need two measurements: firstly, the distance the point is from the pole (usually the origin O), 
r,and secondly, the angle measured anticlockwise from the initial line (usually the positive x-axis), 0. 


Polar coordinates are written as (7, 6). 
[ Notation ) When working in polar coordinates 
y the axes might also be labelled like this: 


P(x, 3) oF (7,8) 


H es 
oO x @ Initial line 
The coordinates of P can be written in either Cartesian form as (x, y) or in polar form as (r, 9). 


You can convert between Cartesian coordinates and polar coordinates using right-angled triangle 
trigonometry. 


From the diagram above you can see that: 


minosd =x { Watch out ) Always draw a sketch diagram 


rsind=y to check in which quadrant the point lies, and 
mw p2ay2yy? always measure the polar angle from the positive 


y x-axis. 
@=arctan (2) 


Find polar coordinates of the points with the following Cartesian coordinates. 
a (3,4) b (5, -12) e (-¥3,-1) 


Draw a sketch. 


a3 i 
r= V3? + 4? = 5 —__________________ Use Pythagoras’ theorem to find r. 
6 = arctan$ = 0.927... 


So the polar coordinates are (5.0.927) | ‘— Use trigonometry to find @. Give your answer in 
radians. 
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a = arctan? = 1.176... 
S06 = -1.176 
So the polar coordinates are (13, -1.176) | 


= \(-V3)? + (-17 =2 


@ = arctan =% 
v3 iC 
n_ 7 
Sod=mt eae 


So the polar coordinates are (2 a) | 


6 


Convert the following polar coordinates into Cartesian form. The angles are measured in radians. 
a (10,4) » (83) 
al ae 


a x= 1050 = 1020s = -5 | 
y= sind = 10sin = 5/3 
So the Cartesian coordinates are (-5, -5V/3) 
b x= 10038 = 6cos St = 4 


ps rsing = eine =43 


So the Cartesian coordinates are (-4, 4/3) 


Polar equations of curves are usually given in the form r = F(9). For example, 


r=2cos# 
1+20 
3 In this example r is constant. 


You can convert between polar equations of curves and their Cartesian forms. 
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Polar coordinates 


Find Cartesian equations of the following curves. 


ar=5 b r=2+cos26 ¢ r2=sin26, o<a<5 


ar=5 

You need to replace r with an equation in x and y. 

e Use r? =x? + y2. So the equation r = 5 represents 
Boia \Carkestan equation ise +9" S29 a circle with centre O and radius 5. 

b r=24cas24 


r=14+(1 +cos26) 


Square both sides to get r2 = 25 


You need an equation in x and y, so use x = rcosé. 


This means first writing cos29 in terms of cos 4. 
r=1+ 20570 


Multiply by r?: Now use x =rcos@ and r? =x? + 2. 
1? = 1? + 21? cos?6 

roe , | WEED Polar coordinates often give rise to 
Gee complicated Cartesian equations, which cannot 
be written easily in the form y=... 


Or (2 +yF 


ec r=sin2a O<6= 


2 = 2sinfcosd Problem-solving 


r 


ply by 72: 
Mobeisbyit You need to use the substitutions x=rcos@ 
r= 2 x rsin@ x rcos8 and y =rsin@. Use sin20 = 2sin@cos@ and then 
(x? + y2)2 = 2xyp multiply by 12. 


Find polar equations for the following: 


a y?=4x bxe-y=5 e wW3=x+4 
a yoax -— Substitute x= rcos@ and y=rsin@. 
r@sin?@ = 4rcos0 7 
rsin? = 4cos@ 7 Divide by r and simplify. 
P= decals = 4cot@cosec@ 
sin? 


So a polar equation is r= 4 cot@cosecO 


bx? -y2=5 
r2cos?0 — 12sin?29 = 5 —_______________ Substitute x = rcos@ and y =rsin6. 
1?(cos?@ — sin20) = 5 
rco520=5 - Use cos 20 = cos?@ — sin?0. 


So a polar equation is r? = 5sec 20 
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e W3=xt+4 
wW3 sinO = rcos8 +4 
1(V3 sin — cos 0) = 4 
{V3 in —4cos0\ <4 
rp sind — 20088) =3 
rsin(6 - 
shee x 
So a polar equation is r = 2cosec (2 ae ) 


Exercise 


1 Find polar coordinates of the points with the following Cartesian coordinates. 


Substitute x =cos@ and y =rsin@ and then try to 
simplify the trigonometric expression. 


Use the sin(4 — B) formula. 


a (5,12) b (-5, 12) © (-5,-12) 
d (2, -3) e (v3,-1) 
2 Convert the following polar coordinates into Cartesian form. 
T w 3x 
a (65) b (6-5) e (67) 
d (10,2) e (2,7) 
3 Find Cartesian equations for the following curves, where a is a positive constant. 
ar=2 b r=3sec0 ce r=ScosecO 
d r=4atan@secd e r=2acos9 f r=3asin0 
g r=4(1-—cos20) h r=2cos?0 i ?P=1+tan’é 
4 Find polar equations for the following curves. 
a x4y’=16 b xy=4 © (x2 43°) =2xy 
d x24+y?-2v=0 e (x+ypP=4 f x-y=3 
g y=2x h y=-V3xt+a i y=x(x-a@) 


Challenge 


Show that the distance, d, between the two points 
(ry, ,) and (2, 62) in polar coordinates is 
d= r2 + 12 —2r4r,.c05 0, — 0) 


5.2) Sketching curves 


You can sketch curves given in polar form by learning the shapes of some standard curves. 
= r=aisa circle with centre O and radius a. 

= @=aisahalf-line through O and making an angle a with the initial line. 

a@ is a spiral starting at O. 
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Sketch the following curves, 
ar=5 b 0=— ce r=a0 


where a is a positive constant. 


This is a standard curve: a circle with centre O 
and radius 5. 


2 


9=0 


Initial line 


5 


This is another standard graph: a half-line. Notice 
it is only ‘half’ of the line y =—x. The other half of 
Im 


the line would have equation 0=—7 ord = A 


Initial line 


9=0 
Initial line This is another standard curve: 4 spiral. It crosses 
the horizontal axis at ax, 0 and 2az and 


the vertical axis at “ and -347. 


The curve here 
drawn for values of @ in the range 0 = 6 = 27. 


You can also sketch curves by drawing up a table f Watch out } Sats sepia igteaeliiselit 
of values of r for particular values of 8 graphical calculators will sketch polar curves 


Ee for negative values of 7 so take care when using 
It is common to choose only values of @ that 

fi bi these tools to help you. 
give positive values of r. 
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Example 


Sketch the following curves. 


a r=a(1+cos@) b r=asin3é c 


a r=a(i +cos@) 


| 
0 fo) a ae sa On Problem-solving 
F 2a a ra) Fi Ey When sketching polar curves it is useful to plot 


points for key values of #. Make a table of values 
for @ at multiples of 5 to determine the points 


at which the curve meets or intersects the 
coordinate axes. 


This curve is ‘heart’ shaped and is known as a 


cardioid. 
b r=asin3@ . 
pans ‘Since we only draw the curve when r > 0 you 
Need to consider Zz Fi = 
Pie ts ae Bie need to determine the values of @ required. 
O<055,S <0<nand= <0<5 2 
3 a 3. | 
7 a Choose values of which give exact values of r. 
8 g 6 a The values shown here define the first loop of 
r oO a (0) | the curve. The values of r will be the same in the 
other two loops. 
r=asin36 Problem-solving 
0=0 The curve given by r = asin36 is typical of the 
“sn Thitial line patterns that arise in polar curves for equations 


of the form r= acosné or r =asinné. They will 
have n loops symmetrically arranged around O. 


er =a’cos20 
You need values of @ in the ranges 


Establish the values of @ for which the curve exists. 


Draw up a table of values and sketch the curve. 


{ online } Explore curves given in polar form 6) 


5 using GeoGebra. 
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Curves with equations of the form r = a(p + qcos 6) are defined for all values of @ if p = g. An example 
of this, when p = g, was the cardioid seen in Example 6a. These curves fall into two types, those that 
are ‘egg’ shaped (i.e. a convex curve) and those with a ‘dimple’ (i.e. the curve is concave at 0 =z). 


The conditions for each type are given below: 


‘egg’ shape when p = 2q 


‘dimple’ shape when g <p < 2g 


Sketch the following curves. 


a r=a(5+2cosé) 


b r=a(3 + 2cos4) 


a r=a(5 + 2cos6) 


Sar 


Ta 


b r=a(3 + 2 cos 0) 


Initial line 


{ Links ) You can prove 


these conditions by 
considering the number 
of tangents to the curve 
that are perpendicular to 
the initial line. 

— Example 14 


x 3a 
6 | °lel tle 
————— Draw up asuitable table of values. 

# 7a Sa 3a 5a 
ia 
aes 
5ai 

r=a(5 + 2cos6) 


Since 5 > 2 x 2 there is no ‘dimple’. 


Since 3 < 2 x 2 there will be a ‘dimple’ for @ close 


= 3a 
6 fo) i ar 
2 = 2 |—_—___ Drawup asuitable table of values. 
¥ 5a 3a a 3a 
== 
"2 
r=a(3 + 2co5@) 
tom. 
0=0 
¥ 54 Initial line 
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You may also need to find a polar curve to 


represent a locus of points on an Argand 
diagram. 


Example 


{ Links ) If the pole is taken as the origin, and 
the initial line is taken as the positive real axis, 


then the point (r, @) will represent the complex 


© Section 1.1 


a Show on an Argand diagram the locus of points given by the values of z satisfying 


p-3-4i)=5 


b Show that this locus of points can be represented by the polar curve r = 6cos0 + 8sind. 


b In Cartesian form, (x — 3)2 + (y - 4)? = 25 | 
(rcos@ — 3)? + (rsin@ - 4)? = 25 
rt? cos?@ — Grcos§+ 9 + r2sin74 
— 6rsin@ +16 = 25 
r?(cos*@ + sin? @) — 6rcos@ — 6rsin# =O 
r? = 6rcos@ + 6rsin# 
r=6cos@ + sind | 


Exercise 


1 


Sketch the following curves. 


ar=6 b 9-= 
d r=2secd e r=3cosecO 


g r=asind h r=a(1—-cos@) 
k r=a(6+cos@) 


n r=a(6+sin@) 


j r=a(2+cosé) 
m r= a(2 +sin6) 


pr=20 q r?=asind 


Sketch the graph with polar equation 


r=ksec(7-9) 


This locus is a circle with centre 3 + 4i and radius 5. 


Substitute for x and y in polar form. 


r= 2see(4 -3) 
r= acos30 


r=a(443cos@) 
r=a(4+3sin6) 
r?=a?sin20 


where k is a positive constant, giving the coordinates of any points of intersection with the 


coordinate axes in terms of k. 
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(4 marks) 


® 3 a Show on an Argand diagram the locus of points given by the values of z satisfying 
je-12-SiJ=13 

b Show that this locus of points can be represented by the polar curve 
r= 24cos@ + 10sind 


® 4 a Show onan Argand diagram the locus of points given by the values of z satisfying 
|p +44 3i]=5 

b Show that this locus of points can be represented by the polar curve 
r=-8cos@ — 6sind 


5.3) Area enclosed by a polar curve 
You can find areas enclosed by a polar curve using, 
integration. 


= The area of a sector bounded by a polar curve 
and the half-lines 6 = a and @ = (, where @ is 


Polar coordinates 


(2 marks) 


(4 marks) 


(2 marks) 


(4 marks) 


in radians, is given by the formula 
Area = 2f%r2 do 


> 
Initial line 


Find the area enclosed by the cardioid with equation r = a(1 + cos@). 


r=a(l +030) 


aed) 


2a Initial line 


The curve is symmetric about the initial line 
and so finding the area above this line and 
doubling it gives: 


Masne = [0 + cos)?a0 
ee ONG 
=a2[ (1+ 2cos@ + cos?@)d0 
o 
. af (3 + 2cos6 + $.cos26) a0 
= 0 [20+ 2sind + Lsin2d], 
=a?((3x +0 +0) -0) 


_ 3a?a 
— 2 


Proble: vin; 


Start by sketching the curve. You can simplify 
your calculation by using the fact that the curve 
is symmetric about the initial line. Hence you can 
integrate from 0 to 7 and then double your answer. 


Use the formula for area. Remember to square 
the expression for r. 


You can use trigonometric identities for cos 20 to 

integrate terms in cos? or sin? 6: 

1+c0s2@ 
2 


cos?0 = © Pure Year 2, Chapter 11 


[ watch out ) Unlike Cartesian integration, areas 


in the third and fourth quadrants do not produce 
negative integrals. You could obtain the same 
result by integrating between 0 and 27: 


Ss 2, 
al a®(1 +c0s0)2d0 oie 
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Example 


Find the area of one loop of the curve with polar equation r = asin 46. 


Find the values of @ which will give the beginning 
r= asin46 will have one loop for ‘— and end of a loop by solving r = 0. 
o<daF 


-— Use the area formula. 


a ain 
Area =4 ffr40 = [fsnr4ea9 


Use the trigonometric identity for cos 26. In this 
+2 Ace t= cos 88, 
|__ case, sin’ NO eae 


as 
= at (1 — cos 80) d0 


—#[g_ sindd 
=e & 


0 
a(x _ sin2x | 
“4 G “6 ) a | 
= an | { Online } Explore the area enclosed by a ?) 
US | loop of the polar curve with the form 
r=asin 6 using GeoGebra. 


p— Remernber sin 27 =0. 


t watch out ) r= sinn@ has n loops and so a simple way of finding the area of one loop would appear to be 
2 2. 
to find f *")240 and divide by n. This would give ee 


The reason why this is not the correct answer is because when you take r? in the integral you are also 
including the n loops given by r < 0. You need to choose your limits carefully so that r = 0 for all values 
within the range of the integral. 


a On the same diagram, sketch the curves with equations r = 2 + cos@ and r = Scos@. 
b Find the polar coordinates of the points of intersection of these two curves. 


e Find the exact area of the region which lies within hoth curves 


A table of values would consider 
ome sme 
9-050 


This is the region required in 


art ¢. 
Initial line B 


Form a suitable equation to find 
the points of intersection. 


b The points of intersection are given by 2 + cos6 = 5co30 
So 4cos@=2 “| 
O=25 


Solve for @ and then substitute in 
r=5 080 to find the value of r. 


So the polar coordinates are (3 +3) 
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5 The diagram shows the curves with equations r = asin4@ 


Polar coordinates 


Remember that the area 
formula gives areas of sectors. 
So you need the sector formed 


by the purple curve and the 
7 g=0. sector formed by the blue 
Initial line curve. Again you can use 


symmetry about the initial line. 


= [4 + 40090 + cos?) d0 + 
Square and use the 
trigonometric identity for 
cos 26. 


cos 20) 


= [[[E + 4c050+ \aa+ 


= [20 + 4 sind + sn24] + Io + ane) 
° 


_ (30 BK i) 250 (2 eae) 26 
-(% + 2/34 B o+( mi +0) aa) Use the exact value of sin 


=430_ gs 
=e 


Exercise 


1 Find the area of the finite region bounded by the curve with the given polar equation and the 
half-lines @ = a and 9 = @. 


‘x 2 z a 5 a x 
a r=acos6,a=0,8=5 b r=a(1+sin§),a=—5,8=> c r=asin30,a=—,8=4 
d r2=a2cos20, 0-0, a=7 e r2=a2tand, a=0,8=F f r-2a0,a-0,8-— 
g r=a(3 +2cosd), a= 0, B=5 
wre 
2 Show that the area enclosed by the curve with polar equation r = a(p + gcos 8) is 7 ae. 
3 Find the area of a single loop of the curve with equation r =a cos 34. 
®© 4 Acurve has equation r = a+ Ssin@, a > 5. The area enclosed by the curve is ie 
Find the value of a. (5 marks) 


and r= asin20 for0<0< 5 


The finite region R is contained within both curves. r=asin26 


Find the area of R, giving your answer in terms of a. : 
(8 marks) : r=asin4o 


0: Initial line 
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The diagram shows the curves with equations r = 1 + sin@ 
and r=3sin0. 


The finite region R is contained within both curves. 
Find the area of R. (8 marks) 


Tnitial line 
7 The set of points, A, is defined by 

rie 31-5 Sargz <0} G:[2- 443i] <5} 

a Sketch on an Argand diagram the set of points, 4. (4 marks) 


Given that the locus of points given by the values of z satisfying |z — 4 + 3i] = S can be 
expressed in polar form using the equation r = & cas @— 6 sin, 


b find, correct to three significant figures, the area of the region defined by 4. (8 marks) 
The set of points, A, is defined by 

Ax {2:5 <argz <a} fe: + 12- Si] < 13} 
a Sketch on an Argand diagram the set of points, A. (4 marks) 
b Find, correct to three significant figures, the area of the region defined by A. (8 marks) 


9 The diagram shows the curve C with polar equation 
r=1+cos30,0<9<% 
ze 2 _ 2+V2 
At points 4 and B, the value of r is 7 


Point A lies on C and point B lies on the initial line. 


Find, correct to three significant figures, the finite area 


bounded by the curve, the line segment AB and the B Initial line 


initial line, shown shaded in the diagram. (9 marks) 
x 
10 The diagram shows the curves r = 1 + sin@ and a 
r=3sind. i 
Find the shaded area, giving your answer correct to 
two decimal places. (8 marks) 


0: Initial line 


Challenge 


The cross-section of a shell is modelled using the 
curve with polar equation r= k@, 0 = 4 = 4x, where k 
is @ positive constant. The horizontal diameter of the 
shell, as shown in the diagram, is 3cm. 

a Find the exact value of k. 


b Hence find the total shaded area of the cross- 
section. 
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@ Tangents to polar curves 


If you are given a curve r 

using @ as the parameter: 
x=rcosd =F(9)cosd 
yersind = f() sind 


(® in polar form, you can write it as a parametric curve in Cartesian form, 


By differentiating parametrically, you can find the gradient of the curve at any point: 


dy When o = 0,a tangent to the curve will be horizontal. 
oy _ 
dx dx d 

dé When = 0,a tangent to the curve will be vertical. 


da 
You need to be able to find tangents to a polar curve that are parallel or perpendicular to the initial 
line. 


d 
= To find a tangent parallel to the initial line set 5 =0. 
dx 


= To find a tangent perpendicular to the initial line set a7 0. 


Find the coordinates of the points on r = a(1 + cos@) where the tangents are parallel to the initial 
line = 0. 


y=rsind = a(sin# + sinfcosé) — | dy 
¢ Find an expression for y and then solve——=0. 
Sp 7 ale020 + cos" D ~ sin*6) is i cH 
So O = 2cos?4 + cos@ -1 


O = (2cos@ — 1)(cos@ + 1) 


cos# = + => O=4+2 Solve the equations to find @ and then substitute 
3, $ back to find r. 
1 a 
so real+y= > 


cosf=-1 = @=n,andsor=O0 Problem-solving 


So the tangents parallel to the initial line Wane ees 


are at 4 +) and (O, 7). tangents ona 
ae) 
sketch of 
yp=a(1+cosé) 
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Example 


Find the equations and the points of contact of the tangents to the curve r= asin20,0 <0 = = 
that are: 7 


a parallel to the initial line b perpendicular to the initial line. 
Give answers to three significant figures where appropriate. 


a y=rsin® = asinOsin26 


dy 
3 = a(cos0sin26 + 2.cos20sin6) 


2asin6(cos#6 + cos®@ — sin? 6) 
O= sind =O>0=0 


do 

or 2cos?0 = sin?@ = tan0 = +V2 
3 0=0955 

So @=O00r0.955 

and r=Oorr=2ax2 xt 


v3 V3 
is 
So the points are (O, 0) and ee 0255} 


The equation of the initial line is 6 = O and 
that is the tangent through (O, 0). 
The equation of the tangent through 


2al2 V2 _ Aa 


x*== 
3 V3 BB 
So the equation of the tangent is 


x sind = 


oe cosecé 
 3V3 
b y= reosf =acosAsin 24 
ss = ~asinOsin20 + 2acos0cos20 
= 2acos0 (-sin?0 + cos?6 — sin?0) 
ie es == 
go 0 ond HOS bas 
So the y-axis is a tangent. 
Or cos?@— 2sin?9 =O => tanO=+ 


- 


So 0=0615 
v2 1 _ 2a/2 


and r = 2a x = x — 
a a 3 


2aV2 

3 0.615} 

eu 2e2y re 2aV2 V2 _ Aa 
3 3 3 3vB 

So the equation of the tangent is: 

_ Aa 

— 33 


The tangent is at ( 


r sec 
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The curve C has equation r = (p + gcos6), where p and q are positive constants and p > g. 
Prove that the curve is convex for p = 2g, and has a dimple for p < 2g. 


Polar coordinates 


@=0 


2a Initial line 


Xx = 1080 = pcos6 + qcos?0 


= 0 = O=-psind - 2gcos0sind | 


6 


=> 0 =-sinOp + 2qcos6) 
This has solutions 


sin =O when@=Oorn | 
eee 3 
and cond = — 57 


If p < 2g then there will be two solutions 


to this equation in the second and third 
quadrants (the green tangents). In this case 
the curve is not convex and has a dimple. 

If p = 2q then the solution is @ = 7 and so 
there are only two tangents (the blue ones). 
In this case the curve Is convex. 

If p > 2q then there is no solution to this 
equation and only the two blue tangents are 
possible. In this case the curve is convex. 
Hence the curve is convex for p = 24, and 
has a dimple for p < 2g. 


] Problem-solving 


If the curve is not convex then there will be 
more than two tangents to the curve that are 
perpendicular to the initial line. 


Find an expression for x and differentiate. 


Solve the equation and consider all possible cases. 


The two tangents at the two points represented 
by these solutions have the same equation. 


Exercise 


1 Find the points on the cardioid r = a(1 + cos@) where the tangents are perpendicular to the 


initial line. 


2 Find the points on the spiral = e’, 0 < @ < x, where the tangents are 


a perpendicular to the initial line 


b parallel to the initial line. 


Give your answers to three significant figures. 
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Reg<t 
Peeler 
the initial line, giving your answers to three significant figures where appropriate. 


3 a Find the points on the curve r = acos20, — , Where the tangents are parallel to 


b Find the equations of these tangents. 


® 4 Find the points on the curve with equation r = a(7 + 2cos@) where the tangents are parallel to 
the initial line. (6 marks) 


® 5 Find the equations of the tangents to r = 2 + cos@ that are perpendicular to the initial 
line. (6 marks) 


® 6 Find the point on the curve with equation r = a(1 + tan@),0 <@< z, where the tangent is 

perpendicular to the initial line. ~ (6 marks) 

e curve C has polar equation 
7 The Chi I i 

r=1+3cos0, 0<0<5 

The tangent to Cat a point A on the curve is parallel to the initial line. 

Point O is the pole. 

Find the exact length of the line OA. (7 marks) 


8 The diagram shows a cardioid with polar equation 
r=2(1+cos@) H 


The shaded area is enclosed by the curve and the 
vertical line segment which is tangent to the curve 
and perpendicular to the initial line. 


r= 2(1 + cos#) 


Find the shaded area, correct to three significant 
figures. (8 marks) 


Initial line 


Mixed exercise 


® 1 Determine the area enclosed by the curve with equation 
r=a(l+4sin0), a>0, 0<0<22, 


giving your answer in terms of a and 7. (6 marks) 


2 a Sketch the curve with equation r = a(1 + cos@) for 0 = @ =z, where a > 0. (2 marks) 
b Sketch also the line with equation r = 2asecé for 5 <a< a on the same diagram. (2 marks) 
¢ The half-line with equation 6 = a, 0 <a <4, meets the curve at A and the line with equation 


r= 2asecé at B. If O is the pole, find the value of cosa for which OB = 204. (5 marks) 


3. Sketch, in the same diagram, the curves with equations r = 3cos@ and r= 1 + cos@ and find 
the area of the region lying inside both curves. (9 marks) 
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Polar coordinates 


Find the polar coordinates of the points on 7? = a? sin 26 where the tangent is perpendicular 
to the initial line. (7 marks) 


a Shade the region R for which the polar coordinates r, @ satisfy 
+ <4cos20 for ~ES0<G (2 marks) 


b Find the area of R. (5 marks) 


Sketch the curve with polar equation r = a(1 — cos @), where a > 0, stating the polar 
coordinates of the point on the curve at which r has its maximum value. (5 marks) 


a On the same diagram, sketch the curve C; with polar equation 


7 = 2cos 26, -7 <o<0 


4 
and the curve C, with polar equation 0 = a (3 marks) 
b Find the area of the smaller region bounded by C, and C;. (6 marks) 
a Sketch on the same diagram the circle with polar equation r = 4cos@ and the line with 
polar equation r = 2 sec 0. (4 marks) 
b State polar coordinates for their points of intersection. (4 marks) 
The diagram shows a sketch of the curves with o=5 


polar equations 
r=a(1+cos@) and r= 3acos#,a>0 


a Find the polar coordinates of the point of 
intersection P of the two curves. (4 marks) 


b Find the area, shaded in the figure, bounded 
by the two curves and by the initial line @ = 0, 
giving your answer in terms of a and z. 
(7 marks) 


Initial line 


Obtain a Cartesian equation for the curve with polar equation 
a r?=sec 20 (4 marks) 
b r2=cosec 20 (4 marks) 


a Show on an Argand diagram the locus of points given by the values of z satisfying 


Iz-1-ij=v2 (2 marks) 
b Show that this locus of points can be represented by the polar curve 
r=2cos9+2sin0 (4 marks) 


The set of points, A, is defined by 


A={2%< argz < 5} n {e:[2-1-i] <v2} 
¢ Shov, by sketching on your Argand diagram, the set of points, 4. (2 marks) 
d Find, correct to three significant figures, the area of the region defined by 4. (5 marks) 
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® 12 The diagram shows the curve C with polar equation 
r=4cos20, o<ost 


At point A the value of r is 2. Point A lies on C and 


point B lies on the initial line vertically below A. A 
Find, correct to three significant figures, the area of the 
finite region bounded by the curve, the line segment if Thitial line 


AB and the initial line, shown shaded in the 
diagram. (9 marks) 


13 The diagram shows the curve with polar equation 
r=4sin20. o<o<t 
The shaded region is bounded by the curve, the initial 
line and the tangent to the curve which is perpendicular 
to the initial line. 


Find, correct to two decimal places, the area of the 
shaded region. (8 marks) = 


Challenge 


The curve C has polar equation r = /26. 
Show that an equation for the tangent to the curve at the point where 


=F is 2@r—A)y + (a + A) x = x2 


r=4sin20 


Initial line 


Summary of key points 


1 Forapoint Pwith polar coordinates (r, @) and Cartesian coordinates (x, y), 
+ rcos@= x and rsind = y 
y 
+ P=x?+ 4 0 =arctan (2) 
Care must be taken to ensure that @ is in the correct quadrant. 
2 + r=aisa circle with centre O and radius a. 
+ 9=aisa half-line through O and making an angle awith the initial line. 
+ r=alisaspiral starting at O. 
3. The area of a sector bounded by a polar curve and the half-lines @ = @ and @= 8, where @ is in 
radians, is given by the formula 
rs 
Area =4 J ?2d0 
Reeser dy 
4 © To find a tangent parallel to the initial line set a 0. 
+ To find a tangent perpendicular to the initial line set x. 0. 
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After completing this chapter you should be able to: 
@ Understand the definitions of hyperbolic functions 

> pages 120-123 
@ Sketch the graphs of hyperbolic functions -> pages 121-123 
@ Understand and use the inverse hyperbolic functions 

> pages 123-125 
© Prove identities and solve equations using hyperbolic 

functions — pages 125-129 


© Differentiate and integrate hyperbolic functions 
> pages 130-142 


f(x) = 2e*-e~* 
Solve the equation f(x) = 2. 
© Pure Year 1, Chapter 14 

Hyperbolic curves feature often in oe wie 
architectural modelling. A hanging chain ae —tan¢x=1 «Pure Year 2, Chapter 6 
might look like a parabola but it is actually a ‘ z 
curve called a catenary which has equation Show that | e*sinxdx = xa +e?) 
y=acosh (2). + Mixed exercise Q23 : © Pure Year 2, Chapter 11 


Chapter 6 


@® Introduction to hyperbolic functions 


Hyperbolic functions have several properties in common with trigonometric functions, but they are 
defined in terms of exponential functions. 
es 
2 


= Hyperbolic cosine (or cosh) is defined as cosh x = fee se" 


= Hyperbolic sine (or sinh) is defined as sinh x = 


sinhx 
coshx 


= Hyperbolic tangent (or tanh) is defined as tanh x = 


You can use the definitions of sinh x and cosh x to write tanh x in exponential form. 


sinhx _e*-e-* 2 _eY-e 


tanhx = x = 
cosh.x z ev+e* etter 


Multiplying the numerator and denominator of the final expression through by e* gives: 


er_-1 
ered 


= tanhx 


There are also hyperbolic functions corresponding to the reciprocal trigonometric functions: 


cosech x { Note) You won't need to use these 


functions in your exam, but they 


sechx = Z = are useful to know, and if you are 
Bers confident with them you can use 
cothx 2 (etal, them to simplify your working. 
eta 


Find, to 2 decimal places, the values of: 
a sinh3 b cosh] ¢ tanh0.8 


3 e353 
a sinh3= ae = 10.02 (2 dp) 


eee 

b cosht = one = 154 (2 dp) 
es —4 

e tanhO8 = <2, = 066 2 dp) 


Example 


Find the exact value of tanh (In 4). 


edt eb 1 alte 4 
tanh (104) = Cee ont gee 
eat AS 
"1G 17 
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Use the definition of sinh x to find, to 2 decimal places, the value of x for which sinh x = 5. 


fF =5 >e-e*=10 

es _1= 10et 

2 — 10e*-1=0 

et=5 +126 

Sete oN26 <<< Fri 
So x = In(5 + 26) = 2.31 (2 ap) | 


You can sketch the graphs of the hyperbolic functions by 
considering the graphs of y =e* andy=e~*. 
ex _ e+ Cer) 

z ” 2 
so the graph of » = sinh x is the ‘average’ of the graphs of 
y=evandy=-e*. 


sinhx = 


For the graph of » = sinh x, 
+ when xis large and positive, e~* is small, so sinh x ~ 
+ when xis large and negative, e*is small, so sinh x 


e 


= For any value a, sinh (a) =-sinha 


f(x) = sinhxis an 
odd function since f(—x) = — F(x). 


Consider the graphs of y=e* and y = e*. 


ere 
cosh x == — 


so the graph of y = cosh x is the ‘average’ of the graphs of 
y=evandy=e™. 


For the graph of » = cosh x, 

+ when xis large and positive, e~* is small, so coshx ~ zee 
+ when vis large and negative, e*is small, so cosh. x = tex 
= For any value a, cosh (-a) = cosha 


[ Notation f(x) = cosh x isan even 


function because f(—») = f(x). 
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Example 


Sketch the graph of y = tanh x. 


sinh x | 
tanh = he ETE Explore graphs of hyberbolic ) 


When x = O, tanhx = 2 = functions using GeoGebra. 


; . ral 
When x is large and positive, sinhx ~ $e* and 
cosh x $e", 50 tanh x 
When x is large and negative, sinhx = —Se* | 


and coshx © 5e~, so tanh.x & —1. 


As x — 00, tanhx 1 and as x > -00, 


tanhx > -1 } 


For i(x) = tanhx, x € RR, the range of fis 
-1< iG) <1 


y =-1 and y = 1 are asymptotes to the curve. 


Exel 


1 Find, correct to 2 decimal places: 
a sinh4 b cosh} ¢ tanh (-2) 


2 Write, in terms of e: 
a sinh] b cosh4 e tanh0.5 


3 Find the exact values of: 
a sinh (In 2) Db cosh (In 3) ¢ tanh (In2) 


In questions 4 to 6, use the definitions of the hyperbolic functions (in terms of exponentials) to find 
each answer, then check your answers using an inverse hyperbolic function on your calculator. 


4 Find, to 2 decimal places, the values of x for which cosh x = 2. 
5 Find, to 2 decimal places, the values of x for which sinh x = 1. 
6 Find, to 2 decimal places, the values of x for which tanh x = + 
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Hyperbolic functions 


7 On the same diagram, sketch the graphs of y = cosh 2x and y = 2coshx. 


8 Find the range of each hyperbolic function. 


a f(x) =sinhx,xER 
b f(x) =coshx, x ER 
ce f(x) =tanhx,xER 


® 9 a Sketch the graph of y = 3tanhx +2. 


b Write down the equations of the asymptotes to this curve. 


CEU) Sketch the graphs of: 


a y=sechx b y= cosech.x © y=cothx 


(6.2) Inverse hyperbolic functions 


You can define and use the inverses of the hyperbolic functions. 


If F(x) = sinh x, the inverse function f-? is called arsinh x. 


The graph of y = arsinh x is the reflection of the graph of y = sinh x 


in the line y =x. 


The inverse of a function is defined only if the function is one-to- 
one, so for cosh x the domain must be restricted in order to define 


an inverse. 


For f(x) = cosh x, x = 0, F(a) =arcoshx,x>1 


= The following table shows the inverse hyperbolic functions, 


with domains restricted where necessary. 


Hyperbolic function Inverse hyperbolic function 
y=sinhx y=arsinh x 
y=coshx,x>0 y=arcoshx,x>1 
y=tanhey y=artanhx, |x| <1 


(3 marks) 
(2 marks) 


Ya [y=sinhx 


[ Notation } arsinh, arcosh and 


artanh are sometimes written as 
sinh, cosh and tanh. 
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You can express the inverse hyperbolic functions in terms of natural logarithms. 


Example 


Show that arsinh x = In(x + ¥x?+ 1). 


Let y = arsinn x 


x =sinhy 
es Sieet e 
xs 
O-eF= 2x 


e?! — 2xe?-1=0 

(@-x7 -x*-1=0 

eax tvxP eT 

oe? =x — Vx® +1 can be ignored since Vx? +1 > x. 
and would give a negative value of e, which is not 
possible. 

So & axe xP +7 

y = Inlx + vx? +1) 


=> arsinhx = In(x + (x? + 1) 


Show that arcosh x = In(x + Vx?=1),x>1. 


Let y = arcoshx 
x =coshy 
crue 

’ 2 


e+er=ax 
er +1 = 2xer 
e7 — 2xe? +1=0 
(-xF -x?+1=0 
So ev=xt Vx? -1 
y= Inlx + yx? -1) 
=> arcosh x = In(x + Vx? —1) 


Problem-solving 


e” — 2xe’ — 1 =01s a quadratic in e”. 
You can write it as (e")? — 2xe”—-1=Oand 
then complete the square. 


You can use a similar method to express artanh x in terms of natural logarithms. 


The following formulae are provided in the formula booklet and can be used directly unless you are 


asked to prove them. 
® arsinh x = In(x + /x2 +1) 


1+x 
ia fl<2 


= artanhy =Htn( 
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= arcosh x =In(x +/x?-1),x>1 


Hyperbolic functions 


Express as natural logarithms: 
a arsinh | b arcosh2 c artanh} 


a arsinh 1 = In(1 + V1? +1) =In(1+ v2) 
b arcosh2 = In(2 + V2? 1) = In(2 + V3) 


7 ee 
—= |) = in2 = inv2 — 


tanh = Sl : 
© artanhs = gin {> 
=e | 


Exercise 


Sketch the graph of y = artanh x, |x] < 1. 


_ 


® 2 Sketch the graph of y = (arsinh x)’. 


3 Prove that artanh x =4in(4 +2), <1. (5 marks) 


4 Express as natural logarithms: 
a arsinh2 b arcosh3 c artanh} 


5 Express as natural logarithms: 


a arsinh y2 b arcosh /5 e artanh 0.1 
6 Express as natural logarithms: 
a arsinh(-3) b arcosh ¢ artanh s 
7 Given that artanh x + artanh y = In V3, prove that y = as 4 (6 marks) 


(6.3) Identities and equations 


You can find and use identities for the hyperbolic functions that are similar to the trigonometric 
identities. 


Prove that cosh? A - sinh? A = | 


aie 
LHS = cosh? d — sinh? d = (EE) _( 


=(2tt2te%) (at-2+e%) | 

7 ‘ ° | ae) 
ol ae 

=q 1=RHS 


= cosh? 4 - sinh? A =1 
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Example (2) 


Prove that sinh (A + B) = sinh A cosh B + cosh A sinh B 
RHS = sinh A cosh B + cosh A sinh B 


a(tselege(egetyesey 


( Pe ee ee CMBR CAB 4g OBE Aa 
= + 
4 q ) 


Det peAB  elt®_ een) 


= 3 = sinh(A + B) = LHS. 


You can prove other sinh and cosh addition formulae similarly, giving: 
= sinh(A + B) =sinhA cosh B+ coshA sinhB 
= cosh(4 + B) =coshdA coshB sinhA sinh B 


Prove that cosh 2A = 1 + 2sinh? 4 


RHS =1+ 2sinh? A 


2 ese) Ase) 
=1+2{ a ( 2 


iso sat 
=1+2(2 ete ) 


ee 
=1-1+(2 ale ) 


2 
=costi2A = UIS 


Given a trigonometric identity, it is generally possible to write down the corresponding hyperbolic 
identity using what is known as Osborn’s rule: 


+ Replace cos by cosh: cos A — cosh 4 
+ Replace sin by sinh: sin A — sinha 
However... 
+ replace any product (or implied product) of two sin terms by minus the product of two sinh terms: 
eg. sin Asin B—+-sinh A sinhB 
This is the implied product of two sin terms because 
tan? A — -tanh? 4 sin? A 


tan? A => 
cos? A 
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Write down the hyperbolic identity corresponding to: 
tan A — tan B 
1+tanA tanB 


a cos24 =2cos*4 -1 b tan(A- B)= 


a cosh2A = 2cosh?A—1 | 


__ tanh A — tanh B | 
Bitar SES cach ataniB 


Given that sinh x = 3, find the exact value of: 
a coshx b tanhx ¢ sinh 2x 


a Using cosh? x — sinh? x 


cosh? x ~ = 1 cosh? x 


= 6 
5! 
acs attire sensi fienotpossle, 
x 


b Using tanhx 


coshx 
3 
5 


tanhy =322= 
© Using sinh 2x = 2 sinhx coshx, 


i be 3y5 215 
sinh@x=2x3zxZ=5 


You can solve equations involving hyperbolic functions. 


Solve 6 sinh x - 2 cosh x = 7 for real values of x. 


ae ae | 
Be BEF set ers 7 
2e°— 7 -4e*=0 
2e*~ Te*- 4 =O 
(2e* + 1I(e"- 4) =O 
efah ead 
ea4 - 
x= In4 | 
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Example 


Solve 2 cosh? x - 5sinh x = 5, giving your answers as natural logarithms. 


Using cosh? x — sinh? x = 1, 
2(1 + sinh? x) - Ssinhx =5 
2 sinh? x — 5sinhx-3=0 
(2sinhx + ee x-3)= 


So sinhx = = or sinhx = 3 
Then, 
se asinh(— 4) or Xx = arsinh3 
1 
s xetn(~ Ja ht) ors 3 + VoeT) 
= xzin(-b+%8)  orx=inls + vi0) 


Solve cosh 2x — Scosh x + 4 = 0, giving your answers as natural logarithms where appropriate. 


Using cosh 2x = 2 cosh? x - 1, 

2cosh? x -1-5coshx+4=O 
2cosh? x - Scoshx + 3 =O 
(2 coshx — 3)(coshx - 1) =O 


So coshx = 5 or cosh =| 
+ x=tn(34 (2-1) orx= 


a xein(ds 


Exercise 


1 Prove the following identities, using the definitions of sinh x and cosh x. 
a sinh2A =2sinh A cosh A b cosh(A4 - B) =coshA cosh B- sinh A sinh B 


¢ cosh 34 =4cosh* A - 3cosh A d sinh A - sinh B= 2 sinh (454) cosh (4 - 3) 


9 


2 Use Osborn’s rule to write down the hyperbolic identities corresponding to the following 
trigonometric identities. 
a sin(A - B)=sin Acos B-cos AsinB b sin34 =3sinA-4sin3 A 


= A+B A-B — 1-tan?A 
© cos A + cos B= 2cos| z )cos(45-4 ) d costd = sy 


e cos24 = cost A - sintA 
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3 Given that cosh x = 2, find the exact values of: 
a sinhx b tanhx ¢ cosh 2x 


4 Given that sinh x = -1, find the exact values of: 
a coshx b sinh 2x ¢ tanh2x 


5 Solve the following equations, giving your answers as natural logarithms. 
a 3sinhx+4coshx=4 b 7sinhx —Scoshx=1 ¢ 30coshx = 15+ 26sinhx 
d 13sinhx-7coshx+1=0  e cosh2x-Ssinhx=13 f 3sinh?x-13coshx+7=0 
g sinh2x—7sinhx=0 h 4coshx + 13e*=11 i 2tanhx=coshx 
® 6 a Starting from the definitions of sinh x and cosh x in terms of exponentials, prove that 
cosh 2x = 2cosh?x-1 (3 marks) 


b Solve the equation 
cosh 2x - 3 coshx =8 


giving your answers as exact logarithms. (5 marks) 


® 7 Solve the equation 
2sinh? x - Scoshx=5 


giving your answer in terms of natural logarithms in simplest form. (6 marks) 


® 8 Joshua is asked to prove the following identity: 


=2cosh*x-1 
His answer is below. 
en = ae (using sech2x = 1 + tanh2x: same identity as the trig one) 
2x 
= eet —1  Gplitting the fraction up and cancelling) 
a ae : : 
= Sega 7 1 (taking the reciprocal of both terms) 
= 2cosh*x-1 
Joshua has made three errors. Explain the errors and provide a correct proof. (6 marks) 
9 a Express 10coshx + 6sinh.x in the form Reosh(x +a) [ Hint ) Use the identity 
where R > 0. Give the value of a correct to 3 for cosh (A + B). 
decimal places. (4 marks) 
b Write down the minimum value of 10 cosh x + 6sinh x. (1 mark) 


¢ Use your answer to part a to solve the equation 10 cosh x + 6sinh x = 11. 
Give your answers to 3 decimal places. (4 marks) 
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@ Differentiating hyperbolic functions 


You can differentiate hyperbolic functions. 


. a (sinh x) = cosh x 
dx 


The rules for sinh x and tanh x are the 


Pe (cosh x) = sinh x same as the corresponding rules for sin x and tan x. 
dx However, the derivative of cosh x is positive sinh x. 


. (tanh x) =sech? x 


So 4. (cosha) = sinh x 


Differentiate cosh 3x with respect to x. 


Example (18) 


Differentiate x? cosh 4x with respect to x. 


= 2xcosh4x + x* x 4sinh4x | 


= 2xcosh4x + 4x? sinh 4x 
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Given that y = A cosh 3x + Bsinh 3x, where A and B are constants, prove that ae =9y. 


OY _ 34 sinh 3x-+ 3Bcosh 3x 
ax sin IX + cos Xx 


Laas 9A cosh 3x + SBsinh 3x 
gaa = 2A cosh 3a 2 


= 9(Acosh 3x + Bsinh 3x) 
=9y 


You can also differentiate the inverse hyperbolic functions. 


d 2 
. q (arsinh x) = 


1 
vx? +1 


d 1 
= —(arcosh x) = ~x>1 
ax ? vx?-1 


d ee: 
. gy (artanh x) = ar bel <2 
dy 


Given y = xarcosh x, find az 


dt 
B= arcoshx +xE 


= arcoshx + 


dy\? 
Given y = (arcosh x)’, prove that (x? - 1) (2) =4y. 


ay 
ax 


ay 


= 2arcoshx x 


2 
3 O?- (2) = Alercosh x)? 


But y = (ercosh x)? 


ee ee 


13 


Py 


Chapter 6 


Example 


d 
a Show that dx (arsinh x) = 


vi+ 


b Find the first two non-zero terms of the series expansion of arsinh x. 


The general form for the series expansion of arsinhx is given by 


7 ef (=1)"2an)!\ _x2e41 
arsinh x = 3 \x TI 


¢ Find, in simplest terms, the coefficient of x5. 


d Use your approximation up to and including the term in x° to find an approximate value for 
arsinh0.5. 


e Calculate the percentage error in using this approximation. 


a let y =arsinhx 
then sinhy =x 


ow Sp teenie 


But sinhy = x, 
50 Lage vee +1 ji 
dy 


di 
therefore 2 =—1 
ax Vx? 41 


b f(x) = arsinh x > (0) =O 


You need to find the first two non- 
zero terms. f(0) = 0 and f’(0) = 0 so there is no 


constant term and no x? term. Differentiate again 


x "O) — | 
‘mo to find the x? term. 


ae 
a(x) = 2X = 1, omy a1 
(1+ x2)? 
a 
arsinhy x x -~ 


3! 


c The x® term will be when n = 2: 


Gz PSB BP 8 IS: oe Problem-solving 


== xs 
AIEEE SEE 3 AD The general term contains (-1)" and a power 
The coefficient of x° is 3 of x*"*1. The non-zero terms will all have odd 


owers of x and will alternate signs. 
d arsinhO.5 + 0.5 - dios) E 35) B eH 
6 40 
= 0.46151... 
_ 048151... — arsinhO.S 
e % error = arsinhO5 x 100 


= 0.062% (3 dp) 
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Exercise 


1 Differentiate with respect to x: 


Hyperbolic functions 


a sinh 2x b cosh 5x ¢ tanh 2x d sinh 3x 
4 £ sh 2x sinh 
cones een aaa { Hint ) For part e, use coth x = i 
. sinhx 2 tanhx 
bi ceeoshs 3x T eecosh ax For part f, use sech2.x = a 
ag ~ cosh2x 
kK sinh 2x cosh 3x 1 In(cosh x) m sinh x? Esai weacoedh= a 
n cosh? 2x 0 epee Pp cosechx my 
F oy oo 
® 2 If y=acoshnx + bsinhnx, where a and b are constants, prove that gen: (4 marks) 
3 Find the exact coordinates of the stationary point on the curve with equation 
y = 12cosh x -sinhx. (7 marks) 
, : fy 
® 4 Given that y = cosh 3x sinh x, find ae (6 marks) 
5 Differentiate: 
a arcosh 2x b arsinh (x + 1) e artanh 3x 
d arsech x e arcosh x7 f arcosh 3x 
g xarcoshx h arsinh i e“arsinhx 
j arsinh x arcosh x k arcoshx sech x 1 xarcosh 3x 
® 6 Prove that: 
d d 1 
ie se) xo — =— A =< 
aa (arcosh x) eee | b ax (artanh x) Tow ll <1 
2 en 
® 7 Given that y = artanh (5). prove that 
dy 
(4-e) at 2ex (6 marks) 
© 8 Given that y = arsinh x, show that 
3, 2. 
Pg OP Oe 
2) —— = 
(4 e)5543xq5+q0=0 (7 marks) 
@y 
® 9 If y=(arcoshx)’, find de (6 marks) 
x" 
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(G) 10 Find the equation of the tangent at the point where x = 2 on the curve with equation 
y =artanhx. (3 marks) 


11 Show that the equation of the normal at the point where x = 2 on the curve with equation 
y =arcosh 2x can be written as y = ax + b + Inc, where a, b and c are exact real numbers to 


be found. (5 marks) 
12 a Find the first three non-zero terms of the Maclaurin series for cosh x. (5 marks) 
b Hence find the percentage error when this approximation is used to evaluate cosh 0.2. 
(3 marks) 
13 a Find the first three non-zero terms of the Maclaurin series for sinh x. (5 marks) 
b Hence find an expression for the nth non-zero term of the Maclaurin series 
for sinh x. (2 marks) 


14 y=tanhx 


a Usea Maclaurin series expansion to show that y = x - (5 marks) 


b Find the percentage error when the approximation in a is used to evaluate tanh 0.8. (2 marks) 


iP) 15 yp =artanh x 


a Show that the first three non-zero terms of the Maclaurin series of y are 


x+ baal + 3x5 (6 marks) 
b Hence write down the general term for the nth non-zero term in the series expansion. (1 mark) 
c Find the first two non-zero terms of the series expansion of cosh x artanh x. (5 marks) 


16 »=sinhxcosh2x 


Find the first three non-zero terms of the Maclaurin series for yp, giving each coefficient in its 


simplest form. (7 marks) 
17 y=cosx cosh x 
Ay 
a Show that ga =-4y. (4 marks) 
b Hence find the first three non-zero terms of the Maclaurin series for y, giving each 
coefficient in its simplest form. (4 marks) 


¢ Hence write the series expansion for y in the form )f(r)x*, where f is function to be 
determined. = (2 marks) 


Challenge 


Find the first three non-zero terms of the series expansion of sach x. 


134 


Hyperbolic functions 


@ Integrating hyperbolic functions 


You can integrate hyperbolic functions. 
= You should be familiar with the following integrals: 


. sian xdx=coshx+e since A(cosh x)= sinhx 
. feoshxax =sinhxt+e since sinh x) =coshx 
1__dx =arsinhx +c since -“(arsinh x) = —2 
/t4x2 dx ! v¥1+x? 
1 + 
. dx=arcoshx+c,x>1 _— since ‘arcosh x) = ———,x>1 
f Vx?=1 ax! Ja = 1 


Find |cosh (4. - 1) dx. 


feosncax = dx = }sinh 4x - 1) te 


2+5x 4 
Fin nd [7 
vx241 
fesseax 2 dx+ {_SX_dx 
Vxe +7 XP e +1 
cH —_H 
ee) dx + 5}x(I +2 


xe 


= Qarsinhx + SV1 +x? +0 


Find: 
a feoshs 2x sinh 2x dx b feast xdx 


a feosns 2x sinh 2x dx = 4 flcosn 2x)°(2 sinh 2x) dx 


oa 62x 
= ygeosh§ 2x +¢ 
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b fissnaas = [sinh ax 
cosha 


=Incoshx +¢ 


. Jeanh xa = Incoshy+c¢ 


Find the following integrals. 
a foosne 3xdx b sinh3x dx 
] 


eae Beet 
= px + ppsinhext+e 


inh? xax = sinh? Z 
b fom Xdx = [sinh® xsinhx dx Problem-solving 


= flecotex ~ Dsinh xdx For small odd values of 7, you can use 
fsinhexax = foinnea xsinhxdx. 


fc cosh” x dx, for odd values of n, can be found 


= Joost xsinhacd— fain. ax 
similarly. 


= joosh? x - coshx +c 


Sometimes the exponential definition of a hyperbolic function can be used to find a given integral. 


Find fe sinh x dx. 


2isinhxdx = le2t( =F) ax | 
fe sinhssas= fo( = Jax 
= gle — eras 
oe ‘! 
=S-e)+e 
= Ye — Be) +e 


You need to be able to use hyperbolic substitutions to find the integrals of expressions of the forms 


di 
———dx and |———dx 
lm 
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By using an appropriate substitution, find f 


As cosh? u — 1 = sinh? x, it follows that 
a? cosh® u — a® = a? sinh? u 
Use the substitution x = acoshu, ————— 


& = asin 


so dx can be replaced by asinhudu. 


=_— dx= f 4 —_asinhudu 
vx? = a2 Va? cosh? u — a2 


= Joctegpointnce 


Sure 


= f—4 av =arsinh (~) + 
ee (a) 


. [eee tee areosh (7) tox >a 


Show that | === 
1s Vx? 


dx= [2rcosh 3 


ae | 
les 


= arcosh 2 — arcosh(3) 


20-8) —— ana) 


= In(2 + V3) - In2 


A} 
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Show that [v7 +x¢ dx =4farsinhx+ dw1l+x +0. 


x= sinhu > 9 = coshu | 
50 dX can be replaced by coshudu 


| 
f 1+ x2 dx= fa + sinh? ucoshudu 


= foosté udu 


1 sinh 2u 
= Yu + sink 2u) +e 


= du + sinhucoshw) + ¢ T 


Example (31) 


By using a hyperbolic substitution, evaluate 


| Use the substitution x = 3sinhu 


Ax L 
(GE = 3coshu 


So dx can be replaced by 3 coshucte 


es i 27sinh? uw 
| 
~ z7[ eines —— Usethemethod rom Bxample26. 


] arsinh2 
jo 


= 27[4cosh?u—coshu 


--3)-2 1 ae) 


= 16V5 + 18 


138 


Hyperbolic functions 


Find f a ee 
V12x + 2x 


12x + 2x? = 2(x? + Ex) “] 
= atx + 3-9 Ses 
9° figs + mae | mee +3) - a 


Let u=x +3, then du =d. 


1 
lame oe oe 3 - 


Use the substitution x = 3B +4 cosh u) to find I dx. 
4 


4G + Acoshu) = 2 


34 sinhu) = 2sinhu 
50 dx can be replaced by 2 sinhudu | 
4x? — 12x - 7 = A(L3 + 4coshu))” — 6B + 4 coshu) — 
= 94 24 coshu + 16 cosh@u — 18 — 24coshu - 7 
= 16 cosh?u~ 16 | 


So —_—_—- <1 — x 2sinhudu 
V4x® — 12x —7 Asinhu 
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Exercise 


1 Integrate the following with respect to x. 


n Z a ll sinh x 

a sinhx + 3coshx b coshx Sas © ois 
2 Find: 

a font 2xdx b feosn(3)ax 
3 Find: 

pees R= 3- ss 
a {——*-dx b dx 
v¥x?-1 vl+x? 

4 Find: 

a fonts x coshx dx b fash 4xdx c fv cosh 2x sinh 2x dx 
5 Find: 

a f sinhx gy p |l#tanhyg, e | Secies tania ss 

2+3coshx cosh?.x cosh x 

6 Use integration by parts to find | xsinh 3x dx. 
7 Find: 

a fercosn xdx b fersinn 3xdx c feost x cosh 3x dx 

: 1 

8 Evaluate [ inh cosh x 0 #iving your answer in torms of ©. 
9 Use appropriate identities to find: 

a finn? xdx b Joint? x cosh? x dx c fooshs.xax 

in? 
© 10 Show that { cosh’(3)dx = 5G + In 16). (7 marks) 
0 


11 Use suitable substitutions to find: 


i 1 " 
a dx b Sat 
¥xr—9 V4x? +25 


12 Write down the results for the following: 


af 3x of |_adx 
x2 49 yx? -2 
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13 Find: 


b f day 
Voxze 16 


3. 
14 Evaluate | ——— dx. 
1 V1 44x? 
15 Evaluate, giving your answers as a single natural logarithms. 
4 15 
al Seda b fF 
[ vx? +16 13 
® 16 Use the substitution x = sinh? w to find f Ve. x>0. (6 marks) 
3 
® 17 By using the substitution w= x7, evaluate f (6 marks) 
® 18 Use the substitution x = 2 cosh to show that 
[va=dax=dat=a ~ 2areosh( 5) te (6 marks) 
19 a Show that |____1 __dv can be written as {2° _dx. 3 marks 
Isc ere é » 
b Hence, by using the substitution w= e*, find |____1_ __ax. (5 marks) 
2cosh x - sinh x 
2 "cosh x 
20 Using the substitution w = ;sinh x, evaluate | ————===——- dx. ‘8 marks: 
. 2 lo V4sinh2x+9 t ) 


©) 21 Find the following: Problem-solving 


Complete the square in the denominator 


1 : 1 ; 
" I arr s a 5 f FESR twidentify a suitable substitution. 
1 


1 
S———— = soithe 
is 1 és a 1 de Vxt=4x—-12 /(x-2?—-16 
2x24 4x47 (9x2 — 8x41 substitution «=x —2 will reduce the 


integral in part a to a standard form. 


® 22 Find: 
af 1 dx b = 
Vax? = 12x +10 V4x?- 12x44 


1 
i 
23° Eval te | ah —edx 
© oe po VP $+ 2x45 
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3 
24 Evaluate i = giving your answer as a single natural logarithm. (8 marks) 
i = 
‘i 1 1 
25 Show that i Frac ey net v3) (8 marks) 
F = 


26 The curves shown have equations 
y=Scoshx and y =7-sinhx. 

a Using the definitions of sinh x and cosh x 
in terms of e*, find exact values for the 
x-coordinates of the two points where 
the curves intersect. (6 marks) 


/y =5 cosh x 


Sy =7-sinh x 


b Use calculus to find the area of the 
finite region, R, between the two curves, 
giving your answer in the form Ina +b 
where a and b are integers. (6 marks) 


27 The region bounded by the curve y = sinh x, the line x = | and the positive x-axis is rotated 
through 360° about the x-axis. Show that the volume of the solid of revolution formed is 


zat —4e?- 1) (5 marks) 


1 Using the substitution x = 1 + sinh @, show that 


a ea 
es 2x 1 2) Vx2=2x42 


2 By means of a suitable substitution, or otherwise, 
find: 


a f- cosh?(x2) dx b lee 
cosh?(x?) 


Mixed exercise 


1 Find the exact value of: a sinh(In3) b cosh(In5) e¢ tanh (In) 
2 Given that artanh x - artanh y = In 5, find y in terms of x. 


3. Using the definitions of sinh x and cosh x, prove that 
sinh (A - B) =sinh A cosh B - cosh A sinh B (5 marks) 
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Using definitions in terms of exponentials, prove that 


7 2tanh bx 
sinh x = ————|— (5 marks) 


Solve, giving your answers as natural logarithms 
9cosh x - Ssinhy=15 (6 marks) 


Solve, giving your answers as natural logarithms 
23 sinh x - 17coshx+7=0 (6 marks) 


Solve, giving your answers as natural logarithms 


3cosh?x + 11 sinhx- 17 (6 marks) 

a On the same diagram, sketch the graphs of y = 6 + sinh x and y = sinh 3x. (2 marks) 
b Using the identity sinh 3x = 3 sinh x + 4sinh*x, show that the graphs intersect where 

sinh x = 1 and hence find the exact coordinates of the point of intersection. (5 marks) 


a Given that 13 cosh x + Ssinh x = Rcosh(x + a), R> 0, use the identity 
cosh (A + B) = cosh A cosh B + sinh A sinh B to find the values of R and a, giving the 
value of a to 3 decimal places. (4 marks) 


b Write down the minimum value of 13 cosh x + 5sinh x. (1 mark) 


a Express 3coshx + 5sinh x in the form Rsinh (x + a), where R > 0. Give a to 3 decimal 


places. (4 marks) 
b Use the answer to part a to solve the equation 3 cosh x + Ssinh x = 8, giving your 

answer to 2 decimal places. (3 marks) 
¢ Solve 3 cosh x + 5sinh x = 8 by using the definitions of cosh x and sinh x. (4 marks) 


- dy 
Given y = cosh 2x, find ax 


Differentiate with respect to x: 


a arsinh3x b arsinh (x) c arcosh 5 d x?arcosh 2x 


Given that y = (arsinh x)’, prove that 


ay dy 
ae t Xa 72 =9 (5 marks) 


(1 +x?) 


Given that f(x) = Scoshx - 3 sinh x, find: 


a f(x) (2 marks) 
b the turning point on the curve y = f(x) (4 marks) 
Differentiate arcosh (sinh 2x). (4 marks) 
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16 y =sinxcoshx 


4 

a Show that ae =-4y. (4 marks) 

b Hence find the first three non-zero terms of the Maclaurin series for y, giving each coefficient 
in its simplest form. (4 marks) 


17 y=sinh2x coshx 
Find the first three non-zero terms of the Maclaurin series for y, giving each coefficient in its 
simplest form. (7 marks) 


18 4x24+4x417=(ax+ bP +c,a>0. 
a Find the values of a, b aud c. (3 marks) 


e i 
b Find th t f | ————dr 6 mark: 
‘ind the exact value ot Tieei7 (6 marks) 


19 Find the following: 


a fsinn 4x cosh 6x dx b fe sinh xdx 


20 The diagram shows the cross-section R of an artificial ski slope. 


Given that | unit on each axis represents 10 metres, use integration to calculate the area of R. 


Show your method clearly and give your answer to 2 significant figures. (6 marks) 
"i 1 
21 Find |——=————-dx (7 marks) 
@ ae acta 
a 1 
22 a Find | Pee eret eta (6 marks) 
4 3x1 
b Show that f Jz = 9(V2 - 1) + 2arsinh | (6 marks) 
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25 The diagram shows the cross-section of a loaf of bread. 


Hyperbolic functions 


on horizontal ground 7 metres apart. 
x 
3 
a Find the acute angle that the chain makes with the right-hand 
bollard. Give your answer to 3 significant figures. (5 marks) 
b Use calculus to find, correct to 2 decimal places, the area of the finite 
region, R. enclosed by the bollards, the chain and the ground. (5 marks) 


The chain is modelled by the curve y = cosh 


® 24 The curves shown have equations y = 3 cosh 2x , . 
and y= 8 + sinh 2x. (y= 8 +sinh 2x 
a Using the definitions of sinh x and cosh x in terms of 
e*, find exact values for the x-coordinates of the two 
points where the curves intersect. (6 marks) 
b Use calculus to find the area of the finite region, R, 
between the two curves, giving your answer correct to 
3 significant figures. (6 marks) 


J =3cosh2x 


Each unit on the axes represents 5 cm. The curved top of the loaf 
is modelled using the equation 

5 
vVx2 44 
Given that the loaf can be modelled as a prism, with length 30 cm, find, 
correct to 3 significant figures, the volume of the loaf. 


ye 


®© 26 The diagram shows the curve y = 3 - sinh.x. 


a Find the exact coordinates of the point where the curve 
crosses the x-axis. (3 marks) 


The shaded area is bounded by the curve, the y-axis and 
the x-axis. 


b Find the volume of the solid of revolution formed when 
the shaded area is rotated through 360° about the x-axis. 
Give your answer correct to 3 significant figures. 

(8 marks) 


Challenge 


The diagram shows the graph of 
y=sechx. 


Show that the area bounded by the 
curve and the x-axis is 7. 
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Summary of key p 


1 ++ Hyperbolic sine (or sinh) is defined as sinh x = 


its 


+ Hyperbolic cosine (or cosh) is defined as cosh x = 


+ Hyperbolic tangent (or tanh) is defined as tanh x = 


2 + The graph of y=sinhx 


For any value a, sinh (—a) = -sinha. 


x 


xER 


Geshe 


xER 


sinhx _ e?*-1 
coshx  e7*+1 


x€R 


+ The graph of y= cosh x: 
y 


For any value a, cosh (-a) = cosha. 


3. The table shows the inverse hyperbolic functions, with domains restricted where necessary. 


~ 


10 of E dx=arsinh(*) +e 
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Inverse hyperbolic function 


y=sinhx 


y =arsinh x 


y=coshx,x>0 


y=arcoshx, x >1 


y=tanhx 


y=artanh x, |x| <1 


+ arsinh x =Inlx + Vx 41) + arcoshxsin(x + Vx2-1),x>1 + artanhr=4in(t +), |x] <1 


cosh? A — sinh? 4 =1 


25 


+ sinh (A + B) =sinh A cosh B+ cosh A sinh B 
+ cosh(A + B) =cosh A cosh B+sinh A sinh B 


5 lg = 5 Naatinse 5 al sect 
ay inh») = cosh x ax (cosh x) = sinhx gy (tanh x) =sech 2 
Cl ees Seoul Gat jee of fe al 
ae (arsinh x) = 2S ae (arcosh x) = = ae (artanh x) = = 


9 [sinh xdx = coshx +e 


franhxedx = Incoshx+e 


va? + x2 


9 foosh xax= sinh x+ c 


ae 
dx =arcosh () +6,x>a 


Methods in 
differential equations 


After completing this chapter you should be able to: 
@ Solve first-order differential equations using an integrating 


factor > pages 148-153 
@ Solve second-order homogeneous differential equations 
using the auxiliary equation ~ pages 153-157 


@ solve second-order non-homogeneous differential equations 
using the complimentary function and the particular integral 
~ pages 157-162 


@ Find particular solutions to differential equations using given 
boundary conditions — pages 162-165 


Prior knowledge check 


1 Find the general solution to the differential | 
dy 

equation = = xe*. © Pure Year 2, Chapter 11 
Xx 


2. Find the particular solution to the 


. e aed) x os 
differential equation ax 7 Ty Biven that 


y=Owhenx=2. © Pure Vear 2, Chapter 11 
differential equation. For example, the rate 


of change of the population of bacteria in 3. Find: 
Wy a petri dish is proportional to the number a f ay 
\ g of bacteria present, subject to the limiting 50-27 
' / | factor of the amount of space on the dish. b ftanaxdx © Pure Year 2, Chapter 11 
ANS GZ ee (eS | ee 
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@ First-order differential equations 


If a first-order differential equation can be 


dy z zi rs 
written in the form OY. = f(x)g(), then you can This process is called separating the 
dx variables. Pure Year 2, Section 11.10 


solve it by writing Pn dy = Jf(x)dx. 
y) 


Find the general solution to the differential equation 
dy y 
dx 
and sketch members of the family of solution curves represented by the general solution. 


Separate the variables and integrate. 


In|y| = 
Collect the In terms together and combine using 


In|y| + In|x| = 
in|] + In|x| the laws of logarithms. 


xy] 


See Problem-solving 


A 
yay. where d =e If c is a constant of integration, then A = e* can 
Some solution curves corresponding to also be used as a constant. Writing the equation 
different values of A are shown below. in this form helps you determine the family of 


solution curves. 


The graphs of y = 24 form the family of solution 


curves for this differential equation. 


ic} 


{ Online ) Explore families of solution curves 6) 


using GeoGebra. 


In this chapter, you will consider differential equations which cannot be solved by separating 
variables. The following example uses the product rule ‘in reverse’ to obtain a solution. 
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Find the general solution to the differential equation 


dy 
ee ee ee 
= dx Ba ee You can use the product rule 


= a ay ee = Sw, with w= x3 and v= y, to 
= + 3x*y = sinx dy d 
dx ise that 3— + 3x2y = (x39). 
recognise that >: ne + 3x2y a ). 


d 3. 
50 F009 


Use integration as the inverse process of 
differentiation. 


> xy = [sinxdse—_ ———————| FI 


= cus + 1 
5 ~<dal . ‘— Integrate each side of the equation, including an 
mk eck arbitrary constant on the right-hand side. 
One side of the differential equation in the |__ Make y the subject by dividing each of the terms 
example above is an exact derivative of a on the right-hand side by x°. 


product in the form 
com +f Q)y= a Oy) 
dx dx 
You can solve some first-order differential equations by turning them into equations of this form. 


Consider the differential equation 

dy 3y _sinx 

dx x x3 
The left-hand side is not a derivative of a product but if you multiply both sides by x3 then the 
equation becomes the same as that in Example 2: 


og +3x2p=sinx CE=D is called an integrating factor. 
ej } 


In general, if you can write a linear first-order differential equation in the form 


dy 
—— + PQ)y = QQ) 
dx 


where P(x) and Q(x) are functions of x, and the function P(x) can be integrated, then it is possible to 
find an integrating factor which will convert the left-hand side of the equation into an exact derivative 
of a product. Suppose that the integrating factor has the form f(x), then 


dy 
foo + f(X)PQ)y = FQ) += Multiply the equation by the integrating factor f(x). 
In order for the left-hand side to be the derivative of the product f(x) it must have the form 


dy 
roy + f(x)p. You can see that f(x)P(x) must be equal to f’(x), so: 


Xx 
FQ) = [Pteddee 6 ; rere 
Fay o> JPlddx Divide both sides by f(x) and integrate. 


= Inlf()| = [Pode 


=> F(x) =e/Plwde 
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Multiplying every term in the original differential equation by this integrating factor, 


ements + e Pedy P(x)y = e/POI Q(x) 


So 4 (esewadey) = e/PUldrQ(x) 
Ix 


You can use the ‘product rule in reverse’ on the LHS. 


efPaidey = fe sPOeQ(x) dx The equation is now directly solvable 
- by integrating both sides. 


Notice that the left-hand side is the integrating factor multiplied by y and the right-hand side is the 
integral of the integrating factor multiplied by Q(a). This will always be the case. 


= You can solvea first-order differential Vanareyiniaceumantslnesating 
equation of the form on + P(x)y = Q(x) by factor without proof in your exam, but you must 
igs ae é * show all the subsequent stages of your working 
multiplying every term by the integrating tlearly. 
factor eJP()dr, 2 


Find the general solution of the differential equation 


dy 
dx ae ;—— Find the integrating factor. 
The integrating factor is el?) = efter = e-4s Multiply each term by the integrating factor. 


;— Express the LHS as the derivative of a product. 


Integrate to get the general solution. 


Divide every term, including the constant. by the 
integrating factor to make y the subject. 


When you have integrated and found the general solution, you can let the arbitrary constant take 
different numerical values, thus generating particular solutions. 


In some questions you will be given a boundary condition, such as y = 1 when x =0. You can use this 
to find the value of the constant. Different boundary conditions will give rise to different particular 
solutions. 


a Find the general solution of the differential equation cos x 


2y sin x = cost x. 


da 
b Find the particular solution which satisfies the condition that y = 2 when x = 0. 
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a Divide through by cos x: 
ay 


Divide by cos x so that equation is in the form 


gee 2ytanx = cos3x (1) a P(x) = Q(x) 
The integrating factor is de 
elPiiar = @fetenxdr = @2insecx = elnsecs 
= sec2x Use properties of In to simplify the integrating 


d factor. 


5ec? x = + 2ysec? x tanx = sec? x cos?) 

jets Me ra 

So gy (sec*x) = cosx Multiply equation (1) by the integrating factor 
and simplify the right-hand side. 


=> psec? 
> ysec? 
xs ys cos? x(sinx +0) Integrate to get the general solution and multiply 
ae = through by cos2x 
b 2 =cos?Q(<inO + c) 
=ca2 
y = cos*x(sinx + 2) is the required Substitute y = 2 and x =0 into the general 


particular solution. solution to find c. 


Exercise 


1 For each of the following differential equations, find the general solution and sketch the family 


of solution curves. 
[ Hint ) You can solve all 


of these equations by 
separating variables. 


x, O<x<a 


2 Given that k is an arbitrary positive constant, 
a show that 3? + kx? = 9k is the general solution to the differential equation 


b find the particular solution, which passes through the point (2, 5) 


14 


¢ sketch the family of solution curves for k = 5, 5, 


diagram. 


1 and include your particular solution in the 


3. Find the general solutions to these differential equations. 


dy dy . dy 
a XGy FY = C0sx b Sey ic sinxqy + ycosx=3 
d 1a 4 e ex © axe =x f ig 2y? 
] ox : ss aad 
: : . _ dy ‘ 
© 4 a Find the general solution to the differential equation = +2xy=e" (4 marks) 
b Describe the behaviour of y as x — 00. : (1 mark) 
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5 a Find the general solution to the differential equation 
dy 


ae t 2xy =2x +1 


b Find the three particular solutions which pass through the points with coordinates 
(-4, 0), (-4, 3) and (-4, 19) respectively and sketch their solution curves for x <0. 


6 a Find the general solution to the differential equation 
1 

x (x+1(x+2)’ 

b Find the particular solution which passes through the point (2, 2). 


x>1 


7 Find the general solutions to these differential equations by using an integrating factor. 


dy 
dyae al sa 
ag tre b gy tyeotx i 
dy 7 
— 4 psinx=e™= 
c ay tysiny=e 


dy 
e ~~+yptanx=xcosx 
dx "- 


,x>-2 
x+2 


dy 
i (v42) goo yaxt2 


® 8 Find yin terms of x given that Mae + 2y =e* and that y= 1 whenx=1. (8 marks) 
‘ ; bea 9 del sa 
® 9 Solve the differential equation, giving y in terms of x, where x dz = 
andy=latx=1. (8 marks) 
® 10 a Find the general solution to the differential equation 
(x+4) Zr 2y-2024 1? 
vty) qt) 3 
giving y in terms of x. (6 marks) 
b Find the particular solution which satisfies the condition that y = 1 at x = 1. (2 marks) 
(G) 11 a Find the general solution to the differential equation 
in eye: Pege™ (6 marks) 
Sas? ae Sip 
b Find the particular solution which satisfies the condition that y =2 at x = 0. (2 marks) 


12. Find the general solution to the differential equation Problem-solving 


dy You can use the substitution » = 2coshu 
== xy? -4 (5 marks) i 1 
dx to integrate —— 


Section 6.5 
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13 a Find the general solution to the differential equation 


dy a 
aa =ycoshx (4 marks) 
b Find the particular solution which satisfies the condition that y = e when x = 0. (2 marks) 


14 a Find the general solution to the differential equation 


oY ye 4 mark 
“Pa +) (4 marks) 
b Sketch the family of solution curves. (3 marks) 


® 15 a Find the general solution to the differential equation 


dy 
ieee a peRRSL (6 marks) 
dx 
b Find the particular solution such that y = 3 when x =z. (2 marks) 
¢ Show that the points (5. 1) and ( a -1) lie on all possible solution curves. (3 marks) 
' : . dy 7 
Find a general solution to the equation Te + by =0Oin terms of a and b. (6 marks) 


(7.2) Second-order homogeneous differential equations 


Asecond-order differential equation contains second derivatives. 


Find the general solution to the differential equation 
ay 


Lae, De 
2 
dx? { Watch out ) The general solution to this second- 


-— —— order differential equation needs two arbitrary 
d constants. If you wanted to find a particular 

3 solution you would need to know two boundary 

y= ax? +Ax+ B conditions. 


In this section you will look at techniques for solving linear differential equations that are of the form 


2 
[ Notation ) You sometimes see differential 


d’y dy 
ast 12 +cy= 
equations of this type written as 


dx? dx 
where a, b and care real constants. Equations 
of this form (with 0 on the right-hand side) are 2p dy 
called second-order homogeneous differential ay" + hy' + cy =O where py" = ae and y' San 
equations with constant coefficients. 
Using the techniques from the previous section, the general solution of ae + by = 0 is of the form 


y=Ae, where k= Es Notice that & is the solution to the equation ak + 6 =0. 
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This suggests that an equation of the form » = Ae** might also be a solution of the second-order 
d@y dy 
differential equation #42 + Lies + cy =0. But it cannot be the general solution, as it only contains 
x x 
one arbitrary constant. Since two constants are necessary for a second-order differential equation, 
you can try a solution of the form y = Ae* + Be*“, where A and B are arbitrary constants and 2 and 
are constants to be determined. 
dy 


= Ahe** + Buet* 
x 


dp 


= Ale + Buter 
dx 


Substituting these into the differential equation gives 
aAjze* + Bu?et*) + b(Ade* + Bue) + c(Ae* + Be) =0 
aAhte* + aBp ee! + bAde* + bBue™ + cAe* + cBe =0 
Ae* (ai? + bd + 0) + Bet (ap? + hu + 0c) =0 
This shows that the equation y = de** + Be** will satisfy the original differential equation if both 
Aand pare solutions to the quadratic equation am? + bm + c =0. 


The equation am? + bm + c= 0 is called the auxiliary equation. 


= The natures of the roots a and ( of the auxiliary equation, am? + bm + c = 0 determine the 


A i 2 won te pe” 
general solution to the differential equation a +b 


- dx? dx 
You need to consider three different cases: 
* Case 1: b? > 4ac 
The auxiliary equation has two distinct real roots a and (3. The general solution will be of 
the form y = de® + Be® where 4 and B are arbitrary constants. 


+cey=0. 


ry equation has one repeated root a. The general solution will be of the form 
y = (4 + Bx) e™ where 4 and Bare arbitrary constants. 


. 2 2 . 
Gre 3: a <4ac ischeee Li ETESD Case 3 is equivalent to y— 4e* + Bods 
eaux Hany equation as two comp ate with complexa and. - Exercise 7B, Challenge 
conjugate roots a and (3 equal to p + gi. 
The general solution will be of the form es 
y=er*(4cosqx + Bsingx) where A and B { Note) If the roots are purely imaginary (p= 0), the 


are arbitrary constants general solution reduces to y = Acosgx + Bsingx 


Example 


a Find the general solution to the equation 2 a a 


b Verify that your answer to part a satisfies the equation. 


a 2m2+5m+3 =Q———_____>— _ Write down the auxiliary equation. 
(2m + 3) +1)=O03m= 3 orm=-1-+— 
So the general solution is — Solve the auxiliary equation. 


y = AeS* + Be-* where A and Bare 


arbitrary constants "— Write down the general solution. 
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b p= dee 4+ Bex 
dy 


3 = 
-$Ae 


a 2 eB + Be* 

2(2 Ae + Bem) + 5(-S Ae - Be) 
+ 3(de= + Bew) 

- B4eF + 3A4e# 

+ 2Be* — 5Be* + 3Be* 

= O as required. 


xx) 


d 
Show that y = (A + Bx)e* satisfies the differential equation 


Let y = de® + Bxe®, then 


3Ae* + SBxe™ + Be* 


— 6(3Ae** + 3Bxe3* + Be) 


+ 9(Ae** + Bxe*) =O 


So y= (A + Bxje**is 2 solution to the equation. 


Find the general solution to the differential equation = +8 


dy Pal! 
zs 6 ax + Oy = OAc + OBxe® + GBe3* 


m? + 8m+1G=0 
(m+4)2=O03m=s-4 


So the general solution is y = (A + Bxje®, 


Example 


Find the general solution to the differential equation — 


m2 -6m+34=03m=34£5i 
So the general solution is 
y= e2(Acos5x + Bsin5x) 


Methods in differential equations 


Write down expressions for the first and second 
derivatives. 


dy dy F 
dat dx and y into 


the differential equation, expand and simplify. 


Substitute your expressions for 


dy 
qe gy t=. 


e Differentiate the expression for y twice. 
= 9Ae** + 9Bxe™ + 3Be* + 3Be™* ay a 
= QAe* + DBxe** + GBes* 


Substitute into the left-hand side of the 
differential equation and simplify to show that 
the result is zero. 


USS The auxiliary equation m? — 6m +9=0 has 
a repeated root at m =3 so the general solution 
is in the form you expect. 


ae dy 


+ lov =0. 


dx 


Write down the auxiliary equation. 


|__ Solve the auxiliary equation. In this case there isa 
repeated root. 


dy dy 
ade ae +34y=0. 


Write down the auxiliary equation and solve it 

|___ using the quadratic formula or by completing 
the square. In this case there are two complex. 
conjugate roots. 
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dy 
Find the general solution to the differential equation ——> am” l6y = 


m2+16=0>m=+4i 
So the general solution is 
y = Acos4x + Bsin4ax 


Exercise 


_ 


oy ly 


ae 


Write down the auxiliary equation and solve it. 
In this case there are two purely imaginary roots. 


This is in the form y = e?*(Acosgx + Bsingx) 
~ withp=0. 


Find the ae solution to each to the following differential equations. 


2 Find the general solution to each of the following differential equations. 
ay 


a 


i 200 1o9y =0 
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ig 8ly=0 
2 ae te 


ay 
b 

dx? 

d2. 
12 

@y dy 
fi -47 +5y=0 

2 y 
naa aay=0 


Methods in differential equations 


4 Find the general solution to each of the following differential equations. 
ay 


we 49v=0 
tora ee 


Ry dy 
aa tat 13y=0 


5 Given the differential equation 2 de 2 + 24S + 9x =0, where k is a real constant, 
a find the general solution to the differential equation in each of the following cases: 
i [Al >3 
ii [Al <3 
iii |A| =3 (8 marks) 


b In the case where & = 


i find the general solution 
ii describe what happens to x as f — oo. (4 marks) 


® 6 Given that am? + hm + c= 0 has equal roots m = a, prove that y = (A + Bx)e“ is a solution 


@y dy 
i i i i + b— += 
to the differential equation a ae b aa 0. 
® 7 Given that y = f(x) and y = g(x) are both solutions to the [ Note } This result is known as the 
dy dy principle of superposition. 


second-order differential equation a 


prove that y = Af(x) + Bg(x), where A and B are real constants, is also a solution. 


Challenge 


Let a and @ be the roots of a real-valued quadratic equation, so 
that a =p +ig and =p — ig, p,q € R. Show that it is possible to 
choose A, B & C such that Aes + Be** can be written in the form 
e?*(Ccosqx + Dsingx) where Cand D are arbitrary real constants. 


(7.3) Second-order non-homogeneous differential equations 


Second-order differential equations of the form [ Notation } Renan eden 


paid n ph eit) equations of this type written oe 2 
dxé dx ay" + by’ + cy=f(x) where y” = Gpeand y= ys 


are non-homogeneous. 
To solve an equation of this type you first find the general solution of the corresponding homogeneous 


0. This is called the complementary function (C.F.). 


4 7 d2y 
differential equation, a—— + b—— 
dx? 
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You then need to find a particular integral (P.I.), which is a function that satisfies the differential 
equation. The form of the particular integral depends on the form of f(x). 


This table provides some particular integrals to try. 


Form of f(x) Form of particular integral 
P 2 Use this form of the Pl. for functions such as 
ptqx A+ px 4x? or 1-27. 
p+gxtrx? A+px + vx? 
pek Je ___ Use this form of the Pll. for functions such as 
pcosmx + gsinox Acosmx+psinox + _—_‘Sin2xor 5cosx. 


= Aparticular integral is a function which satisfies the original differential equation. 


Find a particular integral of the differential equation $ 
a3 b 2x © 3x? de 
dy d*y 
a Let y =A, then a O and qe mat 
dy dy 
Substitute into —> - 55— + 6r =3 
x= dx - 
O-5x0+G1=3 a 
Sast 
So a particular integral is L_ 
ay dy 
b let y=Ax +4, then Pres Aand me 0 
fy dy a 
Substitute into a = Soy + 6y = 2x: 
O-SxarGanryy= 2x ——V 
= (Gu - 5A) + Gav = 2x 
=> Gu-5A=0 and GA=2 
4st and pad 
So a particular integral is x + 3 L 
e let y =Ax? + px+u 


2A — 5(2Ax + yw) + GAN? + px + uv) = 3x? 

=> (2A -— Sy + Gv) + (Gu — 10A)x + GAx® = 3x* 
> 24-5u+ Gv =0,6"- 1028 =O and GA =3 
2 and v =4 


sA=hu 


c 


So a particular integral is 4x2 + 2n + 2 
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wv + 6y = f(x) when f(x) is: 


e 13sin3x 


When f(x) = 3, which is constant, choose 
P|. = 2, which is also constant. 


Differentiate twice and substitute the 
derivatives into the differential equation. 


Solve equation to give the value of 2. 


When f(x) = 2x, which is a linear function of 
x, choose Pl. =2x + pr. 


Difterentiate twice and substitute the 
derivatives into the differential equation. 


Equate the constant terms and the coefficients 
of x to give simultaneous equations, which you 
can solve to find 2 and yu. 


As f(x) = 3x2, which Is a quadratic function of 
xlet Pl. = Ax? + px tu. 


Equate the constant terms, the coefficients 
of x and the coefficients of x? to give 
simultaneous equations, which you can solve 
to find A, wand v. 


Methods in differential equations 


dvicep=desthen dy er, d y =Je As f(x) = es, which is an exponential function 
dx dx? of x let Pl. = Ze". 


Ay 
Substitute into -5> 
dx A 


— Sde* + Gle* = 
=> 2lev=e* 7] 
Ast | |__ Equate coefficients of e* to find the value of 2. 


So a particular integral is 3e* 
eee we REMOTES As f(x) = 13 sin 3x, which is a trigonometric 
i 3icos 3x — 3ysin 3x — function of x let Pl. = Asin3x + cos 3x, also 
a similar trigonometric function. 


and ©, —-Odzin Bx — 9pcos3x 


dx? 


di dy 
Substitute into - 55_ + Gy = 13sin 3x: 
d dx 
—9Asin3x — Spcos 3x — 5(3Acos 3x — 3ysin3x) 
+ GlAsin 3x + pcos 3x) = 13sin 3x 
(-O9A + 15y + Ga)sin3x+ 
(-9p — 152 + 6u)cos3x = 13 5in3x 
* oe ee t Problem-solving ] 
and -Ou — 154 + Gu =0 JOS ey SUNT 
Equate coefficients of sin 3x and of cos 3x. 


ero eee 5 
= A=-fand y=? 
and solve simultaneous equations. 


2 a ee ea : 
So a particular integral is —¢ sin3x + Zeos 3x 


d’*y dy 
= To find the general solution to the differential equation a + oe +cp=f(x), 
dp dy 
* Solve the corresponding homogeneous equation a——> +h + cy = 0 to find the 
dx? dx 
complementary function (C.F.) 
* Choose an appropriate form for the particular integral (P.I.) and substitute into the 
original equation to find the values of any coefficients. 


* The general solution is » = C.F. + P.l. 


a i if I . dy 
Find the general solution to the differential equation y 


sy + 6y = f(x) when f(x) is: 


a3 b 2x © 3x? e 13sin3x 


m2? -5m+G=0 
(m— 3)\(m— 2)=0 3 m=3 orm=2 
Hence the complementary function is 


Solve the auxiliary equation to find the 
values of m. 


y = Ae* + Be®* where A and B are arbitrary 
constants. 
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The particular integrals were already found in 
example 11 50 the general solutions are: 


a y= Ae + BeP® +> 
b y= Ae + Ber + 


© y= Ae? + Be + The general solution is y = CF. + Pl. 


d y= de® + Be +3 


e y= Ae* + Be — zsin3x+ 2cos3x 


You need to be careful if the standard form of the particular integral contains terms which form part 
of the complementary function. If this is the case, you need to modify your particular integral so that 
no lwo Lerms int the general solution have the same form. 


For example, this situation occurs when f(x) is of the form pe’, and & is one of the roots of the 
auxiliary equation. In this case you can try a particular integral of the form, axe. 


Example 


Find the general solution to the differential equation 


As in Brample 12, the complementary incon is | QRSMREND) The function 2e* ispart ofthe 
y = Ae2* + Bez, C.F. and satisfies the differential equation 

2. 
The particular integral cannot be Ae, oe so +6y = 0,50 it cannot also satisfy 
as this is part of the complementary function. a a 

ened, ‘ 
So let p = Axe?* ae ee ee 


ap 
Then = = 2axe® + Ae? 


arid 


4dxe?* + 22e** + 21e** = 44xe?* + 42e2* 
ay 

a ae ey 
4dxe®* + 44e?* — 5(2Axe?* + Ae?*) + Gaxe?* = €?* 
=> -le?* = e?* 

=> iA=-1 


Let the Pl. be Axe and differentiate, 
substitute and solve to find 2. 


d. 
Substitute into 


So a particular integral is —xe?*, 
The general solution is y = de** + Be** — xe? 


The general solution is y = CF. + Pl. 


When one of the roots of the auxiliary equation is 0, the complementary function will contain a 
constant term. If f(x) is a polynomial, you will need to multiply its particular integral by x to make 
sure the PL. does not also contain a constant term. 
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Find the general solution to the differential equation 
&y 


First consider the equation 
nm? - 2m=O0 

m(m — 2) =O 

=> m=Oorm=2 


So the complementary function is y = A + Be? 
The particular integral cannot be a constant. 
as this is part of the complementary function, 


so let y = Ax. 


Then 
ens 


di 


dx 


=hand 
x 


Substitute into 


dx? 


O-2i=3 


So a particular integral is ~3.x 
a co 
Ss. 


The general solution is y = A + Be® — 3x. 


Exer 


-@ 


Methods in differential equations 


Find the complementary function by putting. 
the right-hand side of the differential 
equation equal to zero, and solving this new 
equation. 


Write down and solve the auxiliary equation. 


Try to find a particular integral. The right- 
hand side of the original equation was 3, 
which was a constant and usually this would 
imply a constant Pl. 

As the CF. includes a constant term ‘4’, the 
Pl. cannot also be constant. A value of 2 


Id satisty 2 - 2 — o rather th 
would sa‘ isfy Fa —— = 0 rather than 
ey ody 

de “dx * 


Multiply the ‘expected’ Pl. by x and try Ax 
instead. 


The general solution is y= CF + Pl. 


1 Solve each of the following differential equations, giving the general solution. 


2» > 2 7 

a $34 624 5y= 10 b 22 _ 3. y= 36x 
Py dy 2) , 

c Sh pay = 128 a 2425p 
2y 2, 7 

e S28 y= 8x4 12 £ S24 224 y=25c0s2x 
24, 2 

g os 8ly= 15e™ h oy Ayaan. 
&y dy 

i = = 25x72 - j 

er: ‘at Sy = 25x? -7 j 


d2y 
dx? 
b Hence find the general solution. 


Find a particular integral for the differential equation 


(6 marks) 
(3 marks) 
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3 y satisfies the differential equation 
dy 


a Find the complementary function for this differential equation. (3 marks) 


b Hence find a suitable particular integral and write down the { Hint } Trya particular integral 
general solution to the differential equation. (7 marks) of the form Ax + px? + vx3. 


4 Find the general solution to the differential equation 


(10 marks) 


5 a Explain why Jxe* is not a suitable form for the particular integral for the differential equation 


@y dy 
= + y= er z 
2 ay +yp=e (2 marks) 
b Find the value of 4 for which Ax’e* is a particular integral for the differential equation. 
(5 marks) 
e Hence find the general solution. (3 marks) 
ay dy 
6 rt + ae + 3y =kt +5, where k is a constant and 1 > 0. 
a Find the general solution to the differential equation in terms of k. (7 marks) 
For large values of f, this general solution may be approximated by a linear function. 
b Given that k = 6, find the equation of this linear function. (2 marks) 


Challenge 


Find the general solution of the differential equation 


CBP a esGeet 
ae = 5xe% 


@D Using boundary conditions 


You can use given boundary conditions to find a particular solution to a second-order differential 
equation. Since there are two arbitrary constants, you will need two boundary conditions to determine 
the complete particular solution. 


dy 


Find y in terms of x, given that we 


ay 
= 2e*, and that $= and y=0 atx=0. 


dy 
First consider the equation — > — y = O. 
ax Solve the auxiliary equation to find the 


n?—-1=O0>m=21 
values of m. 


So the complementary funct 


nis py = Ae + Be 
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a2 
The particular integral cannot be le*, As Je* satisfies ay = 0, it cannot also 
ix 


as this is part of the complementary function, 


peat) 
50 let y = Axe, satisfy po) =2e". 


ay. 
Then & Axe* + Je* and = Axe* + de* + de* 
Substitute into io y= 2e: 

dxe 
Axe* + Je* + Ae* — Axe* = 2e* 


= 4=i 
So a particular integral is xe*. 
The general solution is 


y= dev + Bew + xe* Substitute the boundary condition, y = 0 at x = 
Since y = O at x= O,O = 4 + B -____________ 0 into the general solution to obtain an equation 
=> A+B=0 relating 4 and B. 
Differentiating y = Ae* + Be~* + xe* with respect 
tous 
i : xX gives Substitute the second boundary condition, 
i glee ae ies dy ; ; 
oe SAE Dee pa Oat x= 0, into the derivative of the 


Since 2 =Oatx=0,0=A-B+1 ___ Ij general solution, to obtain a second equation 
ix 


relating A and B. 
= A-B=-i 


Solving the simultaneous equations gives 


Solve the two equations to find values for A and B. 


So y = ~je* + $e* + xe is the required solution 


Giveu that a particular inteyial is of the for Asin 2¢, find Ue solution to the differential 


dx_ = 
a 1 when ¢=0. 


2. 
equation oy +x =3sin 2, for which x = 0 and 


First consider the equation as +x=0. 


m+1=O0>m=4i 


Solve the auxiliary equation to find the values of mm. 
So, the complementary function is 
X= Acost + Bsint. 


The particular integral is Asin 21, WEST Normally you would need to trya 
so let x= Asin2t. particular integral of the form Asin 21 + jzcos2t 


for this equation. However, in this case you are 
told that there is a particular integral in the form 
Asin2t. 


Then as = 24cos 21 and S% = —Arsin 2¢ 


i oo EK, : 
Substitute into F5 +x = 3sin2r: 


—Adsin2t + dsin2t= 3sin2t 
=>i4=-1 
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Use general solution = complementary function + 
particular integral. 


So a particular integral is —sin 21 
The general solution is 
X= Acosi+ Bsint -sin2t 


Substitute the initial condition, x= 0 at = 0, into 
the general solution to obtain A =0. 


Since x= Oat 1=0,A=0. 
Differentiating x = Bsint — sin 21 with 
respect to 1 gives 

ax 


PT oa 2cos2t 


ahs Substitute the second initial condition, & = lat 
Since Y= 1 at 1=0,1=B-2 4 


1 =0, into the derivative of the general solution, 
= B=3 to obtain a second equation leading to B= 3. 


And so x = 3sint — sin 2t is the required 
solution. 


Exercise 


® 1 a Find the general solution to the differential equation 


dp dy 
de + say + 6y = 12e* a (5 marks) 
b Hence find the particular solution that satisfies y = 1 and ae = 0 when x=0. (4 marks) 
® 2 a Find the general solution to the differential equation 
ay dy ‘ 
a2 + care = 12e*" 4 (5 marks) 
b Hence find the particular solution that satisfies y = 2 and 2 = 6 when x=0. (5 marks) 


dy 


® 3 Given that y = 0 and 
a@y dy 


dan ld (10 urarks) 


when x = 0, find the particular solution to the differential equation 


® 4 a Find the general solution to the differential equation 
@ 


d +9y = 16sinx (6 marks) 
I a 
b Hence find the particular solution that satisfies y = 1 and - = 8 when x =0. (6 marks) 
® 5 a Find the general solution to the differential equation 
dy dy 
4 ts +4 4 Sp mainxs Acosx (6 marks) 
dx? * “dx **? i 
b Hence find the particular solution that satisfies y = 0 and = = 0 when x= 0. (6 marks) 


6 a Find the general solution to the differential equation 


(6 marks) 


b Given that x = 1 when / = 0, and x = 2 when ¢= 1, find a particular solution of this 
differential equation. (6 marks) 


164 


GP) 13 


Find the particular solution to the differential equation 
dx 
dre 

that satisfies x = 2 and & =-1 when ¢=0. 


— 9x = 10sint 


Methods in differential equations 


(10 marks) 


a i Find the value of 4 for which y = Ae” is a particular solution to the differential equation 


dx 3 c= 31e2t 
de rae 4x = 3te 


ii Hence find the general solution to the differential equation. 
b Find the particular solution that satisfies x = 0 and Ba =1whent=0. 


Find the particular solution to the differential equation 


ad?x 
255 a t 36x = 18 
that satisfies x = | and S = 0.6 when ¢ = 0. 
a Find the general solution to the differential equation 
dx dx 
=35 eave 
de a +2x=2t 


b Hence find the particular solution that satisfies x = | and S =3 when s=0. 


a Find the general solution to the differential equation 
@y dy 
a Sa + 2y =3e 


d 
b Hence find the particular solution that satisfies y = 0, Fs 0 when x= 0. 


Solve the differential equation 
dy ‘ 
qe + Oy = sin3x 
subject to the boundary conditions » = 0, - = 0 when x=0. 
oS + s& + 6x = 2e-! 
Given that x = 0 and e =2at1=0, 


a find x in terms of 1. 


B 4. 2V3 ae eat ‘ 
b Show that the maximum value of x is > and justify that this isa maximum. 


9 


Mixed exercise 


®1 


Find the general solution to the differential equation 


ee ee 
ao tanx = 2secx 


giving your answer in the form y = f(x). 


(6 marks) 


(6 marks) 


(12 marks) 


(6 marks) 


(6 marks) 


(7 marks) 


(6 marks) 


(14 marks) 


(8 marks) 
(7 marks) 


(7 marks) 
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® 2 Find the general solution to the differential equation 
dy 
(1-2) 4+xy=5x, -1<x<l 
dx 
giving your answer in the form y = f(x). (7 marks) 
® 3 Find the general solution to the differential equation 
DP eerie 
% ae +x4+y=0 
giving your answer in the form y = f(x). (7 marks) 


®©® 4 ysatisfies the differential equation 


o trave 
dx"x "? 
Find y as a function of x. (7 marks) 


® 5 y satisfies the differential equation 


dy 
= +2xyp= 
et 2x) 


Find » in terms of x. (7 marks) 


6 Find the general solution to the differential equation 
dy 
x=) 24 Qt Dy=2, O<x<1 
giving your answer in the form y = f(x). (7 marks) 
dy 

7 Find the general solution to the equation ix — ay = Q(x). where a is a constant. giving your 

answer in terms of a, when . 

a Q(x) = ke* (k and J are constants) (6 marks) 


Given that Q(x) = kx"e**, where k and 7 are constants, 
b find the general solution to the differential equation. (7 marks) 
(E/P) 8 Find, in the form y = f(x), the general solution to the differential equation 
dy 


tanxz— +) = 2eosxtanx,0 <x < mr (6 marks) 


® 9 a Find the general solution to the differential equation 


oy + ytanx =e'cosx,-2 <x <4 
dx °° eo 2 
giving your answer in the form y = f(x). (6 marks) 
b Find the particular solution for which y = 1 at x =z. (3 marks) 
dy . 
(GQ) 10 i 3y =sinx 
Given that y = 0 when x =0, find y in terms of x. (7 marks) 
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11 a Find the general solution to the differential equation 


. inh. 4 ‘ks 
ax =ysinhx (4 marks) 
b Find the particular solution which satisfies the condition that y = | when x = 0. (2 marks) 
© vw Be xa-39 
dx 74-37) 
Given that y = | when x = 0, find y in terms of x. (7 marks) 
® 13 Find the general solution to the differential equation es dy (6 marks) 
"1 a . “3 ay dy 
® 14 Find the general solution to the differential equation aa 12: +36y=0 (6 marks) 
x? 5 
(6 marks) 
16 q yy k°y =0 where k is a constant, and y = 1 
Be 
(8 marks) 
® 17 Find the solution to the differential equation 2 + 10y = 0 for which yp =0 
dy . : 
and i 3atx=0. (8 marks) 


® 18 a Find the value of & for which » = ke** is a particular integral of the differential equation 
ay oy 13y =e (4 marks) 
413726 
ag ae ye marks) 


b Using your answer to part a, find the general solution to the differential equation. (5 marks) 


Find the general solution of the differential equation 


(7 marks) 


GP) 20 


4y = 4e** is to be solved. 


a Find the complementary function. (3 marks) 
b Explain why neither 4e?* nor Axe* can be a particular integral for this equation. (2 marks) 
A particular integral has the form kx?e**. 


¢ Determine the value of the constant k and find the general solution of the 
equation. (6 marks) 


21 Find the particular solution of the differential equation 


@y 
qet 4y = Scos31 
dy 
which satisfies the initial conditions that when ¢ = 0, y = 1 and ad (12 marks) 


dt 
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® 2 


@P) 23 


©) 24 


@P) 25 


a Find the values of A, » and & such that y = 2 + yx + kxe* is a particular integral of the 
differential equation 


(5 marks) 


b Using your answer to part a, find the general solution of the differential equation. (5 marks) 
ey 


dy 
a Find the solution of the differential equation 16 + 8a Ps Sy = 5x + 23 for which y =3 


dx? 
ates it x = 0. (8 marks) 
and G7 = 3 atx=0. 


b Show that y = x + 3 for large values of x. (2 marks) 


dy dy 
Find the solution of the differential equation 4 E = — 6y =3 sin 3x — 2 cos3x for which 


y= 1 at x=O0and for which y remains finite as x — 00. (8 marks) 


X satisfies the differential equation 


@x | dx 
de +807 + 16x =cos41,120 
a Find the general solution of the differential equation. (8 marks) 
b Find the particular solution of this differential equation for which, at 1 = + 
dx 
—=0. 5 
and a 0. (5 marks) 
e Describe the behaviour of the function for large values of 1. (2 marks) 


Challenge 


1 
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Use the ae z=y* to transform the differential equation 
2+ oP saws t 


into a differential equation in z and x. by first solving the transformed equation, 
a find the general solution of the original equation, giving y in terms of x. 
b Find the particular solution for which y = 2 when x = 0. 
a Find the general solution of the differential equation 
a? 
al 2 
using the substitution x =e", where wis a function of x. 


dy 
+ lx 4 2y=Ina, x>0, 


b Find the equation of the solution curve passing through the point (1, 1) with 
gradient 1. 


Methods in differential equations 


Summary of key points 


dy 
1 You can solve a first-order differential equation of the form + P(x) = Q(x) by multiplying 


every term by the integrating factor e/°4*_ he 


The natures of the roots a and of the auxiliary equation determine the general solution 
dy od 
to the second-order differential equation a + oe +¢e=0. 


You need to consider three different cases: 
+ Case 1:4? > 4ac 
The auxiliary equation has two real roots a and ( (a ¥ 4). The general solution will be of the 
form y = de”* + Be* where 4 and Bare arbitrary constants. 
° Case 2: b? = 4ac 
The auxiliary equation has one repeated root a. The general solution will be of the form 
= (A + Bx)e™ where A and B are arbitrary constants. 
* Case 3: b? < 4ac 


The auxiliary equation has two complex conjugate roots a and 8 equal to p + gi. The 
general solution will be of the form y = e?*(A cosqx + Bsin gx) where A and Bare arbitrary 
constants. 


A particular integral is a function which satisfies the original differential equation. 


d’y dy 
To find the general solution to the differential equation oat +b— 


aeuoas +cy =F(x), 


d2y dy 
+ Solve the corresponding homogeneous equation oo + oe +cy =0to find the 
complementary function, CF. 


+ Choose an appropriate form for the particular integral, P.1., and substitute into the original 
equation Lo find the values of arly coefficients. 


+ The general solution is y = C.F. + Pl. 
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differential equations 


After completing this chapter you should be able to: 
@ Model real-life situations with first-order differential equations 
> pages 171-175 


® Use differential equations to model simple harmonic motion 
— pages 175-180 


@ Model damped and forced oscillations using differential 


equations > pages 180-186 
®@ Model real-life situations using coupled first-order differential 
equations — pages 186-190 


Prior knowledge check 


1 Find the particular solution to the 
dy y 
differential equation == 40- aes 


given that y=Owhenx=0. ¢€ Section 7.1 


2. Find the general solution to the differential , 
dy dy 

equation —— a + oA -6x=0 ¢€ Section7.2 

Find the particular solution to the 

differential equation 


dy dy ) Po ifeen levels of iia and their | 
+2——+2y=10cosx ‘ P P | 
dx “dx f=) prey can be modelled using a pair of t é 
eich Cand O When O Sys) coupled first-order differential equations. be 
dx ‘i aaa : 


€ Sections 7.3, 7.4 | > Mixed exercise Q16 J 


2 Ci ART Ee, 


Modelling with differential equations 


Modelling with first-order differential equations 


First-order differential equations can be used to model problems in kinematics. You have covered 
some of these contexts in A level mathematics and you have learned the following relationships 
between displacement, velocity and acceleration: 
= ds aad 

dt dt 
where s is the displacement of a particle, v is the velocity and a is the acceleration at time . 


y 


You can use these relationships to construct first-order differential equations which you can 
solve using the standard methods of direct integration and separation of variables from A level 
mathematics, or the method of integrating factors covered in Chapter 7 of this book. 


A particle P starts from rest at a point O and moves along a straight line. At time / seconds the 
acceleration, am s~?, of Pis given by 


6 
=o 150 
oP 


a Find the velocity of P at time ¢ seconds. 


b Show that the displacement of P from O when f = 6 is (18 - 121In2)m. 


dy__—*G 
dt (1+ 2)? 


v= Jacopo = few + 2y?dt 


C+ 2y1 
pete ye 


ype 
~ £2 
When 1 = 0, v=0: 


= & = 
O=c-F>c=3 


The velocity of P at time { seconds is 


aN act 

(3--Ba)ms". 
ds_ 6 

Pate 


s=|(8-725)a 


=31-Gln(t+2)+d 
When t= 0.5 =O: 
O=-6ln2+d>d=6ln2 
y= 31-G6in(¢+ 2)4+ 6In2 
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When t = 6, 
s=16-6In6+6ln2 


= 18 - Gin($) = 18 - Gin4 
=16—-12In2 


The displacement of P from O when 1 = 6 
is (18 — 12 In2)m, a5 required. 


Example 


A particle P iy moving along @ suaighit line, At time / seconds, the acceleration of the particle is 
given by 
a=tt7vte 0 
Given that v = 0 when ft = 2, show that the velocity of the particle at time f is given by the equation 
yeeB-2 


where c is a constant to be found. 


dy | 
dt 
Integrating factor = e/Pu = el-Far 

= e-3n 

Sen 

a0 


So the original equation becomes 


dv 
p3SY_ 3y-4y 5-2 
Pa attest 
d 
=> (¢-3y) 2 
at! v) 
> eys-t+e 
Sra-P+e3 


Since v = O when 1 = 2, 
O=-448e4e=5 

So the velocity of the particle at time 1 is 
given by v =tr - 
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First-order differential equations can also be used to model other real-life situations involving rates 
of change. 


You might need to construct or analyse models based on situations other than kinematics in your exam. 


Example 


A storage tank initially contains 1000 litres of pure water. Liquid is removed from the tank at a 
constant rate of 30 litres per hour and a chemical solution is added to the tank at a constant rate of 
40 litres per hour. The chemical solution contains 4 grams of copper sulphate per litre of water. 
Given that there are x grams of copper sulphate in the tank after ¢ hours and that the copper 
sulphate immediately disperses throughout the tank on entry, 


a show that the situation can be modelled by the differential equation 


da 3x. 
ae |= q99 4r t= 9 


b Hence find the number of grams of copper sulphate in the tank after 6 hours. 


c Explain how the model could be refined. 


a Litres of liquid in the tank after ¢ hours is given by 
1000 + 401 — 301 = 1000 + 101 
Let x grams be the amount of copper sulphate in 


the tank after ¢ hours. Problem-solving 


Concentration of copper sulphate alter ¢ hours roreoneinenace tiaecopperauiphere 


= 1000 4 tor 3°28 Per litre. enters the tank and leaves it. The rate at 
Rate copper sulphate in = 40 x 4 which the copper sulphate leaves the tank 
= 160 grams per hour will be dependent on the concentration of 
= _— copper sulphate in the tank. 
Rate copper sulphate out = 30 * 755 775, pper sulp| 
ee cer hi 
P Pr aa iad jour 
Ix x 
k = 160 - 
hence 7 60 700 47 
Cee Ne 
Bae odd” > 5 
Integrating factor = el! = eligauy* 
= e2intoow 
= eliioorn® 
= (100 + 13 


So the original equation becomes 
(100 + wee + 3(100 + 12x = 160(100 + 9 


> Woo + 12x) = 160(100 + 1)? 
> (100 + 3x = 40(100 + 4 +e 
When 1 = 0, x= 0, 

0 = 4000000000 + ¢ > c=-4 x 10% 

After 6 hours, 

(106)?x = 40 x (106)*- 4 x 10? 

= x = 682 g (3 sf) 
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f ‘You could give any : sensible suggestion 
here, but make | sure it 


¢ The model could be refined to take into account 
the fact that the copper sulphate does not => 1 
disperse immediately on entering the tank. 


f are liquid is removed could be made 
to vary with the volume of liquid in the 


- tan! 7 = 
Exercise ite —— = 


1 A particle P is moving along the x-axis in the direction of x increasing. At time ¢ seconds, the 
velocity of P is (tsinf)ms~!. When f = 0, P is at the origin. Show that when ft = = 
P is | metre from Q. 


2 A particle P is moving along a straight line. Initially P is at rest. At time ¢ seconds P has velocity 
yms-! and acceleration am s~? where 


t 
=a pl? 


Find vin terms of t. 

® 3 A particle P is moving along the x-axis. At time ¢ seconds P has velocity yms~! in the direction x 
increasing and an acceleration of magnitude 4e°” m s~? in the direction x decreasing. When t = 0, 
P is moving through the origin with velocity 20 m~! in the direction x increasing. Find: 
a vin terms of r 
b the maximum value of x attained by P during its motion. 

® 4 A particle, P, is moving along the x-axis. At time ¢ seconds, the displacement of the particle from 
Ois xm, and its velocity is yms!, where 

vse? 


Given that the particle is initially at the origin, find x as a function of t. 


A sports car moves along a horizontal straight road. At time rf seconds the acceleration, 
in ms~, is modelled using the differential equation 


dy 
a 2vt=t 


where v is the velocity of the car in ms~!. 

When ¢ = 0, the car is travelling at 1ms"!. 

a Show that the velocity of the car at time ¢ seconds can be written as v = 4Ge* -1). @ marks) 
b Find the velocity of the car after 2 seconds. (2 marks) 
¢ State, with a reason, whether the model is suitable when / = 4 seconds. (2 marks) 

6 A raindrop falls vertically from rest through mist. Water condenses on the raindrop as it falls. 
You are given that the motion of the raindrop may be modelled by the equation 
(144) E+ 4y=9.8(0+ 4) 


where f is the time in seconds and v is the velocity of the raindrop in ms™!. 


shaw thaty= 9) ie ats a conceane tbe Round 6 marks} 
a Show that y= 25+ 48 where c is a constant to found. (6 marks) 
b Find the velocity of the raindrop after 5 seconds. (2 marks) 


e By considering the velocity for large values of ¢, suggest one criticism of the model. (1 mark) 
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7 A gas storage tank initially contains 500 cm? of helium. The helium leaks out at a constant rate 
of 20cm’ per hour and a gas mixture is added to the tank at a constant rate of 50cm‘ per hour. 
The gas mixture contains 5% oxygen and 95% helium. 


Given that there is x cm} of oxygen in the tank after ¢ hours and that the oxygen immediately 
mixes throughout the tank on entry, 


a show that the situation can be modelled by the differential equation 


dx 2x 

dp 4 (4 marks) 
b Hence find the volume of oxygen in the tank after 4 hours. (5 marks) 
¢ Explain how the model could be refined. (1 mark) 


@® Simple harmonic motion 


You can use second - order differential equations to model particles moving with simple harmonic motion. 


= Simple harmonic motion (S.H.M.) is motion in which the acceleration of a particle P is always 
towards a fixed point O on the line of motion of P. The acceleration is proportional to the 
displacement of P from O. 


The point O is called the centre of oscillation. 
We writ er: The minus sign means that the acceleration is 
alee, saan always directed towards O. 


This can be shown ona diagram 


oe t Links ) The constant of proportionality in this 
= ___3g equation is w2, where w is the angular velocity 
a 7 of the particle. ~ FM2, Chapter 1 
Given that ¥ a vou can use the chain rule to 
. de { Online ) Explore simple harmonic motion 6) 
derive a relationship between x, y and a which will using GeoGebra. 


allow you to solve the second-order differential 
equation for simple harmonic motion: 


dv_ dv. dx { Notation ) You can use ‘dot’ notation to indicate 


de rs dx ° die differentiation with respect to time. 


4 ee © a CBE ence a 
Since ide, v, you can write acceleration as follows: a Glee rep Salle Suse oe taae 
de displacement, then * represents velocity and * 
us dy represents acceleration. 
arr 


A particle P moves with simple harmonic motion about a point O. Given that the maximum 
displacement of the particle from O is a, 


a show that vy? = w?(a? — x?), where vis the velocity of the particle and w” is a constant. 
b show that x =a sin (wf + «), where a is an arbitrary constant. 
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v=Owhenx =a, 
therefore O = -tw2a? +e Se= 
Hence $y? = —3w?x? + wa? 

= v? = w? (a? — x?) as required. 


b X+wx=O 


uP +P? =O > m= tui 


X = Acos wt + Bsinwt 


= Rsin(wt + a) 4 


This has maximum amplitude R. Since the 
maximum amplitude of the particle is a: 


X = asin(wi + a) as required. 


You can see from the above example that the 
path of a particle P under simple harmonic 


Hanae " - sy Om 
motion is a sine wave with period [and 
amplitude a. 


If the particle is at its equilibrium position at time 
1=0,thena=0. 
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Problem-solving 


You are given information about the maximum 
displacement, so write the general solution ina 
form where you can determine the amplitude. 
The arbitrary constants become R and a, where 


‘R?= A?+ B andtana -4 


The period of the motion is the time 


the particle takes to complete one oscillation. 
The amplitude of the motion is the maximum 
displacement frori Ute origin. 


If the particle is at its stationary point, i.e. its 
maximum displacement, when ¢ = 0, then a =5 


Modelling with differential equations 


Example 


A particle is moving along a straight line. At time f seconds its displacement, xm from a fixed 
dx 
qa —4x. 


Given that at f= 0, x = 1 and the particle is moving with velocity 4ms-!, 
a find an expression for the displacement of the particle after s seconds 


point O is such that 


b hence determine the maximum displacement of the particle from O. 


hg 
a de +4x=0 


nP+4=0>5 m= +2i 
X= Acos2i+ Bsin2t 
x=1wheni=O3A= 


y =& =2sin2+ 2Bcos21 | 


v=4whent=O> B=2 


Hence x = cos2t+ 2sin2t 


b x=V5sin(21 + 0.4636.) 


Hence maximum displacement is 
V5 metres. 


A particle, P, is attached to the ends of two identical elastic springs. The free ends of the springs 
are attached to two points 4 and B. The point C lies between A and B such that ABCis a straight 
line and AC # BC. The particle is held at C and then released from rest. 

At time r seconds, the displacement of the particle from C is xm and its velocity is vms“'. 

The subsequent motion of the particle can be described by the differential equation x = -25x. 

a Describe the motion of the particle. 

Given that x = 0.4 and v=0 when r=0, 

b solve the differential equation to find x as a function of ¢ 


¢ state the period of the motion and calculate the maximum speed of P. 


a The particle moves with simple harmonic motion. 
b X+25x=0 

m+ 25=03m=25i | 

x=Acos5i+Bsinsr _| 
04 whent=O05A=04 | 
X= -5SAsinSt + SBcos5St 
vy=Owhent=O> B=0 
Hence x = O4Acos5St 
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¢ Feriod of motion is z seconds 


4 = —25in 54, 50 maximum speed = 2m"! 


Exercise 


® 1 A particle is moving along a straight line. At time / seconds its displacement, xm, from a fixed 


point O is such that ay Ox. 

a Describe the motion of the particle. (1 mark) 
Given that at ¢ = 0, + = 2 and the particle is moving with velocity 3ms~!, 

b find an expression for the displacement of the particle after ¢ seconds. (7 marks) 
e Hence determine the maximum distance of the particle from O. (2 marks) 


® 2 A particle is moving with simple harmonic motion. After ¢ seconds its displacement, xm from a 
fixed point O is such that ¥=- 16x. 


Given that at f= 0, x=5 and x =2, 
a find an expression for the displacement of the particle after ¢ seconds. (7 marks) 


b Hence determine the period of motion and the maximum distance of the particle 
from O. (3 marks) 


3 A particle moves along a straight line. The particle moves such that its acceleration, in ms, 
acts towards a fixed point O and is proportional to its distance, xm, from O. 


a Describe the motion of the particle. (1 mark) 
Given that the acceleration of the particle is -Sms~ when x = 1, 

b write down a differential equation to describe the motion of the particle. (2 marks) 
If the velocity and displacement of the particle at time ¢= 0 are 6ms~! and 5m respectively, 

¢ find an expression for the displacement of the particle after ¢ seconds. (7 marks) 


d Hence find the maximum distance of the particle from O. (2 marks) 


4 A particle moves along a straight line such that its acceleration, in ms, acts towards a fixed 


point O and is proportional to its distance, xm, from O. 
ay 
qn —kx,t2=0 


The equation of motion is given as 
where & is a constant. 


Given that the acceleration is -7m s~* when x = 2, 


a write down the value of k. (1 mark) 
b Use your answer to part a to find x as a function of given that x = 6 and * = 1 at 

time = 0. (7 marks) 
e Hence find, correct to 2 decimal places, the period of the motion. (2 marks) 
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5 A small rowing boat is floating on the surface of the sea, tied to a pier. The boat moves up 
and down in a vertical line, such that the vertical displacement, xm, from its equilibrium point 
satisfies the equation 


d 


=-2.25x,t20 


dr? 
Given that the maximum displacement is 1.3m and it occurs when f = 2 seconds, 
a find an expression for x in terms of fin the form x = Asinwt + Bcoswt where A, B and w are 


constants to be found. Give 4 and B correct to three decimal places. (7 marks) 
b State the time elapsed between the boat being at its highest and lowest points. (2 marks) 
¢ Criticise the model in terms of the motion of the boat for large values of 1. (1 mark) 


6 A particle P is attached to one end of a light elastic spring. The other end of the spring is fixed 
to a point A on the smooth horizontal surface on which P rests. The particle is held at rest with 
AP =0.9 m and then released. At time ¢ seconds the displacement of the particle from 4 is xm. 
The motion of the particle can be modelled using the equation ¥ = —200x. 


a State the type of motion exhibited by the particle P. (1 mark) 
Given that x = 0.3 and the particle is at rest when ¢ = 0, 

Db solve the differential equation to find x as a function of f (7 marks) 
¢ find the period and amplitude of the motion (3 marks) 
d calculate the maximum speed of P. (2 marks) 


® 7 A particle P is attached to one end of a light elastic spring. The other end of the spring is fixed 
toa point O on the smooth horizontal surface on which P rests with OP = 2.6m and then 
released. The motion of P can be described using the equation * = -1Bx, where xm is the 
displacement of P from O at time / seconds. 
Given that x = | and the particle is at rest at time ¢ = 0. 
a solve the differential equation to find x as a function of 1 (7 marks) 
b find the period of motion. (2 marks) 


® 8 A smooth cylinder is fixed with its axis horizontal. A piston of mass 2.5kg is inside the cylinder, 
attached to one end of the cylinder by a spring of natural length 50cm. The piston is held at rest 
in the cylinder with the spring compressed to a length of 42cm. The piston is then released. The 
spring can be modelled as a light elastic spring and the piston can be modelled as a particle. 


The motion of P can be described using the equation ¥ 
of the spring from its natural length at time f seconds. 


—320.x, where xem is the compression 


Given that x = 8 and vy = 0 when r= 0, 
a solve the differential equation to find x as a function of f (7 marks) 
b find the period of the resulting oscillations. (2 marks) 


A pendulum P is attached to one end of a light inextensible string. The other end of the string 
is attached to a fixed point A on a ceiling. The pendulum hangs in equilibrium at a point B 
vertically below A. 


The pendulum is then moved through a horizontal distance of 15cm and released from rest. 
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“ - tee oD 2 
The subsequent motion can be modelled using the equation ¥ = 70, where xcm is the 
horizontal displacement from the vertical at time ¢ seconds and ¢ > 0. 


a Solve the differential equation to find x as a function of ¢. (7 marks) 
b Find the period and amplitude of the motion. (3 marks) 


Anton says that since the pendulum describes simple harmonic motion, the model suggests that 
the pendulum will stay swinging forever. 


¢ Suggest a refinement of the model in light of this statement. (1 mark) 


8.3) Damped and forced harmonic motion 


You can refine the model for simple harmonic motion by adding an additional force which is 
proportional to the velocity ot the particle. When this force acts so as to slow the particle down it is 
known as a damping force, and the motion of the particle is known as damped harmonic motion. 


= Fora particle moving with damped harmonic motion [ Notation } Wonaaneaun 
Oe dx this as ¥ + kx + wer =0. 
di thy tex =0 


where x is the displacement from a fixed 

point at time ¢, and & and w? are positive 

constants. This is an example of a second-order 
homogeneous differential equation. You can solve 
equations like this by considering the auxiliary 
equation. © Section 7.2 


There are three separate cases corresponding to 
the auxiliary equation having distinct real, equal 
or complex roots. 


When k? > 4w? there are two distinct real roots for the auxiliary equation. This is known as heavy 
damping. In this case there will be no oscillations performed as the resistive force is large compared 
with the restoring force. 


When k? = 4w* the auxiliary equation has equal roots. This is known as critical damping. Again there 
will be no oscillations performed. 


When k? < 4w? the auxiliary equation has complex roots. This is known as light damping and is the 
only case where oscillations are seen. The amplitude of the oscillations will decrease exponentially 
over time. 


For heavy and critical damping the exact nature of the motion will depend on the initial conditions 
given. 


For light damping the period of the observed oscillations can be calculated. 


A particle P of mass 0.5kg moves in a horizontal straight line. At time ¢ seconds, the displacement of 
P from a fixed point, O, on the line is xm and the velocity of P is yms"!. A force of magnitude 8xN. 
acts on P in the direction PO. The particle is also subject to a resistance of magnitude 4vN. 

When f= 0, x = 1.5 and P is moving in the direction of increasing x with speed 4ms“'. 


a Show that b Find the value of x when ¢ = 1. 
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F=ma 
-(8x + 4y) = 0.5% 
O.5i+ 4+ Bx =O 
dx fe a@ v 


ix 
di art 16x=0 


b Auxiliary equation: 
m? + 8m+16=0 
(m+ 4? =0 

m=-4 

General solution is x = (A + Boe~ 


t=O: 2=45 = 15 =A = Problem-solving 


y = Be* — 4(A + Blle* This is an example of critical damping: 


~ at 

Ov=454=B-4A » 
B=4+44=44+4x15=10_| 

So x = (1.5 + 10Ne** 

t=13x=11.5e% =0.2106... 

When f= 1, x = 0.211 (3 5.4) 


é 


oO} * 


{ Online ) Explore damped harmonic ey 


motion using GeoGebra. 


Example 


A particle P hangs freely in equilibrium attached to one end of a light elastic string. The other end 
of the string is attached to a fixed point A. The particle is now pulled down and held at rest ina 
container of liquid which exerts a resistance to motion on P. P is then released from rest. While the 
string remains taut and the particle in the liquid, the motion can be modelled using the equation 


dx dx 5 P a 
ae + 6k ay + 5k?x = 0, where k is a positive real constant 
Find the general solution to the differential equation and state the type of damping that the particle 


is subject to. 


Auxiliary equation: m? + 6km + 5k* =O 
(m + 5k\m +k) =O 

m =—5k or -k 

General solution is x = de" + Be* 


The auxiliary equation has two distinct real 
roots so the particle is subject to heavy 
damping. 
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Example 


One end of a light elastic spring is attached to a fixed point A. A particle P is attached to the other 
end and hangs in equilibrium vertically below A. The particle is pulled vertically down from its 
equilibrium position and released from rest. A resistance proportional to the speed of P acts on P. 
The equation of motion of P is given as 
d?x 
di? 
where k is a positive real constant and x is the displacement of P from its equilibrium position. 


+ aan 2k?x =0 
dt 


a Find the general solution to the differential equation. 
b Write down the period of oscillation in terms of k. 


If the auxiliary equation has complex roots 
m? + 2km + 2k* =O — p+qi,then the general solution is in the form 
_ 2k + V4k* - 4 x 2k* x=el(Acosgi + Bsingt) 

~ 2 

So x = e*"(Acoskt + Bsinkt;—__+ (Acoskt + Bsinkd can be written as Rcos(kt + e) 


a Auxiliary equation 


m =k + ik 


b Period = ou to give a period of 


k 
Problem-solvi 


This is an example of light damping: 
vs 


oY 


The displacement of the particle will oscillate with 
a reducing amplitude. 


You can investigate the motion of a particle which is subject to the same two forces as above but 
is also forced to oscillate with a frequency other than its natural one. This type of motion is called 
forced harmonic motion. 


= Fora particle moving with forced harmonic 


motion This is an example of a second-order 
dx dx 5 non-homogeneous differential equation. You will 
aet k a F(t) need to find the solution to the corresponding 


homogeneous equation, then add a particular 
integral, the form of which will depend on f(a). 
© Section 7.3 


where x is the displacement from a fixed 
point at time ¢, and & and w? are positive 
constants. 
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Example 


A particle P of mass 1.5kg is moving on the x-axis. At time f the displacement of P from the 
origin O is x metres and the speed of P is yms™!. Three forces act on P, namely a restoring force of 
magnitude 7.5xN, a resistance to the motion of P of magnitude 6v N and a force 


of magnitude 12sinfN acting in the direction OP. When t= 0, x= 5 and x = 2. 


2 Z 
a Show that & + ase + 5x=8sint. b Find x asa function of t. 


¢ Describe the motion when is large. 


-7.5x - 6& + 12sint forced harmonic motion 
it 
dx 
de? 
Ax dx ses piel 
de ar + 5x = 6sint 
b Auxiliary equation: m? + 4m+5=O0 
-42V42-4x%5 -42iV4 


using GeoGebra. 


4 4X _ 955 
Poet = Gsind 


ec 


2 
=e%(Acost + Bsint) 
Particular integral: try x = psinf + qcost 


m= 


Complementary function: x, 


pcost — qsint 


E* = _psint — qcost 


So (-psint - qcost) + A(pcost — qsint) + S(psint + gcost) = &sint 
(-p — 4q + Sp)sint + (-q + 4p + 5q)cosi = 6sint 

Equating coefficients of cost: 4p + 4q=O3p+q=0 

Equating coefficients of sint: -4q + 4p = 8 > p-q=2 

So p=1andq=-1 


So the particular integral is x = sint — cost and the general solution J 
is 


v= e"(Acost + Bsint) + sint — cost 
O,x=545=A-150A4=6 
x =e?(Acost + Bsinl) + sint — cost 


2e*!(Acost + Bsint) + &(—Asint + Bcost) + cost +sint 
120,225 2=-24+B+190B=2412-1=13 


So x = e*(Gcost+ 13sin1) + sinf — cost 


dt 


c Ast>au0,e% 40 


So x > sint — cost = Rsin(t — a) 
R=\14+1 =v2, 


tana=1>a 


x = V2sin(t- a) 


For large values of 1, the motion is S.H.M. with amplitude V2 
and period 27. 
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Example 


A particle P is attached to end A of a light elastic string AB. Initially the particle and the string lie at 
rest on a smooth horizontal plane. At time ¢ = 0, the end B of the string is set in motion and moves 
with constant speed Uin the direction AB, and the displacement of P from A is x. Air resistance acting 
on P is proportional to its speed. The subsequent motion can be modelled by the differential equation 
De. 
&, 2k E 4 2x = 2kU 
Find an expression for x in terms of U, k and t. 


Auxiliary equation: m? + 2km + k? =O 
(m+ k? =O 
m=-k 


Complementary function: ‘A + Bi)e* 


Particular integral: try 2 
x=¥=0 
So ka = 2kU 3 a = 2U 
i 2U 

General solution is x= (A + Bile" + F > 
(=; x20 =0=4+20 5 42- 

-k(A + B)e™ + Be* 
t=0Se=0 = 
U=-kA+B 
B=U+kA=-U 


2u 
k 


sox= (22 aet 22 


Exercise 


1 A particle P is moving in a straight line. At time ¢, the displacement of P from a fixed point on 
the line is x. The motion of the particle is modelled by the differential equation 


When ¢ = 0, Pis at rest at the point where x = 2. 
a Find x asa function of 1. 


b Calculate the value of x when ¢ =3 


e State whether the motion is heavily, critically or lightly damped. 


2 A particle P is moving in a straight line. At time ¢, the displacement of P from a fixed point on 
the line is x. The motion of the particle is modelled by the differential equation 


When ¢ = 0, P is at rest at the point where x = 4. 
Find x as a function of 1. 


184 


GP) 3 


Modelling with differential equations 


A particle P is moving in a straight line. At time z, the displacement of P from a fixed point on 
the line is x. The motion of the particle is modelled by the differential equation 
Px 


de 


dx 
+24, + 6x=0 


When ¢ = 0, P is at rest at the point where x 
a Find x asa function of f. (6 marks) 
The smallest value of ¢, t > 0, for which P is instantaneously at rest is T. 

b Find the value of 7. (2 marks) 


A particle P is attached to one end of a light elastic spring. The other end of the spring is 
attached to a fixed point A and P hangs freely in equilibrium vertically below A. At time t= 0, P 
is projected vertically downwards with speed w. A resistance proportional to the speed of P acts 
on P. The motion of P can be modelled using the differential equation 

d2x dx . 

an +4ka +4iex=0 
where x is the displacement of P from its equilibrium position at time ¢ and k is a positive 
constant. 
a Find an expression for x in terms of u, and k. (6 marks) 


b Find the time at which P comes to instantaneous rest. (2 marks) 


A particle of mass 2kg moves in a horizontal straight line. At time ¢ seconds, the displacement 
of P from a fixed point O is x metres and the speed of P is vms*. 

A force of magnitude 6x N acts on P in the direction PO. The particle is also subject to a 
resistance of magnitude 2v N. When t= 0, x = 1 and P is moving in the direction of increasing x 
with speed 2ms7. 


a Show that ¥+ ++ 3x =0. (2 marks) 
b Solve the differential equation in part a to find x as a function of #. (8 marks) 
¢ Find the value of x when r= 2. (2 marks) 
d Describe the motion of P for large values of 1. (1 mark) 


A particle P is attached to end 4 of a light elastic spring 4B. The end B of the spring is 
oscillating. At time 1 the displacement of P from a fixed point is x. When f= 0, x = 0 and 


dh Fe where & is a constant. Given that x satisfies the differential equation 


de 5 
x 
ant 9x =keost 
find x as a function of 1. (8 marks) 


A particle P is attached to end 4 of a light elastic spring AB. Initially the spring and the particle 
lie at rest on a horizontal surface. The end B of the spring is then moved in a straight line in the 
direction AB with constant speed U. As P moves it is subject to a resistance proportional to its 
speed. The extension, x, in the spring can be modelled using the differential equation 


ex dx Bram: 
dp tka, + 6K? x =5kKU 
Find an expression in x in terms of ¢. (8 marks) 
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8 An engineering student is designing an oscillating piston that is attached to a vertical rod. The 
piston is to be released from rest from a point half way up the rod so that it oscillates in a vertical 
line. The vertical displacement, x metres, of the top of the piston below its initial position at time 
t seconds is modelled by the differential equation, 

2 dx 
de 
a Show that a particular solution to the differential equation is x = 30 sint-10cos¢ (3 marks) 


+3924. =100 cost, 220 
dé 


b Hence find the general solution to the differential equation. (5 marks) 
¢ Use the model to find, to the nearest centimetre, the vertical distance of the top of the piston 
from its initial position 5 seconds after it is released. (4 marks) 


(8.4) Coupled first-order simultaneous differential equations 


In some real-life situations rates of change of two variables are connected. For example, in a predator— 
prey model, the rate of change of the population of bears might be dependent on both the number 

of bears and the number of fish in a river. Simultaneously, the rate of change of the number of fish 
might be dependent on both the number of bears and the number of fish. In this case, you have two. 
dependent variables, the number of bears and fish, and one independent variable, time. You can set up 
two first-order differential equations to model the rates of change of the numbers of bears and fish. 


Letting the number of bears at time ¢ be x and the number of fish at time ¢ be y, you can write: 


dx 

—=ax + by + FQ 

ao @ [ Notation } If {( and g() are both zero, the 
dy system is said to be homogenous. 


a. cx + dy + g(t) 
These equations are called coupled first-order linear differential equations and you can solve 
them simultaneously to find x and » as functions of r. 


= You can solve coupled first-order linear differential equations by eliminating one of the 
dependent variables to form a second-order differential equation. 


Example 


At the start of the year 2010, a survey began on the numbers of bears and fish on a remote island 
in Northern Canada. After 2 years the number of bears, x, and the number of fish, y, on the island 
are modelled by the differential equations 


de _03x40.1y (1) 


= =-0.1x +0.5y (2) 


dx dx 
a Show that a7 084, +0.16x =0. 


dt 
dy 
dt 


Find the general solution for the number of bears on the island at time f. 
Find the general solution for the number of fish on the island at time f. 
At the start of 2010 there were 5 bears and 20 fish on the island. 


Use this information to find the number of bears predicted to be on the island in 2020. 


aon 


e Comment in the suitability of the model. 
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at 


3@ = -o1xt os(1o$ -a)— 


d2x 


10. 


at2 ~ 6241620 


dex 
dt 

b m?-0.6m + O016=0>m=04 
Hence x = Ae + Bre* 


- 06% +0.16x =0 
at 


© B= 0.4de%4' + 0.4BIe%" + Be! 


pe 10S = 3x from equation (1) 


y = 1010442%* + O4 B12 + Be) . 
— 3(4e°4! + Bie!) Problem-solving 


yp = Ae! 4 10Be4 4. Bre4t You do not need to go through the whole process 
to find an expression for y in terms of 7. If you 


a Aba 0, Sania differentiate your answer to part b with respect 


Atl=O.y= 205 B=15_| 
x= Se + 1.5169" 

At time 1 = 10: x = 5e* + 15e* = 1092. 
The model predicts there will be 1092 
bears on the island by 2020. 


to 1 you will have expressions for x and oe in 


terms of ¢ only. You can substitute these into 
equation (1) and simplify to obtain the answer. 


e The model predicts the number of bears 
(and the number of fish) will grow without 


limit so it is unlikely to be realistic. 


Two barrels contain contaminated water. At time ¢ seconds, the amount of contaminant in barrel 
Ais xml and the amount of contaminant in barrel B is yml. Additional contaminated water flows 
into barrel A at a rate of Sml per second. Contaminated water flows from barrel A to barrel B and 
from barrel B to barrel A through two connecting hoses, and drains out of barrel A to leave the 
system completely. 


The system is modelled using the differential equations 


dx 
Gata dd) 
dy 
ye BY Q) 
ay dy 
Show that 6305 + 370-7 + 28y = 135. 
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a 4 3 

a + 3! = Fo" from equation (2) 
7Ody 260, | 
Sal 27? et 


dx _ 704*Y , 26049 
dt 3 dai” 27 at 


(4) 


TOGO: PBOAY iA - 170% 280 ) 

2ae° of a eS As a ar 
#y 26047 4 dy 40 

Agere, ae hale an a 


e302” + 280% = 135 + 12y 302 40oy 
at dt : at z 
2 


weer oy , 
=> 630 a2 +370 aE 28y = 135 as required.. 


Exercise (30) 


® 1 Find the particular solutions to the differential equations 


dx 
Taal 
dy 
“apne 


given that x = 1 and y=2at1=0. 


® 2 a Find the general solutions to the differential equations 


dx 

i =x+5y 
dy 
ne 


b Given that at time ¢= 0, x = 1 and y = 2, find the particular solutions. 


® 3 Asystem of differential equations is given as 
dx 


a tok 2 
dy fl 
rete 


Given that x = 0 and y = 1 when f= 0, find the particular solutions to the system of differential 
equations. 


4 At the start of 2012, a survey began on the number of sand foxes and the number of meerkats 
on a remote desert island. After ¢ years, the number of sand foxes, x, and the number of 
meerkats, y, on the island are modelled by the differential equations 

& =0.2x+0.2y 
d 


Iv 
ae —0.5x + 0.4y 
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Show that —} 
a Show that 


b Show that the general solution for the number of sand foxes at time / is 
x=e(Acos G1 + Bsin Gi) 
where a and { are constants to be found. (4 marks) 


- 0.65 +0.18x =0. (3 marks) 


c¢ Find the general solution for the number of meerkats at time r. 
Give your answer in the form y = Pe*(Qcos 3t + Rsin 31) where P is a constant to be found 


and Q and R are functions of 4 and B. (3 marks) 
d Given that there were initially 3 sand foxes and 111 meerkats on the island, during which 

year does the model predict that the meerkats die out? (5 marks) 
e How many sand foxes will there be when the meerkats die out? (1 mark) 
f Use your answers to parts d and e to comment on the model. (1 mark) 


A tank of water contains two different types of chemical that react with each other. The rates of 
change of each chemical can be modelled using the differential equations 


dx 
Ge 7 3847 
Vv 
an oxt7 


where x is the number of litres of chemical ¥ and y is the number of litres of chemical Y at time 
thours. 


Initially there is one litre of chemical Y and two litres of chemical Y in the tank. 


a Show that the solutions to the differential equations can be written as 


x= Pe* 
page" 
where P and Q are functions of 1 to be found. (8 marks) 
h Find, correct to three significant fignres, the amonnt of each chemical at time f= 7 hours 
(2 marks) 
c Use the model to describe what happens to the amount of each chemical as f gets large. 
(2 marks) 


A freely hanging pendulum oscillates in both the x and y directions. At time ¢, the rates of 
change of the x and y displacements are given by the differential equations 


a 4y 
dy 
dr 
a Show that the pendulum describes simple harmonic motion in the y direction. (3 marks) 


Given that the initial displacement of the pendulum is x = 4 and y = 5, 


b find the particular solutions to the system of differential equations. (6 marks) 
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7 Joanna is investigating how a harmful substance from pollution is absorbed by the human body. 
She finds that the substance enters the body in the bloodstream and is transferred between the 
blood and the bodily organs. The harmful substance is then expelled from the body through, for 
example, sweat. 


The amount of the substance in the blood, xmg, and the organs, mg, at time ¢ days, can be 
modelled using the differential equations 


& =-0.03x + 0.01y + 50 
dy 
Gy 7 Onl = 0.03y 
ax dx . 
a Show that a + 0.060, +0.0008x = 1.5 (6 marks) 
b Hence find the general solutions to the system of differential equations in the form 
x=f(d) 
yaa (8 marks) 
e Describe what happens to the amount of the substance in the blood and the organs as f gets 
large. (2 marks) 


8 A biologist is examining the rates of change of nutrients in both tree roots and the surrounding 
soil. Nutrients pass from the tree roots into the soil and from the soil into the tree roots. 
Nutrients also enter the system through both the roots and the soil and escape from the system 
in the same way. 

The biologist believes that the amount of nutrients in the roots, x, and the amount of nutrients 
in the soil, y, at time t hours, can be modelled using the differential equations 


x 


ar -2xtyt1 
Oy 2 
a +yt 
d?x | dx 
a Show thatG2 +, ~ Ox= 1. (4 marks) 
b Find the general solutions to the system of differential equations. (6 marks) 


¢ Using your answers to part b, comment on the suitability of the biologist’s model. (2 marks) 


Challenge [ Hint } A population is stable when its rate of 


A closed environment supports populations of owls growth is zero. 
and field mice. At time ¢ months, the sizes of each 
population are x and y respectively. The situation is 


modelled by the pair of differential equations 
eee 


ar °) ~ 6000 
dx 
aro 0.02v-x 


— 60x 


Find the number of owls and the number of field 
mice such that the population of both is stable. 
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Mixed exercise 


®1 


A particle P moves along the x-axis in the direction of x increasing. At time ¢ seconds, the velocity 
of P is vms"! and its acceleration is 20se~"ms~. When = 0 the velocity of P is 8ms~!. Find: 


a vin terms of ¢ (4 marks) 
b the limiting velocity of P. (3 marks) 
A particle P moves along a straight line. Initially P is at rest at a point O on the line. At time 
tas s~ directed away from O. 

Find the value of ¢ for which the speed of P is 0.48ms"!. (5 marks) 


tseconds, where ¢ = 0, the acceleration of P is 


Acar moves along a horizontal straight road. At time ¢ seconds the acceleration of the car is 
100 


G+” s~ in the direction of motion of the car. When = 0, the car is at rest. Find: 
a anexpression for vin terms of ¢ (4 marks) 
b the distance moved by the car in the first 10 seconds of its motion. (4 marks) 


A particle P is moving ina straight line with acceleration cos*sms~ at time / seconds. 
The particle is initially at rest at a point O. 


a Find the speed of P when f= z. (4 marks) 

b Show that the distance of P from O when t= m is alr? +8)m. (4 marks) 

A particle P is moving along the x-axis. At time ¢ seconds, P has velocity yms~! in the direction 
2t+3 


x increasing and an acceleration of magnitude ms~ in the direction x increasing. 


tel 
When ¢ = 0, P is at rest at the origin O. Find: 


a vin terms of ¢ (4 marks) 
b the distance of P from O when 1 = 2. (4 marks) 


A colony of bacteria reproduces in a laboratory jar. At time ¢ = 0, the volume of bacteria is | cm?. 


Scientist Steve suggests that the rate of growth of the bacteria can be modelled using the 
differential equation 


ae 2t+3V4+5 
where / is the time in hours and Vis the volume in cm}. 
a Show that V = 41+ B+ Ce where 4, B and C are exact constants to be found. (6 marks) 
b Find the volume of bacteria after 2 hours. (2 marks) 
¢ Give one criticism of Steve’s model and suggest one refinement he could make. (2 marks) 


A fluid reservoir initially contains 10000 litres of unpolluted fluid. 
The reservoir is leaking at a constant rate of 200 litres per day. 


It is suspected that contaminated fluid flows into the reservoir at a constant rate of 300 litres per 
day and that the contaminated fluid contains 4 grams of contaminant in every litre of fluid. 
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It is assumed that the contaminant instantly disperses throughout the reservoir upon entry. 
Given that there are x grams of contaminant in the reservoir after ¢ days, 


a Show that the situation can be modelled by the differential equation 
dx 2x 


G = 1200-5 (4 marks) 

b Hence find, correct to three significant figures, the number of grams of contaminant in the 
reservoir after 7 days. (5 marks) 

¢ Explain how the model could be refined. (1 mark) 


A particle P is attached to one end of a light elastic string of natural length 1.2m. The other 
end of the string is attached to a fixed point A. The particle is hanging in equilibrium at the 
point O, which is vertically below A. 

The particle is now displaced to a point B, vertically below A, and released from rest. 

The subsequent motion while the string remains taut can be modelled using the equation 

X= —49x, where xm is the displacement of the particle from O at time f seconds. 

a Describe the motion of the particle while the string remains taut. (1 mark) 
b Solve the differential equation and hence find the period of the motion. (6 marks) 
A particle P of mass 0.6kg is attached to one end of a light elastic spring of natural length 


2.5m. The other end of the spring is attached to a fixed point A on the smooth horizontal table 
on which P lies. The particle is held at the point B where AB = 4m and released from rest. 


The motion of the particle can be described using the equation X = —Px, where xm is the 
displacement of the particle from A at time ¢ seconds. 
a Describe the motion of the particle. (1 mark) 
b Solve the differential equation and hence find the period and amplitude of the motion. 

(7 marks) 


A fisherman’s float bobs up and down on the surface of the water. The float moves up and 
down in a vertical line, such that the vertical displacement, x cm, from its equilibrium point 
satisfies the equation 

dx 


-0.25x,t=0 


di? 
Given that the maximum displacement is 4 cm and it occurs when f = 2 seconds, 


a find an expression for x in terms of ¢ in the form x = Asinwt + Bcoswt where A, Band w 


are constants to be found. Give A and B correct to three decimal places. (7 marks) 
b State the time elapsed between the float being at its highest and lowest points. (2 marks) 
¢ Criticise the model in terms of the motion of the float. (1 mark) 


A particle P of mass m is moving in a straight line. At time / the displacement of P from a fixed 
point O on the line is x. Given that x satisfies the differential equation 


2x. i 
Bx 694 8% re a0 
de 


de 
where k and n are positive constants with k <n, 
a find an expression for x in terms of k, 7 and ¢. (6 marks) 
b Write down the period of the motion. (1 mark) 
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12 A particle P of mass mis attached to one end of light elastic spring. The other end of the 
spring is attached to a fixed point A and P is hanging in equilibrium with AP vertical. 
The particle is now projected vertically downwards from its equilibrium position with speed 
U. A resistance of magnitude 2mkv, where v is the speed of P, acts on P. At time /, 1 > 0, the 
displacement of P from its equilibrium position is x. 


The motion of the particle is modelled by the differential equation 


oe ee +2k2x=0 
a Show that P is instantaneously at rest when ki = (n + Dr, where n € N. (9 marks) 
b Sketch the graph of x against 1. (3 marks) 


13 A particle P of mass m is attached to one end of a light elastic spring. The other end of the 
spring is attached to the roof of a stationary lift. The particle is hanging in equilibrium with 
the spring vertical. At time t= 0 the lift starts to move vertically upwards with constant speed 
U. At time ft, 1 > 0, the displacement of P from its initial position is x. 


The motion of the particle is modelled by the differential equation 


a find an expression for x in terms of ¢ and 7. (8 marks) 
At time ¢ = 7, the particle is instantaneously at rest. Find: 
b the smallest value of T (3 marks) 


¢ the displacement of P from its initial position at this time. (1 mark) 


14 A theme park ride designer is designing a new ride where the passengers will be in an enclosed car 
attached to a horizontal bar. The car will be released from rest from a point half way along the 
bar so that it oscillates in a horizontal line. The horizontal displacement, x metres, of the centre 
of the car relative to its initial position at time ¢ seconds is modelled by the differential equation, 


+45 4 35 = 150c081, 1>0 


a ie that a particular solution to the differential equation is 
x =30sint+ 1Scost (3 marks) 
b Hence find the general solution to the differential equation. (5 marks) 


¢ Use the model to find, to the nearest metre, the horizontal distance of the centre of the car 
from its initial position 10 seconds after it is released. (4 marks) 


15 a Find the general solution to the differential equation ax +2 dx + 10x =27cost- 6sint. 
df di 
(8 marks) 


The equation is used to model water flow in a reservoir. At time ¢ days, the level of the water 
above a fixed level is xm. When ¢ = 0, x = 3 and the water level is rising at 6 metres per day. 
b Find an expression for x in terms of 1. (2 marks) 


e Show that after about a week, the difference between the lowest and highest water level is 
approximately 6m. (3 marks) 
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16 At the start of 2008 a survey began on the number of hedgehogs and the number of slugs ina 
closed ecosystem. After f years, the number of hedgehogs, x, and the number of slugs, y, in the 
ecosystem are modelled by the differential equations 


dx 
a x+y 
oe axn+4 
ae 
a Show that > — 6Gr+ 10x =0. (3 marks) 
b Show that the general solution for the number of hedgehogs at time 1 is 
x=e(A cos Gt + Bsin Gt) 
where a and @ are constants to be found. (4 marks) 
¢ Find the general solution for the number of slugs at time ¢. (3 marks) 
Given that thera were initially 19 hedgehogs and 20 slugs in the ecosystem, during 
which year does the model predict that the slugs die out? (5 marks) 
e How many hedgehogs will there be when the slugs die out? (1 mark) 
f Use your answers to parts d and e to comment on the model. (1 mark) 


17 A sealed tank of bionutrient contains two different types of organism that interact with each 
other. The rates of change of each organism can be modelled using the differential equations 


dt 
where x is the number of organism M and » is the number of organism N at time ¢ days. 
Initially x = 10 and y = 20. 
a Show that the solutions to the differential equations can be written as 

x= Ate" + Be 


p= Cte + De“ 
where A, B, C and D are constants to be found. (8 marks) 
b Find, correct to the nearest organism, the number of each organism at time ¢ = 2.1 days. 
(2 marks) 
¢ Use the model to describe what happens to the numbers of each type of organism as ¢ 
gets large. (2 marks) 


18 An industrial process consists of two linked tanks, A and B, containing a chemical solution. The 
solution is free to pass between the tanks but it flows from A to B at a different rate than it flows 
from B to A. The solution also enters both tanks, and flows directly out of tank B. The situation 
is modelled using the differential equations 


dx 1 

—— a a, 

aq 2+” (03) 
dy 1 2 

qr itge yp 2) 


where x litres is the amount of solution in tank A and y litres is the amount of solution in 
tank B at time f minutes. 
Py dy 
a Show that Sap + Ta +y=9 (6 marks) 
b Given that both tanks initially contain 8 litres of solution, find x and y as functions of ¢. 
(7 marks) 
¢ State, with a reason, the approximate amount of solution in each tank after the system has 
been running for a long time. (2 marks) 
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Challenge 


Three water tanks are positioned as shown in the diagram. 
Water flows from tank X to tank Y, and from tank Y to tank eal 
Z, by means of identical taps. Each tap allows water to flow at 
a rate of r gallons/hour, where r is the amount of water in the 
corresponding tank in gallons. y 
Initially, tank ¥ contains 300 gallons of water, tank Y contains 
200 gallons of water, and tank Z contains 100 gallons of water. 
The taps are opened. 
i Show that after ¢ hours have elapsed, the amount of water Z 

in tank is 300e~ gallons. = 
ii Find the number of minutes after which tanks X and Y 

contain the same amount of water. 
iii_ Find an expression for the amount of water in tank Z after 

thours. 


Asecond identical tap is attached to tank Y, which is filled to 
the brim. Tanks Y and Z are emptied, and all three taps are 
opened. 
i Show that the amount of water in tank Y is at amaximum 

after 42 minutes have elapsed, to the nearest minute. y 
ii Find the exact time elapsed before the amounts of water in 


tanks Yand Z are equal. 


Summary of key points 


1 


Simple harmonic motion (S.H.M.) is motion in which the acceleration of a particle P is always 
towards a fixed point O on the line of motion of P. The acceleration is proportional to the 
displacement of P from O. 


gaya 

a dx 

For a particle moving with damped harmonic motion 
Ge eX wx = 
qe ta +w?*x=0 


where x is the displacement from a fixed point at time 7, and k and w* are positive constants. 


For a particle moving with forced harmonic motion 
ABs. iB? ae 
di +k a + wx = Fi) 


where x is the displacement from a fixed point at time 4, and A and w* are positive constants. 


You can solve coupled first-order linear differential equations by eliminating one of the 
dependent variables to form a second-order differential equation. 
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Review exercise 


Relative to the origin O as pole and 

initial line @ = 0, find an equation in polar 

coordinate form for: 

@ 

a line perpendicular to the initial line 

and passing through the point with 

polar coordinates (3, 0) (2) 

¢ astraight line through the points with 
polar coordinates (4, 0) and (4 ap (2) 

© Section 5.2 


a acircle, centre O and radius 2 
b 


a Sketch the curve with polar equation 
r=acos30,0<@<27r (2) 
Find the area enclosed by one loop of 
this curve. (6) 
+ Sections 5.2, 5.3 


a Sketch the curve with polar equation 
r= 30820, -F <0<F Q) 
Find the area of the smaller finite 
region enclosed between the curve and 
the half-line 0 = - (6) 
c Vind the exact distance between the 
two tangents which are parallel to the 
initial line. (6) 
€ Sections 5.2, 5.3, 5.4 
a Sketch, on the same diagram, the 
curves defined by the polar equations 
r=aandr=a(1 +cos@), where aisa 
positive constant and-7<@<7a. (4) 
b By considering the stationary values of 
rsin 0, or otherwise, find equations of 
the tangents to the curve r = a(1 + cos@) 
which are parallel to the initial line. (6) 
¢ Show that the area of the region for 
which a <r < a(1 + cos@) is 
(a + 8)a? 


7 © 


+ Sections 5.2, 5.3, 5.4 


@) 5 


The curve C has polar equation 

r= 3acos0, -5 <0 <§. The curve D has 

polar equation r =a(1 + 00s 0), 7 SO<7. 

Given that a is positive, 

a sketch, on the same diagram, the 
graphs of C and D, indicating where 
each curve cuts the initial line. (4) 

The graphs of C and D intersect at the 

pole O and at the points P and Q. 


b Find the polar coordinates of P 

and Q. (3) 

c Use integration to find the exact value 
of the area enclosed by the curve D 
and the lines 9 = 0 and 0= > 


©) 


The region & contains all points which lie 
outside D and inside C. 


Given that the value of the smaller area 
enclosed by the curve C and the line 0 =3 
is 
3a° 
16 
show that the area of R is za*. (6) 
€ Sections 5.2, 5.3, 5.4 


(21 -3v3), 


a Show on an Argand diagram the locus 
of points given by the values of z 
satisfying 

|z-3+4i|=5 2) 
Show that this locus of points can be 
represented by the polar curve 


r= 6cos@-8sin@. (4) 
The set of points A is defined by 
4-{ 5 Sarg: <0} tz 3+4i<5} 


¢ Find. correct to three significant 
figures, the area of the region defined 
by A. 4) 
+ Sections 5.2, 5.3 


Review exercise 2 


7 


a Sketch the curve with polar equation 


2) 


Tr 


r= 0820, 4 < <7 
At the distinct points A and B on this 
curve, the tangents to the curve are 
parallel to the initial line, @ = 0. 
b Determine the polar coordinates of A 
and B, giving your answers to 


3 significant figures. (©) 


« Sections 5.2, 5.4 
a Sketch the curve with polar equation 


Q) 
At the point A, where 4 is distinct from 
O, on this curve, the tangent to the curve 
is parallel to 0 = z 


. us 
r=sin26,0=@=>5 


b Determine the polar coordinates of the 
point A, giving your answer to 
3 significant figures. 


(6) 


Sections 5.2, 5.4 


The curve C has polar equation 
a 

sd< z 

and the line D has polar equation 

Sa 

6 

a Find a Cartesian equation of C and a 
Cartesian equation of D. (4) 

b Sketch on the same diagram the graphs 
of Cand D, indicating where each cuts 
the initial line. (4) 


fa 
r= 6cos0, —> 


r=3see(F-0),-E<0< 


The graphs of Cand D intersect at the 
points P and Q. 


¢ Find the polar coordinates of 
Pand Q. 


(3) 


€ Sections 5.1, 5.2 


Tnitial line 


@p) 11 


The figure shows a sketch of the curve C 
with polar equation 
a 


r=asin29,.0<0 <->. 


where a is a constant. 
Find the area of the shaded region 
enclosed by C. (6) 


€ Section 5.3 


m 


Tnitial line 


The figure shows a curve C with polar 
equation r = 4a cos 20.0 <@< oe anda 


line m with polar equation 6 = ie The 
shaded region, shown in the figure, is 
bounded by C and m. Use calculus to 
show that the area of the shaded region 

is $a°(n — 2). © 


Section 5.3 


r= all +4 .cosé) 


Initial line 


-a? 


The curve shown in the figure has polar 
equation 
r=a(1+4cos6),a>0,0<0<2z. 
Determine the area enclosed by the curve. 
giving your answer in terms of a and 7. 


© 


© Section 5.3 
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Review exercise 2 


o Initial line 
The figure show the half-lines @ = 0, 0 = i ‘ 
and the curves with polar equations 7 
r=3,0<4<5, and 
r=sin20,0<6 sf 
a Find the exact values of @ at the two 
points where the curves cross. (4) 
b Find by integration the area of the 
shaded region, shown in the figure, 
which is bounded by both curves. (6) 
Sections 5.2, 5.3 


@P) 14 


The curve C, shown in the figure, has 
polar equation 
r=a(3+V5 cos @),-7<0<7 

a Find the polar coordinates of the 
points P and Q where the tangents to 
C are parallel to the initial line. (6) 

The curve C represents the perimeter 

of the surface of a swimming pool. The 

direct distance from P to Q is 20m. 


b Calculate the value of a. (2) 
¢ Find the area of the surface of 
the pool. (6) 


€ Sections 5.2, 5.3, 5.4 
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> 
Initial line 


Initial line 


: i 
The figure shows a sketch of the cardioid C 
with equation r = a(1 + cos 0),-7 <0<7. 
Also shown are the tangents to C that are 
parallel and perpendicular to the initial line. 
These tangents form a rectangle WXYZ. 
a Find the area of the finite region, 
shaded in the figure, bounded by the 
curve C. 

b Find the polar coordinates of the 
points A and B where WZ touches the 
curve C. (6) 

¢ Hence find the length of WX. = (2) 

Given that the length of WZ is Bua 

d find the area of the rectangle WXYZ. (2) 

A heart-shape is modelled by the cardioid 

C, where a = 10cm. The heart shape is cut 

from the rectangular card WXYZ, shown 

the figure. 

e Find a numerical value for the area of 
card wasted in making this heart 
shape. 


(6) 


GB) 


© Sections 5.3, 5.4 


EP) 16 


Initial line 


The figure is a sketch of two curves C, 
and C, with polar equations 
C:r=3a(1 -cos0), -7 5 0< a 


and C,:r=a(1 +cos0),-7<9<7 


Review exercise 2 


Cp) 17 


The curves meet at the pole O and at the 

points A and B. 

a Find, in terms of a, the polar 
coordinates of the points A and B. (2) 

b Show that the length of the line AB 


. av3 
1s Tac 
The region inside C, and outside C, is 
shaded in the figure. 
¢ Find, in terms of a, the area of this 
region. (6) 
A badge is designed which has the shape 
of the shaded region. 
Given that the length of the line AB is 
4.5cm, 
d calculate the area of this badge, giving 
your answer to 3 significant figures. (3) 
© Sections 5.2, 5.3 


GB) 


0-5 


r= a(5—2cos0) 


W a(3 + 2cos#) 


Tnitial line 


A logo is designed Which consists of two 
overlapping closed curves. 

The polar equations of these curves are 
a(3+2cos#), O=@<27 and 
=a(S—2cos@), O= 0< 27 

The figure is a sketch (not to scale) of 
these two curves. 


a Write down the polar coordinates of 
the points 4 and B where the curves 
meet the initial line. (2) 

b Find the polar coordinates of the points 
Cand D where the two curves meet. (4) 

¢ Show that the area of the overlapping 
region, which is shaded in the figure, is 
£ (49% — 48/3) 6 


* Sections 5.2, 5.3 


© 18 


®v 


© 2 


© 21 


© 2 


© 


Find the value of x for which 
2tanhx-1=0, 
giving your answer in terms of a natural 
logarithm. (4) 
€ Section 6.1 


Starting from the definition of cosh x in 
terms of exponentials, find, in terms of 
natural logarithms, the values of x for 
which 5 = 3coshx. (4) 
+ Section 6.1 
The curves with equations y = Ssinh.x and 
y =4cosh x meet at the point A(Inp, q). 
Find the exact values of p and g. (4) 
+ Section 6.3 
Find the values of x for which 
Scoshx — 2sinhx = 11, 
giving your answers as natural 

logarithms. [6)) 

€ Section 6.3 

By expressing sinh 2x and cosh 2x in terms 

of exponentials, find the exact values of x 

for which 

6sinh 2x + 9cosh2x =7, 

giving each answer in the form $Inp, 

where p is a rational number. () 

€ Section 6.3 

Given that 

sinh x + 2coshx =k, 

where k is a positive constant, 

a find the set of values of & for which at 
least one real solution of this equation 
exists (4) 

Db solve the equation when k = 2. (6)) 

© Section 6.3 

Using the definitions of cosh x and sinh x 

in terms of exponentials, 

a prove that cosh*.x - sinh?x = 1 

2 


QB) 


b solve the equation — = =2, 
2 sinhx tanhx 


giving your answer in the form kIna, 
where k and a are integers. (6)) 
+ Section 6.3 
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Review exercise 2 


® 25 a From the definition of cosh x in terms 


© 2 


© 27 


200 


a 


a 


of exponentials, show that 


cosh2x = 2cosh?x - 1. (3) 
Solve the equation 

cosh2x — Scoshx = 2, 
giving the answers in terms of 
natural logarithms. (6)) 


Section 6.3 


Using the definition of cosh x in terms 

of exponentials, prove that 
4cosh*x -3coshx=cosh3x. (4) 

Hence, or otherwise, solve the equation 
cosh 3x = Scoshx, 

giving your answer as natural 

logarithms. (4) 


+ Section 6.3 


Starting from the definitions of coshx 
and sinh x in terms of exponentials, 
prove that 

cosh(A — B) = cosh AcoshB 


-sinhAsinhB. (4) 
Hence, or otherwise, given that 
cosh(x — 1) = sinhx, show that 
amigo ee 
tanh ~ @+2e-1 6) 


© Section 6.3 


Starting from the definition 


sinh y =—>—, 


prove that, for all real values of x, 


arsinh x = In(x + ¥(1 +°)). (4) 
Hence, or otherwise, prove that, for 
0<0<a, 

arsinh(cot @) = In (cor). (5) 


© Sections 6.2, 6.3 


Starting from the definition of tanh.x 
in terms of e*, show that 


1 


artanhx = Hla( sIxl<1 () 


Q) 
Solve the equation x = tanh(Inv6x ) for 
0<x<1. 6) 

Sections 6.2, 6.3 


Sketch the graph of y = artanh x. 


©® 30 


@s 


GP) 32 


®© 3 


a 


a 


Show that, for0< x <1, 


(L-v=35) _ (Leva) )) 

= -In 3 
Q) 

Using the definitions of cosh x and 


sinh x in terms of exponentials, show 
that, forO< x <1, 


In 


arcosh(+) = pL tea) (@) 
Solve the equation 

3tanh’ x — 4sechx + 1=0, 
giving exact answers in terms of 
natural logarithms. (4) 


Sections 6.2, 6.3 


Express cosh 30 and cosh 50 in terms 
of cosh 6. (4) 
Hence determine the real roots of the 
equation 

2cosh5x + 10cosh 3x + 20cosh x = 243, 


giving your answers to 2 decimal 
places. 


©) 


© Section 6.3 


Show that, for x = Ink, where k is a 
positive constant, 
e+ 

Re @) 
Given that f(x) = px — tanh 2x, where 
pisaconstant, find the value of p for 
which f(x) has a stationary value at 
x =1n2, giving your answer as an 
exact fraction. 


cosh 2x = 


© 


€ Sections 6.1, 6.4 


The curve with equation 


y= -x + tanh4x, x > 0, 


has a maximum turning point A. 


a 


b 


Find, in exact logarithmic form, the 


x-coordinate of A. 6) 
Show that the y-coordinate of A is 
42v3 — In@ + V3). @) 


© Section 6.4 


Review exercise 2 


© 34 


© 35 


GP) 36 


CP) 37 


EP) 38 


y = sinh 2xcosh2x 

a Find the first three non-zero terms of 
the Maclaurin series for y, giving each 
coefficient in its simplest form. (7) 

b Find an expression for the nth 
non-zero term of the Maclaurin series 
for y. (2) 

+ Section 6.4 
f(x) = cos 2xcoshx 
a Find the first two non-zero terms of the 


Maclaurin series for f(x), giving each 
coefficient in its simplest form. (6) 


b Hence find, correct to two significant 
figures, the percentage error when 
this approximation is used to evaluate 
£(0.1). (3) 
© Section 6.4 


Use the substitution x = —“— , where ais 
sinh @ 
a constant, to show that, for x > 0, a > 0, 
a 
(9 + constant. 
(6) 


* Section 6.5 

a Prove that the derivative of artanh x, 
-l<x<Listy 4) 
b Find fartanh xdx. (4) 
€ Sections 6.4, 6.5 


a Starting from the definition of sinh x in 
terms of e*, prove that 


arsinh x = In(x + Vx? + 1). (2) 
b Prove that the derivative of arsinhx 
is (1 +22). (4) 
¢ Show that the equation 


ae ds 
is satisfied when y = (arsinh x)’. (4) 
d Use integration by parts to find 
1 
| arsinh x dx, giving your answer in 
0 


terms of a natural logarithm. (5) 
© Sections 6.2, 6.4, 6.5 


© 39 4e44xv45=(pxt gh er 


a Find the values of the constants p. g 


andr. (2) 
b Hence, or otherwise, find 
1 ‘ 
iee +4ne5 @ 
¢ Show that 


= In((2x + 1) + V4x2 + 4x +5) +k, 


where & is an arbitrary constant. i) 
+ Section 6.5 


a 


© Section 6.5 


Show that f 5 dx = arsinhk, 


where k is a rational constant to be 
found. (6) 


© Section 6.5 


7) H 2 ¥ 


The figure above shows a sketch of the 
curve with equation 


y=xarcoshx,1<x=2. 


The region R, shaded in the figure, is 
bounded by the curve, the x-axis and the 
line x = 2. 
Show that the area of R is 
R 
Zina + v3) - (8) 
io € Section 6.5 
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© 4 


®47 


Review exercise 2 


43 The diagram shows the cross-section of 
a new greenhouse. Each unit on the axes 
represents 1m. 


The curved top of the roof of the 
greenhouse is modelled using the equation 


Given that the greenhouse can be 

modelled as a prism, length 55m, find, 
correct to three significant figures, the 
volume of the greenhouse. (8) 


+ Section 6.5 


Find, in the form y = f(x), the general 

solution to the differential equation 
dy 
at 


6x-S,x>0 (5) 


Section 7.1 


Solve the differential equation 
dy y 

dx 
giving your answer for y in terms of x. (5) 
« Section 7.1 


rex >0 


Find the general solution to the 
differential equation 


ee 
(x+ Dqrt yay x > 0 


giving your answer in the form 


y=f(x). (5) 
€ Section 7.1 
Obtain the solution to 
dy 2 a 
dy t Plane =e*cosx,0Sx< 2 
for which y = 2 at x = 0, giving your 
answer in the form y = f(x). (6) 


«Section 7.1 
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© 4 


® 49 


© 50 


© 2 


Find the general solution to the 
differential equation 


d 
© + 2ycot2x = sin x,0<x<3 
dx 77) 2 


giving your answer in the form 


y= fa). 6) 
€ Section 7.1 
Solve the differential equation 
dy 
(1+.4) ae — xy = xe™* 
given that y = lat x=0. (6) 
© Section 7.1 
a Find the general solution to the 
differential equation 
dy. 
cos.x az +(sinx)y =cos*x 6) 


b Show that, for 0 < x < 27, there are 
two points on the x-axis through 
which all the solution curves for this 
differential equation pass. 

¢ Sketch the graph, 0 < x <2z, of the 
particular solution for which y = 0 at 
x=0. @) 


© Section 7.1 


@) 


a Find the general solution to the 
differential equation 
iy 
—42pax 
os 
Given that y= 1 at x=0, 


6) 


b find the exact values of the coordinates 
of the minimum point of the particular 


solution curve, (3) 

¢ draw a sketch of the particular 
solution curve. (2) 
© Section 7.1 

a Find the general solution to the 

differential equation 

= =ysinhx (4) 
de 4) 


b Find the particular solution which 
satisfies the condition that y = e when 
x=0. Q) 


© Section 7.1 


Review exercise 2 


@s 


CP) 54 


@® 56 5 


() 57 


Given that 6 satisfies the differential 


equation 
#6, 498, 5-0 
de det 
and that, when ¢ = 0, @ = 3 and & =-6, 


express 0 in terms of f. 


(8) 


€ Sections 7.2, 7.4 


Given that 3xsin 2x is a particular 
integral of the differential equation 


where k is a constant, 


a calculate the value of k (3) 


b find the particular solution of the 
differential equation for which at x = 0, 
y=2, and for which at x = me ye oI (8) 

+ Sections 7.3, 7.4 

Given that a + bx is a particular integral 


of the differential equation 


dy ae = 
a alin =16+4x 


a find the values of the constants a 
and b 


b find the particular solution to this 
differential equation for which y = 8 


QB) 


dy 
and 7 =9atx=0. 


dx 8) 


€ Sections 7.3, 7.4 
dy. . 
+4 er 65sin 2x, x >0 


a Find the general solution to the 


differential equation. (8) 


b Show that for large values of x this 
general solution may be approximated 
by a sine function and find this sine 


function. (2) 
Section 7.3 
a Find the general solution to the 
differential equation 
(8) 


iP) 59 


EP) 60 


b Find the particular solution to this 
differential equation for which y = 1 


tat =0. 2) 
and q,= atr=0. (2) 


+ Sections 7.3, 7.4 


a Find the general solution to the 
differential equation 
ax, ,dx 
S425 4+5x= 
deta +5x 
b Given that x= 1 and = 1 at ¢=0, 


(8) 


find the particular solution to the 
differential equation. giving your 
answer in the form x = (2). 


@ 
e Sketch the curve with equation x = f(s), 
0 <1 <z, showing the coordinates, as 
multiples of z, of the points where the 
curve cuts the f-axis. (2) 
Sections 7.2, 7.4 


a Find the general solution to the 
differential equation 


oor dy . 
2 3+ 7G, t3y=3e+ le 


(8) 


b Find the particular solution to this 
differential equation for which y = 


dt tien 2200 
an di~ when ¢ =0. 


Q) 


¢ For this particular solution, calculate 
the value of y when (= 1. (2) 
+ Sections 7.3,7.4 
a Find the value of 2 for which 
Ax cos 3x is a particular integral of the 
differential equation 
e 
a GB) 
b Hence find the general solution to this 
differential equation. (6) 


The particular solution of the differential 


9y =-12sin3x 


equation for which y = 1 and - 


x =0, is y= g(x). 

¢ Find g(x). (2) 

d Sketch the graph of y = g(x), 
O<x<z. (2) 


+ Sections 7.3, 7.4 
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iew exercise 2 


ey 

os of bes a+ 9 

dr sae 

a Show that K7?e* is a particular integral 
of the differential equation, where K is 


a constant to be found. (3) 


4c, 20 


b Find the general solution to the 
differential equation. (6) 


Given that a particular solution satisfies 
3and 2 = 1 when t=0 
y=3and G/ = 1 whens =0, 


¢ find this solution. 


Another ee solution which satisfies ® 64 


y=l and ap 0 when r = 0, has equation 

ya(l- ab + at Q) 

d For this particular solution, draw a 
sketch graph of y against 1, showing 
where the graph crosses the (-axis. 
Determine also the coordinates of the 
minimum point on the sketch graph. (4) 

+ Sections 7.3, 7.4 


a Find the general solution to the 
differential en 

dx 

dr? 

b Find the eet solution of this 
differential equation for which x =3 
and a =-1 when /=0. 2) 


2 


+5 jp t2x=2r49 (8) 


The particular solution in part b is used 
to model the motion of the particle P on 


the x-axis, At time 7 seconds (¢ = 0), P is 65 


x metres from the origin O. 
¢ Show that the minimum distance 
between O and P is +6 +1n2)m and 
justify that the distance is a minimum. 
@) 


© Sections 7.3, 7.4, 8.3 


63 Given that x = A7*e“ satisfies the 


differential equation 


a find the value of A. @) 
b Hence find the solution to the 
differential equation for which x = 1 


and $= 0 at r=0. a 


¢ Use your solution to prove that for 
120,x<1. (2) 
€ Sections 7.3, 7.4 
Given that » — kx is a particular solution 
of the differential equation 
@y 
dx? 
a find the value of the constant k. (3) 
b Find the most general solution to this 
differential equation for which y =0 
atx=0. (6) 
¢ Prove that all curves given by this 
solution pass through the point (7, 377) 
and that they all have equal gradients 


+y=3x, 


when x = a (3) 
d Find the particular solution to the 
differential equation for which y = 0 at 
x=Oandatx= a (2) 
e Show that a local minimum value of 
the solution in part d is 
2 = 
3 areeos( 2 a = Wr = (4) 
+ Sections 7.3, 7.4 
During an industrial process, the mass of 
salt, Skg. dissolved in a liquid. ¢ minutes 
after the process begins, is modelled by 


the differential equation 
dS, 2 4 


= =7,0=1t< 120 
120-1 * 
Given that S = 6 when t= 0, 
a find S in terms of ¢ (6) 


b calculate the maximum mass of 
salt that the model predicts will be 
dissolved in the liquid at any one time 
during the process. (3) 
€ Section 8.1 


Review exercise 2 


66 A fertilized egg initially contains an 


®o 


@s 


embryo of mass m, together with a 
mass 100 of nutrient, all of which is 
available as food for the embryo. At time 
t, the embryo has mass m and the mass 
of nutrient which has been consumed is 
S(m — my). 
a Show that, when three-quarters of 
the nutrient has been consumed, 
m= L6nt. (3) 
The rate of increase of the mass of the 
embryo is a constant » multiplied by the 
product of the mass of the embryo and 
the mass of the remaining nutrient. 


b Show that = Sym (2im,—m). (4) 


The egg hatches at time 7, when 
three-quarters of the nutrient has been 
consumed. 


¢ Show that 105 pT = In 64. (5) 
€ Section 8.1 


a Find the general solution to the 
differential equation 
i -v=t,t>0 
and hence show that the solution can 
be written in the form v = ¢(In ¢ +c). 
where c is an arbitrary constant. (5) 
b This differential equation is used to 
model the motion of a particle which 
has speed vms" at time r seconds. 
When ¢ = 2, the speed of the particle is 
3ms"!. Find, to 3 significant figures, the 


speed of the particle when ¢ = 4. (4) 
© Section 8.1 


A particle P moves in a straight line. 

At time f seconds, the acceleration of P is 

e*ms~, where ¢ > 0. When ¢ = 0, P is at 

rest. Show that the speed, vms"', of Pat 

time / seconds is given by 

(e*—1) 6) 
Section 8.1 


v= 


69 A particle P moves along the x-axis in the 
positive direction. At time / seconds, the 
velocity of Pis vms" and its acceleration 
is sew “ms. When f= 0 the speed of P is 


10ms*. 

a Express v in terms of t. (4) 

b Find, to 3 significant figures, the speed 
of P when t = 3. (2) 

¢ Find the limiting value of v. (2) 


Section 8.1 


70 A particle P moves along the x-axis. 


At time ¢ seconds its acceleration 

is (-4e-7) ms~ in the direction of x 
increasing. When f = 0, P is at the origin 
O and is moving with speed 1 ms“! in the 
direction of x increasing. 


a Find an expression for the velocity of 


P at time t. (4) 
b Find the distance of P from O when P 
comes to instantaneous rest. (2) 


© Section 8.1 


71 +A water droplet falls vertically from rest 


through low cloud. Water condenses on 
the droplet as it falls. You are given that 
the motion of the water droplet may be 
modelled by the equation 


(t+ 3h 3v =9.8(7 + 3) 
dt 
where 7 is Lhe Lime in seconds and v is the 
velocity of the droplet in ms". 
491+ 3h +e 


a Show that y= S57 aye Where cis 
aconstant to be found. (6) 

b Find the velocity of the water droplet 
after 6 seconds. (2) 


¢ Byconsidering the velocity for large 
values of f, suggest one criticism of 
the model. qd) 
© Section 8.1 
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Review exercise 2 


72 =A water bottle initially contains 400ml 
of distilled water. The water leaks out 
at a constant rate of 30 ml per minute 
and a mixture is added to the bottle at a 
constant rate of 40 ml per minute. The 
mixture contains 10% acid and 90% 
distilled water. 

Given that there is xml of acid in the 
bottle after ¢ minutes and that the acid 
immediately disperses on entry, 
a show that the situation can be 
modelled by the differential equation 
dy 3x 
“4040 


di o 


b Hence find the amount of acid in the 


bottle after 7 minutes. (5) 
¢ Explain how the model could be 
refined. (i) 


+ Section 8.1 


A particle, P, is attached to the ends of 
two identical elastic springs. The free ends 
of the springs are attached to two points 
Aand B. The point C lies between A and 
Bsuch that ACB is a straight line and 
AC # BC. The particle is held at C and 
then released from rest. 


The subsequent motion of the particle 
can be described by the differential 
equation ¢ =—49x. 

a Describe the motion of the particle. (1) 


Given that x = 0.3 and v= 0 when ¢= 0, 
b solve the differential equation to find + 
as a function of 1. (7) 
¢ State the period of the motion and 
calculate the maximum speed of P. (2) 
€ Section 8.2 
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A small boat is floating on the surface 
of a river, tied to a jetty. The boat moves 
up and down in a vertical line, such that 
the vertical displacement, xm, from its 
equilibrium point satisfies the equation 

ax 

dt 
Given that the displacement is zero and 
the boat is moving at a velocity of |ms' 
at time ¢ = 0 minutes, 


=-16x, 120 


a solve the differential equation and 
hence find, correct to three significant 
figures, the maximum displacement of 
the boat. (o) 

b State the time elapsed between the boat 
being at its highest and lowest points. 

Q) 

¢ Criticise the model in terms of the 
motion of the boat for large values 
of t. a 


© Section 8.2 


A particle P moves in a straight line. 
At time f seconds its displacement from 
a fixed point O on the line is x metres. 
The motion of P is modelled by the 
differential equation 

a + ox + 2x = 12cos2r—- 6sin2r 
When 1 = 0, P is at rest at O. 
a Find, in terms of t, the displacement 

of P from O. 


b Show that P comes to instantaneous 


(8) 


a 
rest when ¢ = 4 


Q) 
c Find, in metres to 3 significant figures, 
the displacement of P from O when 


i=5 Q) 


d Find the approximate period of the 
motion for large values of 1. (2) 
© Section 8.3 


Review exercise 2 


76 A particle P of mass m is suspended from 


@* 


a fixed point by a light elastic spring. 

At time ¢ = 0 the particle is projected 
vertically downwards with speed U from 
its equilibrium position. 

At time ¢, the displacement of P 
downwards from its equilibrium position 
is x. 


79 


The motion of the particle can be 


Given that the solution to this differential 
equation is x = e~"(A cos wt + Bsinat), 
where A and B are constants, 


a find 4 and B. (8) 
b Find an expression for the time at 
which P first comes to rest. (2) 


€ Section 8.3 


A particle P is attached to one end A of a 
light elastic string AB and is free to move 
on a horizontal table. 
At time ¢= 0, P is at rest and the end B of 
the string is forced to move horizontally 
away from P with speed V. After ¢ 
seconds the displacement of P from its 
initial position is x metres. 
The motion of P can be modelled by the 
differential equation 

G4 SE 1012 
Find an expression for x in terms of ¢, k 
and V. (8) 

« Section 8.3 


= 10k*Vt 


iP) 80 


A particle P is attached to one end of a 
light elastic string. The other end of the 
string is fixed to a point vertically above 
the surface of a liquid. The particle is 
held on the surface of the liquid and then 
released from rest. At time ¢ seconds, the 
distance travelled down by P is x metres. 


Given that the motion of P can be 
modelled using the differential equation 


é dx pak 
+ oat 8x=2.4 


dr 


a find xin terms of t (8) 
b show that the particle continues 
to move down through the liquid 
throughout the motion. (2) 


€ Section 8.3 


Colonies of angler fish and angel fish live 
in an ocean cave sealed off from the rest 
of the ocean by a thick wall of seaweed. 
After t years the number of angler fish, 
x, and the number of angel fish, y, in 

the cave are modelled by the differential 


equations 
dx 
Sy 7 Od + Oly ay 
® 0025x4027 
Gp 7 00025 + 0.2» (2) 
d’x dx é 
a Show that po 0.3 at 0.0225x = 0 


GQ) 
b Find the general solution for the number 
of angler fish in the cave at time ¢. (4) 
¢ Find the general solution for the number 
of angel fishin the cave at timer. (4) 
At the start of 2010 there were 20 angler 
fish and 100 angel fish in the cave. 
d Use this information to find the 
number of angler fish predicted to be 


in the cave in 2017. (4) 
e Comment in the suitability of the 
model. qd) 


€ Section 8.4 
An industrial chemist is examining the 
rates of change of gases in two connected 
tanks, 4 and B. Gas passes between the 
two tanks. Gas also enters the system into 
both tanks and escapes from the system 
in the same way. 
The chemist believes that the amount of 
gas in tank A, x litres, and the amount of 
gas in tank B, y litres, at time ¢ hours, can 
be modelled using the differential equations 
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Review exercise 2 


a Show that & ai 6x=2 (4) Challenge 


de 
1 Given thatn © Z, x © Rand 
b Given that tank 4 initially contains pasta Z an 
Me ( cosh?x so) 


20 litres of gas and tank B initially ates mui 

contains 60 litres of gas, find Ssils: abla: 

expressions for the amount of gas in prove that M”= M. € Section 6.3 

cool ainican ame hours . @) 2 a Asystem of differential equations is 
The tanks have a maximum capacity of given as 
500 litres. dy dx 
¢ Comment on the suitability of the pe die) 

model after one hour. (2) Given that y =O and x = 1 when f=0, 

€ Section 8.4 show that y = sinhr and x =coshz. 
b Another system of ditferential equations 
is given as 


Given that p = g=r= 1 when r=0, show 
that 
r=e(3sint—cost+2). Section 8.4 


3 The diagram shows the curve C with polar 
equation r = f(@). The line /is a tangent to 
the curve at the point P(r, @), and ais the 
acute angle between /and the radial line 
at P. 


Initial line 


© Section 5.4 
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Exam-style practice 


Further Mathematics 
A Level 
Paper 1: Core Pure Mathematics 


Time: 1 hour 30 minutes 
You must have: Mathematical Formulae and Statistical Tables, Calculator 


1 The diagram shows a section of a curve C with parametric y 
equations 
xatt+f,y=t-P +1, 0<x<3.75 
The curve is rotated through 360° about the x-axis and the 
volume of revolution formed is used to model a clay 


pottery vase. 


Given that each unit on the axes represents 10cm, oO 
a find, correct to three significant figures, the volume of 

the vase M 
b give one criticism of the model used. () 


2 The plane J/, has vector equation 
1.(2i+ 3)-k) = 10 
a Show that the perpendicular distance from the plane JZ, to the point (1, 4, 7) is aV14 
where a is a rational constant to be found. (3) 
The plane JZ, has vector equation 
r= A(i — 3j + 2k) + p(ai + 2j - 3k) 
Given that the vector 5i+ j- k is perpendicular to the plane J7,, 
b find the value of a (2) 


¢ find, in degrees correct to 1 decimal place, the acute angle between JZ, and JI,. (3) 


3 a Prove by induction that for all positive integers n, 


12 2\' fl Qn 2n? 
0 1 2)=|0 1 2 (6) 
001 oo 1 


lok 4 
b M=(|2 -2 0) where k is an integer. 


ee! Ga | 
i Find the value of & for which M™ does not exist. (2) 
ii Given that M is non-singular, find M~ in terms of k. (4) 
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m-style practice 


A complex number z has argument @ and modulus 1. 


a Show that z*- 4 = 2isinnd,n€ Z* (2) 
b Hence, show that 8 sin*@ = cos40 — 4cos20 + 3 6) 


An oil vat initially contains 500 litres of pure corn oil. The oil drains out at a constant rate of 
15 litres per minute and a corn oil and sugar mixture is added to the vat at a constant rate of 

30 litres per minute. The mixture contains 25 grams of sugar per litre of oil. 

Given that there is x grams of sugar in the vat after ¢ minutes and that the sugar immediately 
disperses throughout the vat on entry, 


a show that the situation can be modelled by the differential equation 
dx 3x 


ar 00437 
b Hence find the number of grams of sugar in the vat after 10 minutes. (5) 
¢ Explain how the model could be refined. @ 
a Show that the locus of points given by the values of z satisfying 

lz + 124 Si]=13 

can be represented by the polar curve with equation 

r= -2(12cos@ + Ssin@) (4) 

b Show on an Argand diagram the set of points 4 defined by 
= fe:|2+ 12 + Sil < 13} N{z:—a < argz <—=F} (4) 

¢ Find, correct to three significant figures, the area of the region defined by 4. 6) 


A scientific experiment looks at the concentration of glucose, dissolved in water, on either 
side of an osmotic membrane. The glucose solution passes through the membrane in both 
directions and also enters the system through a tube on the left side. 


A researcher believes that the concentration of glucose on the left side of the membrane, x, 
aud dhe coucentation of glucuse on the right side uf the membrane, y, at Gime ¢ hours, can be 
modelled by the differential equations 

dx 


aE 0.3x+0.2y+1 


dy 
ra -0.2x + 0.37 


a Show that 100 oot 13x + 30=0. @) 

b Find the general solution for the concentration of glucose on the left side of the membrane 
at time 7. (6) 

ce Hence find the general solution for the concentration of glucose on the right side of the 
membrane at time ¢. (3) 


At time ¢ = 0, the concentration of glucose on the left side is 10 and on the right side is 5. 
d Find the particular solutions to the system of differential equations. (3) 


e By considering the concentrations on each side on the membrane predicted by the model 
after 3 hours, comment on the suitability of the model. (2) 


Exam-style practice 


Further Mathematics 
A Level 
Paper 2: Core Pure Mathematics 


Time: 1 hour 30 minutes 
You must have: Mathematical Formulae and Statistical Tables, Calculator 


1 a Prove that 
a 1 n(pn + q) 
dee (r+ 4) 24(n + 3)(n +4) 
where p and g are constants to be found. (6)) 
b Prove that, for all positive integers 1, 
fm) =2°" +37" 
is divisible by 7. () 


20 f(x) =24 + az3 + 30x? + bz + 85 
where a and bare real constants. 
z= 1+ 4iisa root of the equation f(x) = 0. 


a Write down another root of the equation f(x) = 0. (D 
b Hence solve the equation f(x) completely. () 
¢ Show the roots of f(x) = 0 ona single Argand diagram. (2) 


3. The diagram shows the curve C with polar equation 
r=6sin26 0S@S 3 
The line segment AB is tangent to the curve at A and 
perpendicular to the initial line. 


The finite region R, shown shaded in the diagram, is 
bounded by the curve, the initial line and the line 
segment AB. s 


B Initial line 


(9) 


Find, correct to three significant figures, the area of the 
shaded region R. 


4 f(x) =cosxsinh2x 
a Find the first three non-zero terms of the Maclaurin series for f(2), giving each coefficient 
in its simplest form. (8) 


b Hence find, correct to four significant figures, the percentage error when the approximation 
is used to evaluate f(0.1). (2) 
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m-style practice 


Prove that ie mae => (5) 


A triangle T has vertices at (0, 2), (k, 0) and (0, 8). Triangle Tis transformed onto triangle 7” 
by the matrix 
(5 3) 
=3 3 
The area of triangle T’ is 456 units", find the value of k. 6) 


1 
Vat 42x42 
a Find the mean value of f(x) over the interval [-1, 1], giving your answer correct to 
3 decimal places. (6) 
b Hence find the mean value of f(x) + 2 on the same interval. qd) 


f(x) = 


x-3 ¥-2 2-1 
-l 7° -2— 
The plane JZ has equation 2x — y + 3z =4. 


The line /, has equation 


| 


Point A on /, has x-coordinate x = 4. 
Line /, is reflected in the plane /7 and the image of point A is 4’. 
Find the exact distance 4A’. 7) 


The differential equation 

Px 

de 
is used to model the flow of water through a pump. x is the volume of water, in litres, at time 
t seconds. 


+224 ars 21+ IScost 


a Show that a particular solution to the differential equation is 
x=74E(sint + cost) QB) 


Given that the initial flow is two litres and the initial rate of change of flow is three litres per 
second, 


b Find the solution to the differential equation. (8) 
¢ State what happens to the flow of water as r gets large. (1) 


Answers 


CHAPTER 1 ¢ (c0899 + isin 98\(cos 40 + isin 44) ee yearn 
Prior knowledge check pe ew 
iw oe b & 46 =e = cos60 + isin6e 
az ; f ae 
2 > 8a 
2 Im, b 14a)! 
" 2 eos + ising) = 2( Fei 
[As LIIS ~ RIS, the equation holds for n =1. 
1 Assume the equation holds for n=k,k € Z*. 
ie. (1+ i§=2'0% 
With n= k+ 1, the equation becomes 
+d = +i x += 
-1 
Therefore, the quale holds when 2 =k +1. 
If the equation holds for n = k, then it has been 
. -2 shown to be true forn=k +1. 
As the equation holds for n = 1, it is now also true 
3 4032 for all n = Z* by mathematical induction. 
a © 256 
Exercise 14) i 9 e* = cos + isind, e* = cose — ising 
1a 36% b Ger So e“e~ = (cos@ + isin)(cos# - isin@) 
© de d VO50%" LHS = el =e0=1 
e V2Z9e"% f woe" RUS = cos?¢ - Psin?@ 
g wet ogee Hence cos?é + sin?@ = 1 
i 2e3 Challenge 
1,3 re” 
2a 4 Bi b -4 
© 343i d 43 4 4i As LHS = RHS, the equation holds for n = 1. 
be a er Be Hy Assume the equation holds for m= k. £ € 2°. 
2 Le. (ret = rte 
g -1 h -3-3i With n =k + 1, the equation becomes 
i -444iv3 (ret) = (re) x re¥= rie x revs phlei = petgiln 
107 Therefore, the equation holds when n =k +1. 
3 
® cos(—+ 13 z) + isin( RE 13 ) If the equation holds for n= & then it has heen shown 
3a 3a to be true forn =k + 1. 
b {cos(—B2) + isin(-2= ) 
( 5 ) As the equation holds for n = 1, it is now also true for 
all n © Z* by mathematical induction. 
ai b Givenn eZ", we have: wey= oa eres 
e~* = cos(-4) + isin (-A) = cos —isind (2) Exercise 1€ 
(1) - 2): e” - e* = 2ising 1 a cos60+isin6s b cos126+isin120 
Vege e) = 51 31, Al 
xe oy sind & 4g! @ Be 
> sind = {e — e-*) (as required) ee re 
ce 2a c ee 
Exercise 1B a Ps 
Ta Tz 5 ‘Est 3a e1 
1a cos ft + isinte b 3y5cos40 + 3iy5sin40 “a b (242i) = 4096 
© Biv2 © G-i= a (1-8/3) = 
e pai: 81n3 
2a -+ = e 
4 £ (23 - 2if = 5123 — 512i 
ae 432 + 1441/3 
3 2 b 
4a ew 
5a 6/e° b b3 
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Answers 


9 Write a + bi and a - bi as r(cos@ + ising) and 
r(cos9 ~ isin @) respectively. 
‘Then hy de Moivre'’s theorem, 
(a= bi + (a ~ bi)” = M(cosné + isinnd) 
+ r(cosn6 — isinnd) 
= 2r'cosnd 
which is always real. 


Challenge 
Given n ¢ Z*, we have: 


ee 1 2 
(loos + isiMy” = Tose + isin)" ~ P(eosnd + isin nD) 


hy de Moivre's theorem for positive integer exponents. 
= EN ep cosn@ ~isinné 

P(cosnd + isinnd) ~ cosnd —isinnd 
___cosnO-isinndé ___cosn0~isinnd 
© T(cos? nd — i#sin?nd) r*(cos* nd + sin®né) 
"(cos nO — isinnd) = r-*(cos(~n?) + isin(—nd)) 


Exercise 1D 
1 a (cos@ + isind)? = cos36 + isin39 
= cos" + 3icos*@sind + 3i?cos@sin?¢ + Psin’é 
= cas34 + 3icas*@sing — 3 cosésin?4 —isin?@ 
= cos3¢ + isin3@ = cos*@ + 3icos*@sin@ 
— 3cosdsin2¢ — isin’@ 
‘Equating the imaginary parts: 
sin3@ = 3cos?@sing — sin?@ 
= 3sind(1 - sin*4) - sin?9 
= 3sind —4sin?4 
b (cos@ + isind)° = cos5¢ + isinsa 
= cos*@ + Sicos*@sin# + 10i?cos*ésin?@ 
+ 10i°cos*@sin*6 + Si*cos@sin*é + Psin’@ 
=> cos5é + isin50 = cas*@ + Sicos*@sing 
— 10cos*@sin?6— 10icos?@sin?¢ 
+ 5eosAsin* + isin®d 
Equating the imaginary parts: 
sin5@ = 5cos*@sin# — 10cos*sin?@ + sin°¢ 
= 5(1 — sin*@)*sin@ — 10(1 — sin*@)sin*¢ + sin’@ 
— 16sin' 4 — 20sin?4 +5 sind 
© (cos# + isiné)’ =cos7¢ + isin7# 
= cos’@ + Ticos*@sin@ + 21 i*cos*@sin?@ 
+ 35i°cos*@sin*@ + 35i*cos*4sin*é 
+ 21i®cos*@sin°@ + 7i*cos@sin®@ + i’sin’@ 
=> cos7é@ + isin7@ = cos’@ + Ticos*@sing 
— 21 cos? 4sin?4 — 35icos*@sin?9 + 35cos*@sin#9 
+ 21licos*@sin*9 — 7 cos@sin®é@ — isin?@ 
Equating the real parts: 
cas76@ = cos’@ — 21 cos*ésin?6 + 35cos*ésin*@ 
7 cosdsin"@ = cos’ - 21.cos*4(1 — cos?0) 
+ 35.cos*0(1 — cos?6)* — 7cosé(1 — cosé)? 
= 64 cos" 6 — 112.cos*@ + 56cos*@ - 7cosé 
d Let z = cos@ + ising 
(z+) = cose = 16cos*9 
= 284 d2°(l) + 6242) + 4e() 4d 
= (eta) afte die 
= 2cos4d + 4(2c0s26) + 6 
2cos46 + 4(2cos26) + 6 
2(cos4é + 400824 + 3) 
= cos'd = i(cos44 + 4c0s20 + 3) 


16cos* 
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Let z= cosé + isin? 


= 2isin5é — 5(2isin3@) + 10(2isina) 

32isin°9 = 2isin5@ - 10isin3¢ + 20ising 

= sin?@ = L(sin59 — 5sin3¢ + 10sin@) 

(cos@ + ising)? = cos5¢ + isin5¢ 

= cos?@ + 5C, cos* (isin #) + °C,cos?4(isin 4)? 

s*a(ising) + 7C,cosa(ising)* + (isiné)® 
cos? + 5icos'# sind — 10cos*Asin?a 
-10icos*@sin*¢ + Scosésin*é + isin*é 

Equating the real parts gives 

cos5é = cos*é— 10 cos*0sin?6 + 5cosdsin*d 

cos?@ — 10 cos?¢(1 — cos®é) + 5 cos@(1 — cos*6)* 

cos*@ — 10.cos*4(1 — cos?4) 

+ 5cos(1 ~ 2c0s?0 + cos‘ 0) 

= 16c0s*# - 20cos"4 + 5cosé 

0.475, 1.57, 2.67 (3s.£) 

Let z = cosé + ising, then 2.cos# =z + 2 

(+4) = (cosa = Gacasto 


1 


a2oy 625() " 1524) + 202>(4) 


w1se() (8) (3) 
a (+3) +6(z* +3) 
= 2cos60 + 6(2 cos4é) + 15(2 cos29) + 20 


64 cos) = 2.cos60 + 6(2cos40) + 15(2cos20) + 20 
32cos*@ = cos6# + 6cos4# + 15cos20 + 10 


[costeaa 52,9 


rare 
Ifz=cos0 + isiné, then 2cosd = z ++ and 
x 


2ising = 


So, 2?cos?@ x (2i)*sin*@ = 


-(e-Be-Bye-4) 


= 2.c0s60 — 2(2cos40) — 2cos20 +4 
So, 64 cos*#sin*# = 2cos6@ — 4cos4@ - 2cos20+4 
= 32cos?@sin*d = cos69 — 2 cos49 — cos2 + 2 


5 
a8 
5a 
32 
(cos@ + isind)* = cos 64 + isin 68 
= c0s*0 + °C, cos*0(isin 0) + °C, cos*d(isind)? 
+°C,cos? 0(isin#)? + °C,cos?# (ising) 
+ °C, cos (isin) + (isinA)® 
= cos’ + Gicos*#sin# - 15 cos*#sin®d 
— 20: cos*9sin?4 + 15 cos?asin#4 
+ Gicossin*d — sin’? 


{ Online } Full worked solutions are available in SolutionBank. 


Equating the real parts gives 

cos60 = cos*# — 15cos*#sin?@ + 15 cos*dsin*4 — sin’? 

= cos*@ — 15 cos*A(1 - cos?9) + 15 cos?@(1 — cos? 4)? 
— (1 - cos?0)? 

= cos*@ — 15 cos*@(1 — cos?4) + 15 cos*6(1 — 2c0s?4 
+ cos*@) - (1 — 3cos?9 + 3cos*6 — cos*@) 

= 320s ~ 48c0s‘0 + 18c0s?0~1 


a a 
b osae* 0.985, oosay 0.643, cos Ts 
cos 442 = -0,342, cos 23 


7 a cosdd + isindd =(cosd +i sind)? 
=cos*@ + dicos*# sind + 6i*cos”@sin?@ 
+ 4i®cosdsin®¢ + i*sin?¢ 
= cos*# + dicos*9 sind — 6cos*9sin?a 
~ dicosésin*a + sin‘@ 
Equating the imaginary parts: 
sindé = 4cos*@siné - 4 cosdsin*a 
b  Equating the real parts: 
cos4@ = cos*# - 6cos*@sin*6 +sin*@ 
_ singe 
*cos46~ 


.342, 
wes 


—0.643, osg -0.985 


4cos*@ sind ~ 4 cos@sin?@ 
cos*@ — 6 cos*Asin?6 + sin*é 


3 3 
(aa ast ) eos Asind — 4 cosAsin?4) 


( a 

costé. 
4tand — 4 tan? 

1 - 6tan?@ + tan*@ 

ce x=0.20, 1.50, -5.03, -0.67 (2 d.p.) 


Jtcosta — 6cos?@sin?6 + sin*4) 


Exercise 1E 
1 


4a C+iS=(1+c08d+Lc0s20+ 


+i(dsing + dsin26+ 
=1+4(cosé+isin®) + 4(cos2e + isin 26) +... 


=1+1e#+ lea gp Ne Bl 
ls jets Teme. Saige sae 
3 
é aB-e) 3-4 
3-e%(3-e%) 10 -3(e" +e") 
_ 36 = (cos4 ~ isin®) _ 9 ~ 3cosé + 3isind 
10 — 3(2cosé) 10 - bcos 
9- 3cosd 3sin9 
So C= 75 and S =e 


b 


ba 


Answers 


P+ iQ=(1 + cos@ + cos2¢ +... + cos 126) 
+ ifsin# + sin20 + ... +sin 120) 

+ (cos@ + isind) + (cos 2 + isin 24) + 

+ (cos 129 + isin 124) 


=lse®ee™ + 


tee 


eM isnt) oMsinigt 


cane 
2isin= 
2 


_ (cos60+ isin6a)sin 232 


a 
sing 


~ cox Gasin tH eosac$ + isin GisintMeosees 


136, 


So, P= cos6tsinrMeasecs, 158, 


Q= sin asin 34 casos § 


Gan 
ees e ies i 6" 


C+iS=1+ ({)(cos# + ising) + (p)lcos20 + isin 26) 


+... + (Ilcosnd + isinna) 
= 1+ (Te® + (Bem +... + (Rew 
ats (ters Gers + (ahem 
=(1+6%) e(2cos8)" 


(e#le? + e°8)) 


= (2cos!) cost + i(2eus 


So, C= e cos) cos 28 
2) re 


(2+ eM2 + e*) =4 + 2e% + 20-7 + 1=54 2le"+e%) 
= 5 + 2(2cosd) ~5 +4cosA 


-iS=1- see eae 
— H(cos 30+ i sin 3) + .. 
Joes 1em lows 


+ der -Ler+ 
2(2+ 0%) 
Breese) 
2(2 + (cos@ — isin#)) 
5+4cosd 

_4+2cosé - 2isind 

7 5+ 4cosé 

4+ 2cos0 So 2sind 

5 +4cost" 5+4cosé 


“5+ 4eos6 


So, C= 


Exercise 1F 


38 3_ 3V3; 
2 ee 


58, 3S 


d 2=222i, Jen 2- a 2-81 
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Answers 


aa aa an 


@ z=1+i-1+i,1- iis i = 1+ cos2Z + isin + cos + isin St 
f{ z=v3-i 

2x 2x ax 4a 
mae + cos(22) ~isinl2*) + co(42) ~isin( 2) <0 


= + 2e0s2 + 2eos = 


is =0 


az {3 


#1 
cos(—82) + isin 2) 

b 2=2(cos(-Z) +isin(-2)), 
soaps). (2) 
sol =i) 


© z= 2(cosd-+isinZ), 2c 


Plene= + isin=), Plens{ = 


{cos ~ ) + isin( -32) 
a z= y2(cos 5 + ising), v2 (cos SZ + isin5z) 
Tx) 7 
V(cos(-7 45) + isin (=F 
e z= ne ) + isin(— 72): 
52), /alcos( 222) 4 isin( 112" ot lal eal 5 sat 
lo +i 2) sales(tz)+sn(Te)) 7 sae zeit ae aol? 
ee 45) + isin(-75 Ima 
f *) 
i cos(—1 172) | +isin( 72) 
Ba z= 549%, 5tet, cU: 
b z= V3e0m, /Zelsu, (Fe2Im 
© 2220, 2 = VZet 2 = Ze, 2 = (2027 
v3, v3, 
4a ze-5+5h-2-3-F 
b 
Re 
; v2_ v2, v2 v2 
+ me-me+a(e-2-2i)(2-2 + 2) 
3, Pan a 
~ Bi 2 ,v2,)(,,%2 _ 2, 
ae, FPF -F) 
© centre (-1, 0) radius 1 = = 
a _ = = (24 De? + We? - 224 ets 22+) 
5a z=, cos(#) + isin(=), cos (2) i = (c+ D+ ets D 
aa On 4 4a ‘Therefore (z? + 1) and (z! + 1) are factors. 
cos(~22) + isin(-22),cos(—42) + isin(—2 
Vest tant veal) a 16,0, 08 oF 08 1 
Bs 5 5 b_ Rewrite the equation as (1 +4) =1. 
+ sin(-22) + eos{2) + isin then 1+4=¢° for some k € Z, by a. 
Fe 
so,b=e3—1 
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Answers 


5 a -8 - 8i, 4(-1+ V3) - 4(1 + V3)i, 
A(1 - 3) +4 + 3)i, 4(1 +3) + 401-3), 

—A(L + 8) - 4(1 - VB) 
Im, 


4(1— V3) +4(1 + vB) 


a+ 40> Bi az 
: = 3 Re 
Y\ + el +4(1-V3)i 


aC + 8) 40 4 BE 


so take k to be -1, -2, -3, -4, -5. 


Exercise 1G 
1 a (0,4), (-2/3, -2), (2/3, -2) 
b (5,0), (- 5,0), (0,5), (0, -5) 


@ (2eos$Z. 2sin FZ), 19), (2e0s 12, 2sin 482) 
2a 22x" 23 as b 128i, -64(v3 + i), 64(V3 — i), Area = 122883, 
2 2 -, 2sin- 
( a i) (2e0s5, 2sn7) 6 Let the position of the ant be denoted hy a + 6i, where a in 
z es i the number of units forward and b is the number of units 
d (2,2), (i cos 75: 22 sin), to the right from its initial position. 
NE cos 11, /5cin ta), In this notation, walking forwards one unit at an angle of 6 to 
( 12° 12 the right corresponds to gdding e” 0 its position. 
(20005225, 27zsin422), Since the angles are 0, 2, 4 and 8, the final position of 
eo. 12 
190 «19x 
(22 cos, , 2V2sin +e, 


3238, 230 
2V2)  2V2 
ne Peon, 22s 28) 


. 111 + v3), (28 — 5V3), 411 — v3) 


So the distance from its initial position is—?_ 
sin® 


Mixed exercise 1 
1 a e%=cos#+ ising, e*=cos# — ising 
e” +e = 2cos8, so cos = Fle" + e*) 
b cosA cosB = He" +e") x fev +e%) 
= Het sere" e%) 
= Her 4 074 0m 4 tem 
= Yet + eH) 4 (8-4 0M) 
= H2cost4 +B) + 2costA - B)) 
_ cos(A + B) + cos(A ~ B) 
aa ae 
HS = r(cos@ +i siné) 
'(cos@ + isin#) = r(cosé + isin®) 
As LHS = RHS, the equation holds for n = 1. 
Assume the equation holds for n =k, k ¢ Z*. 
Le. 24 = r*(coské + isin k9) 


za With n =k +1, the equation becomes: 
er phates 
vize* = F(coskd + isin k8) x r(cos® + isiné) 


= r*1((cosk9cos0— sin kOsin6) + ifsink9cos@ + coskdsin#)) 
= PY(cos{k + 1)6 + isin(k + 1)9) 

by the addition formulae. 

Therefore, the equation holds when 1 = k +1. 
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Answers 


If the equation holds for n = k, then it has been shown to 
be true for n=k+1. 
As the equation holds for m = 1, it is now also true for all 
n © Z* by mathomatical induction. 
3 cos7x+isin7x 
4a 16 
b 256 
5 a Letz=cos# + ising 
2" = (cas@ + isin#)" = casné + isinné 
£ 


ser 
ra 


= (cos@ + isin@)* = cos(—n@) + isin(-n#) 
= cosnd — isinnd 


1 


= 2" +, = cosnd + isinnd + cosnd ~ isinnd = 2cosnd 


it 
b (2+) =2c0s60+ 6cos20 
z 


a { coszeaa= [Gcosse + Scos20)d0 


= [zrsin6o + 3sin20] = 3 v3 


So 25cos' 


cet) rce(h) vce(L) cat) «2 


10.35. 
s 


a2845zt4 r+ +s 
eS £ 


= (e+3)+ s(et+3)+ 1o( +4) 
2 Es) Zz. 


= 200856 + 5(2cos 36) + 10(2cosé) 
So 32 cos’ 4 = 2cos 54+ 10.cos 34 + 20cos@ 
cos°# = 1 (c0850 + 5¢0s30 + 10cos#) 
b 
B 
Ifz=cosé + ising, then 2isin@ = z - a 
cantonal) 
So (2n’sin‘a = (2-4) 


—6¢,25(1) 4 ezi( 1) _ oc zal 1 
c2(2) + *ae'(3) - 25) 
e271) —«ef1),4 
+seu'(Es) "Col ) +x 
=2'~ 624+ 1527-204 18-641 
gets 
= (++) - 6fe+ 4) +15(2+ 4) - 20 
= 20860 - 6(2cos 40) + 15(2cos 26) - 20 
64sin’ 4 = 2cos60— 12cos49 + 30cos20— 20 


+-(cos 60 + 6cos40 + 15.cos29 + 10) 


Ta 


8 (cos@ + isin é)° = cos6é + isin6e 
= cos" + °C, cos? Atisind) + °C,cos*9 (ising)? 
+ *C, cos" #(isin é)* + °C,cos”@(isin é)* 
+ *C,coso (ising)? + (isin9)* 
= cos’ + bicos?4sind — 15 cos*Gsin26— 20icos?asin?4 
+ 15c0s*@sin‘4 + Gicos@sin*@ — sin’d 
Equating imaginary parts gives 
sin 60 = 6cos*0 sind — 20 cos*0sin*0 + 6 cosdsin°0 
= 2sin@ cosé(3.cos*@ — 10 cos*ésin*4 + 3sin*4) 
= sin 20(3 cos*@ — 10cos*@(1 — cos) + 3(1 — cos*4)*) 
sin29(3 cos'é — 10cos*6(1 — cos*é) + 3(1 — 2cos®@ + cos'é)) 
= sin 26(16cos*4 — 16 cos?@ + 3) 
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9 a (cosé@+ isiné)* = cos5é + isin5é 

= cos*é + °C,cos*#lisin#) + °C,cos?4 (isin 4)? 
+ *C,cos’ 6 (isin 6)? + *C,cos@ (isin) + (ising)* 

= cos*4 + Sicos*#sin@ ~ 10cos*Asin?@ ~ 10icos?@sin?@ 
+ Scos@sin*@ + isin*@ 

Equating real parts gives 

cos 58 = cos°9 — 10cos?@sin?9 + 5cos@sin*9 

= cos*@ — 10cos*@(1 — cos*#) + 5cosé(1 - cos*4)* 

= cos*@ — 10.c0s*4(1 — cos?) + Seos@(1 — 2cos?4 + 

cos‘) 
= 16cos*6 — 20cos"6 + 5cosé 
b 1,40 +5) = 0.809, 4(1 — V5) = -0.309 
10 a Letz=cosé +isin@ 


(2-4) =\2isina = 32%sin59 = 32isint¢ 


~2452(4)+1023(1) 


* 10z2(-1) +52 (4) * 


1) - 5(z2- 1) + 10(2 - 4) 


2isin54 — 5(2isin36) + 10(2isine) 
So 32isin°4 = 2isin54 — 10isin34 + 20isind 
= sin30 = {-(sin 50 — 5sin39 + 10sin@) 


"66 
(cos@ + isin@)’ = cos5é@ + isin5é 
=cos’@ + 5icos*@siné + 10i?cos?4sin?é 
+ 10:3 cos?@sin?@ + 5i*cosésin*@ + isin'@ 
= cos5# + isin5@ = cos*@ + Sicos*#@sing 
— 10cos?Asin?4 — 10icos?@sin?a 
+ Seos@sin*@ - isin®@ 
Equating the real parts: 
cos5é6 = cos*@— 10 cos?@sin?6@ + 5cos@sin*@ 
cos@(cos*# — 10cos?@(1 — cos*@) + 5(1 — cos*4)*) 
= cos@(16cos*@ — 20cos?4 + 5) 
b If cos5é = 0, then cos @(16cos*4 — 20cos*@ + 5) =0 
Ifx=cos@, then x(1624 — 20x? + 5) = 0 which has 
20+80_ S+v5 
“gy 


b O, 


solutions x = 0 and x? = 
quadratic formula. 


Since 0 = a solution to cos50 = 0, x = cos 


10 10 
must be a solution to x(16x* - 20x? + 5) = 0. 


Since x=0, cos*( for some choice 
of sign. 


To find which, note that ¢= 3 gives another 


solution and cosa > cos by looking at the graph. 


Hence @ = eT] corresponds to the larger of the two 
545 


solutions and cos? 


2( 32) 
© cos'( $5) 


eos (tg) = 
_ 3tang ~ tan*@ 
12 a tan30= 1 — 3tan20 


GD Full worked solutions are available in SolutionBank. 


b cotz9=_17Stan'@ __1-3cor7# 
Bian@—tan°@ 3cot 9 coro 
_ cot?d ~ 3cotd 
~ Be0F=1 
13 Cris 


= 1+ k(cos@ + isin#) + k*(cos 26 + isin26) 
+ 3 (cos36 + isin 34) + 

= 1+ ko + ke + ket + 
+ (keM)? + 

since |ke" = |k| <1. 


1-ke 


1+ ke® + (ke*)? 


ke” 
1 


vi. sine 
14+ - 2kcosé 
1-kcos@ ksing 
Soca = hose _ -——‘sing__ 
°° Te akcost ~ Te = 2kcos0 


da 4V2(cos(-Z) + isin(-3)) 


> 
( o Re 
3 
%. 
> 
Re 


b If'z; and zz are the two vertices above respectively, 
then z,— 2, = 3 — 2iv3. 


So the length of this side of the triangle is 
((V3¥ + (€2V3)? = 3412 = 15 


le, — 22) = 


Answers 


Challenge P 
Rewrite the equation as (1 +4) 


a 
> for some k € Z, since it is a sixth root of 


Then 1+L= 
unity. 


- z = 1 
ae) 
ef-1 e@le?—e@) et (2isin 


So the points lie on the straight line 2=—-4 + it for ¢e R. 


CHAPTER 2 
Prior knowledge check 
1a 1098 
2 a Use the following: 
Fewest alkze +0 


b 10761619.5 


= z 
and simplify to get the answer. 
10073 
dy @y 
3a “~~ 30083 b 
a pn deos3x ae 


Exercise 2A 
La p+ I-Ar-W=30?+r-P+n=3An=r 


b Sr=trir+y- bry) 
a 


Fx lx) —F— Dlr -2) 
dele 1) bee 1) 
When you add, all terms cancel except $n(n + 1) 
Hence r 


na +3) 

Ans n+ 2) 

1 1 

2r 2r+2) 
1 pita) 

(r+ 2Nr4+3) r+2 r+3 
n 


$n(n +1) 


n(3n +5) 
A(n + 1a + 2) 


o 


32 +3) 
1 1 _ + dtl-n_rl+i-)_ or 
"sD! mGeDE esd! sD! 
Gaon 

(n+ 1)! 
n(n+2) 
(n+ 1? 


r e x 1 
7 a Method of differences yields 10 2@ns5) 


80 a= 10 and b=25. 


which 


e 
simplifies 10 S35" 
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Answers 


1 


b Forn=1, Assume true for n =k. 


aT x7 10+25, 
Let n =k +1, then 
S 1 re ae al 
fil@r+ 3)2r +5) ~ 10k + 25° (2k + 52K +7) 
2+ 7k +5. kel 


“(@k+D@E+T 10+ +25 
Therefore true for all values of n. 


f ej 1 
Method of differences yields 5 err 3): 


n(15n +17) 
n+ DBn+ 4) 


% 


which simplifies to so a= 15 and 


b=17. 


2 


Method of differences yields (x + 1)* + n* - 1*—0* 
= 2n? + 2n=2nin+1)soa=2. 


10 a Method of differences yields 
soa=3,6=12andc=16. 


6n 3n-3 
216 12n+4 


11 The general term ++ his asum, not a difference, 
r 


Bn 
12n + 16° 
b Simplify: 


so the terms will not cancel out, and the method of 
differences cannot be a in this case. 


12 Recognise this is S—1 — and apply method of 


aie +2) 
differences. Simplify $ + t- 


2n+3 
a ans Din +2) 


1 1 
2n+D* Ine a as 


obtain 3 . stating a= 2 and b=3. 


Ba 


2r+1 ae +5 
b 0.0218 


Challenge 
a k=11 b a=11,6=48,c=49 
Exercise 2B 

Ta P(x) = 26%, P(x) = 40%, Mx) = 

fin(x) = 2re2 

nL + xy, Pe) =a — YU + ayes, 

n(n — 1)(r — 2) + x3, Pax) = nt 
# + xt, P(x) = Ze" + xe*, P(x) = Be* + xe, 
£(a) = ne* + xe" 


= 8e%, 


ds f(x) =(1 +07, f'G) = -(1 + 2), Pr) = 201 + 
f(x) = (1) (n - 1) + x)" 
OY gre? = 31 2 
2a Gin eta By b ¢ 
dy 


Ba —=3.% cos3xr x 2sin3r 
dx 


= senaceas ne 
dy 
ax? 
© 648 
P(x) = xe — xe 
2e* — 2xe~) — (2ze*— ze) 
ex(2 - 4x +22) 
P(x) = e"(-4 + 2x) — e-(2 — 4x + 27) 
=e%(-6 + 6x2) 
b f(x) = (6 - 2x) — e(-6 + 6x - x”) 
= e(12 - 8x +.2°) 
so f"(2) = 0-12 - 16 + 4)=0 


= 180862, 1% ae -108sin6r, $ == 648 cos6x 


a 
5 a Given that y ~ secx, oa = seextanx 
—_ = secx(sec?a) + (secxtanatanx 


= secx(sec?x + tan?x) = 2sec*x — secxr 


ey 
b [A= Osectx(secx tana) ~ secxtans 
= secxtana(6sec"x 1) 


#0 ayo) - 1) = 112 


When x Pa 
09 = feat) = ave) 
6a a= Cry yg t? a 
ay dy dy 
‘ (vas ae") 
7a f= 


rer 
xt i Vex? 
So (1+x7 f(x) -1 
Differentiating this equation w.rt. x, 
VPs 220) +—*_tw) = 

vi+x? 


o 


= (1+ x2)P(a) + aPla) = 
¢ Differentiating this equation w.rt. x 
(+ 22)f@) + 2x] + (CG) + xP) = 0 
= (1+ 2°) PQ) + 32fa) + Pa) = 0 
d_ £(0) = 1, 0) =0, f°) = -1 


Exercise 2C 
1a f=-2" = 0) =1 
P(x) = 11 ~ x)-%{-1) = (1-2-2 > PO) =1 
f(a) = -201 - 2-4-1) = 20 - 2) = M0) =2 
PQ) =-G x 0-4-1) = (3 x 2)(1 - a) 
= PO) =3! 
General term: 
£%(z) = r(r — 1)...201 — a4 = AL — x) 
= 0) =r! : 
Using fix) = 10)+ 0) + Oe Haste + ths 


G-ata14r4 2ate etre. 
2 r 


sl+x4a?t+ tate 
= 0) 
= f0)=4 
=fa=-t 
P= rst 


i 


P(x) = cos?.xe* — sinaes™™ = £10) = 1 
Using Maclaurin’s expansion, 

= 1 = 1 
os = leat gate. alta He. 


Pa) =sinx =f) =0 
Pr(x) = cosx = £"(0)= 
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a 


10 


‘The process repeats itself every 4th derivative. 
Using Maclaurin’s expansion, 


at page ha ar 
cose = 14 Fras gate Geet 

_) tat, CI, 

a i ea ihe 


b Using cos = 1-2-4 2* with r=, 
2. at 6 


ae af 
72‘ 31104~ 0.86605... which is 
correct to 3 d.p. 


e=2.718 (3 dp.) 

0.182 (3 d.p.) 

14 3x4 feeds Sete 
b 2e—227+ 88 date 


cosa =1— 


p 


f(x) = (1 - x)? x = + 2(1 — x)(-1) Inf - x) 
20-2) Indl - x) 
P@)=1-2(0 =) x -1 + nina -2)) 


=3+ 2In(1 -x) 
b 0) = G, £(0) = -1, £0) = 3, F"(0) = 


se led 
ce -x4 Sr? — 1x 


=r-1 


a f(x) =—1_ x Csinx) =-tanx 


cose 
b £0) = 0,£%0) =-1, £"(0) = 0, £"() =-2 
2 12 


d In(cos7) =Inl2-)=-}1n2 


And by the Maclaurin series we have also 


f(a) = tana = (0) =0 

P(x) = sec?x = £(0) = 1 

sec*tanx + f'(0) =0 

sec*xtan*x + 2sectx = 6sectx — 4sec*x 
= 2lsec'x + 2sec?xtan2x) = (0) =2 


Answers 


f(a) = 24sec*xtanx — Ssec’xtanx > f'"(0) =0 
P(x) = 24sec*xtan?x + 24sec*x - 8sec*xtan*x 
— 8sectx = P"(0) = 16 


‘So the Maclaurin series is 


O42, 252, O14, 16,5 
OF e+e +3 ae +a Hace 
ee 
artis 2s. 
rege des 
Challenge 
> E sad x 
yal 
ot" r+ i 
x Hey 
+1 r+1 
b salsecg a et a 
=e @ = 12 
a, = (DE ayy = 
= sare she ¥ 7 rx 
7 Vil | 
rel Cire ir 
x 
i 
Fees 
So ln(1 + x) converges for -1 <x <1 and diverges for x > 1. 
Exercise 2D 
La 1-245 -F 4... valid for all values of x 
b t+dresxt+320 +... valid for all values of x 
© o(t+2-3+2 +.) valid for all values of x 
caer 
eae ee es | 
a -— 2 34 1<2<1 
ee 3 
e £-F+555 valid for all values of x 
f in2+3%— 


2a In(l+x)=x-> -l<z<1 

In(1 x)= x 1<z<1 
1+x es 

inf #4) = ina +2)- In -2)= 22+ 242s...) 


As x must be in both the intervals -1 < x < 1 and 
-1<a <1, x must be in the interval -1 <x <1. 


b (r+Es2s..), -1<3<1 
3 E 


© x=-4,-0.4055 (4d.p) 


An (4) = In(2) 


and the series from b gives 
a gy 
Pg ty 0.69... 
Which is In2 correct to 2 dp 
(2x | (2x)* 
27 Bt 
ea (xP 
= 2 Car $ 
So e* et = 3x45 
neglected. 


ws 


e*%=1420+ 


a1s2eear ste. 


et=l-a+ 


terms in x? and above may be 
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Answers 


4a aasin2e = a(2- 48 - .) 


= (982 4 20x 
cos 3x = (1 oe 2) 
So we get that 

3xsin 2x — cos3x = 6x" an-( 


2 8 
= Dye 59. 
a Bee Bete. 


a 
bee 


6 
b 
Tp 
Sa 
b 
9 a (1-32) In(1+2r) 
2 
Sab ele el 
= 2x — 8x24 2x3 — 12x44. 
b sing 
(2x)? (2a)3 | (2x)* 
=(1+2e+ “a ar ar 
ce \1+x? et=(1+22he* 
= (14 dete yeh ..)[1-2+ 
a? xt ox 
=(1+ +E-Ee, -(l-2+E- 
wins tps 
at xt at 
Wa 1-5+2-F4 - 


b 1.711(8dp) 


ll a e™sin3x 
(pn? 
a ar 


“) 


242 pied (2 
pre? | pix’ mien 2) 


ches 
aang SP, 


b q=-2 p=3 k= 
12 a emnrserx e-tserx ol! 


= ettrging = sine 
¥ 


(ieeetats (roe 


fla) = 


2 
slea+ = ignoring terms in x* and above 


1-22 


b f0.1)= 


Using the approximation in part a, 
(0.1) = 1 + 0.1 + 0.00333333 = 1.103333... 
This result is correct to 6 s.f. 


sna 1.103329... 


a 
12a Se 16(sin 2x — cos 22) = l6y 


= 2_4y3_2 
bo y=-1 + 2x4 2x2 Sr? 2a + 


Challenge 

a ya1+per+ dat 

b 19.6 years (3 s.f.) © 2% 

As 3is larger, the error in 7 is larger, so the 
approximation would be less accurate. 

Mixed exercise 2 


2 
da —2 _-_1 
(r+2ir+4) r+2 r+4 


» SS 1 


" 


Aes Drs) ilrs 2 rsd 
ee eee 
3°94 n+3 ned 
___7n?+25n 
T2(n + (n+ 4) 

1 1 
a 
* @-parea) 7-1 43 
z 4 -1__1_ _4n+3~-3 
7 2a@robars a 3 4n+3  3(4n+3) 
__4n 
3Udn +3) 


0.00126 
3a (r+1P-(r-1P 
=(r3 +372 + 3r+ 1)- (3 - 372 + 3r-1) 
=6r242 3 
b Y(6r? +2) = 6Sor? + S02 = 2n? + Bn? + 3n 
mi mi 


° 


So 6357? + 52 = 6-7? + 2a = 2n? + Bn? + 3n 
So 6772 = 2n? + 3n? + n= nl2n? + 3n+1) 
mt 

= nln + 1941) 

So Sor = in + Wan a 

a 

rei 743. 

2 2 2 __nn+13) 


2°3 n+2 n+3 3n+2in+3) 
Sls 1P - &- DF = nn? + 3n +3) 
a 


Calculate 
(2M@2ny + 32m) + 3) - (W— 12m - YF + 32-1) +3) 
Which gives that a= 14, b = 15, ¢=3.d=2 


Ga ou. (2)e12 


a 


pares 


a 


SY _ (_2)¢1-2 = 256—h2 


= 256(01 (0%) = 256 , 
7a fo)=4.2(0)=1 
1+ eer— e'2(1+e%e"_ ex(1-e%) 


( 
b fas i = 
Manas ase) a+ey 


2 ae 
c m2+5+y+ eo 
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8 a 1- 8x2 + Bx — 286 y 4 
b cosdy = 1 ~ 2sin?2x 
$0 2sin?2x = 1 —cos4x = 8x* - 


so sin?2x = 4x? - Hat 4 Bias y, 


256, 


4 6 
+ Bae e 


ss way at 
Using lees See 


ny 


sa aa 
rh’ G+m ) 
r+ Dt 
rl 


weet 
aint 
® +UG ein 
(2r+ Dx’ 
(r+)! 
+ CE = cosx 
c 
+#Gtr" 
28, 40 _ 6x 
er rn 
(r+ 2)x24 
ie ag Te 


14 1+ a-4a?-thes 

15 f(@)=(1 + a)(l + 2ln(1 + x) 
tess eent +2) 
fray = 


ed 
a (1+ x)n(0 +a) a pet ge 


b 0.116 @dp.) 


Answers 


weEe 


17 a f(x)=e™r=0"F 


s(teeus 


23 
= Eras 
cleatSe ts 

# 
b t-reE-2e.. 

18 a fla) = Incosx 


£(0)=0 


—2sec?x tanx 
~2seex ~ 4see?xtan?x 


Substinuting into Maclaurin, 
Incosa = (15+ (2) 4. = 


b Using 1 + cosx — tat 
In(1 + cosa) =In2eos*5 = n2+2 Incoss 


so In(1 + cosx) =In2 + a{-4(8)' -2(8) 


3 
=ing-2-X 
4 ra 
19 a WW 30% + 09, £8 = 9{o% + 0-9, 
29 « a7(@% 4 09, 24 - g1(e*—e%) = By 
dx? “det 
b y= 6049094 Sle 4... 
2igpetgzet 
(2a - 1)! 
x a? 
ea1l+x+ + 


FES. 
Ge)? ie) tay 


sing =x- 


isinrai(r- 5+. 


Match up the items to show e* = cos + isinx 


CHAPTER 3 

Prior knowledge check 

1a SV3B+x% +e b (a? - 224 2er+e 

¢ {ln(1 + 3sin2a) +¢ 

t 10x +y 1 

Bie! Sa ae dy © Secty 

Siar tb a ee ee ee eee 
& rel Atv +2) 4{x-2) £410 ax+1 

Exercise 3A 

fai b 2 ey 


z 
2a [ords = lim "erdx = lito’ 1) 
and e! — e as ¢ +06, so the integral diverges 
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Answers 


o 


° 


. 


111 
Iza 


b 


Ba 
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AT. og Pls roy 
[ye ae~ fia [ ae - met - 2 
a ouenen 4 
dx = lim(@V+T - 8) 


as d= tin lex? 
and (2 + 1 — as 1+ &, so the integral diverges 


: 
Las = tim [Lax = tim [20 = liml2 - 21) = 2 
ve te # biol 


3 


[ oe lim [2ve"= 1], 


lim(2V2 - 2ve"= 1) = 212 


Integral converges; 2(1 + V2) 
Integral converges; 0 
Integral diverges 

a eer 

3(7 - 3x) 


and (In é)? — co as ¢ — ©, so the integral diverges 
(nx)? - 2nx +2) + 
[inayax santa 
= (ng? - 2nt +2) =2 
since uln) — 0 fea u(lng? + 0 as t — 0, 50 the 
integral converges 
Split [°(nx)'de up as ['Una}*dx+ ["(nx)*de 
and show the second integral diverges. 
J'nx)*dx =lim [nade 
= lim (eng? — 2 Int + 2) — 
and (Ind) — , ¢(In 0? — o as t + ©, so the integral 
diverges 


NE 
10 -8 


tan is undefined at the upper limit 
Bla Stanadx = Ii [tana dx 


cost — Oast—F,s0 Reese eeS 


so the integral diverges. 
sec? is undefined at the point x = 3 in the domain of 
the integral 

Split [sectade up as ['sec*rde + 
show tho first intogral divergos. 


[fsec?xdx = lim [‘see*x d= lim(tan ¢) 


and tant — e as t+, so the integral diverges 


14 The integral converges precisely when a > 1, in which 
case its value is 7 


-1 
15a 4 = A Poe ee | 
2x243x4+1 (@r+D@+N 2r+1 x41 


in partial fractions. 
dx = [lnj2x + 1] —Infx + 1] 


i‘ 
[saya 


b In2 
Challenge 


ersin2adx = $fe~( - cos2x)dx 
=-he + Len(-2sin2x + cos2x) +c, 
where the last step is done by using repeated integration 
by parts. 
Sa. fressin?rdy = i 


=lim|j,e*(-2sin2x + cos2r - 5)|’ 
en lo 
= lim(sye"(-2 sin2¢ + cos2t — 5) - 


since e~sin 2¢ — 0, e~cos2t — O.as 1— © 


Exercise 3B 
tia fo b In2 
lin(1+e* 4 
aa geese) 8 age . 
5 5 3 
d Sint eS 
3 a (-2, 128), (4, 20) 
b y 


y=fix) 


° 


A lower bound is 20 and a upper bound is 128, 
since these are the minimum and maximal values 
attained on [-2, 4] respectively 


d 74 
In3 
4 oe 
5 
6 t+ 
1 
18 Gece ea ez" pata fractons. 
1 5x 49 
a= 
So sq) Ge Der es 
1,494! 
7 qe 3 z 
Ba 5 free? -4y*dx = ste*— 47)" 
pb —22 
a 
ze 
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Answers 


10 woe {itl) de =m, then 


1 1 
Fogle + oda = [Mande + ["edx) 


=m+—_(eb-a))=mse 
= b-a 

11/2 

12 The graph of f(x) between 0 and zis the negative of 
the graph between z and 2z and so the area under the 


graph between 0 and 2x must be zero. 
38 -S Tene 
3 cose 3 af 4 iF 
b aol esi 4 2+sinzx], 


+ 7G + V8)) = — pag + v3) " 


AR) y = arccos(arccosx) 


14 a Turning point is at (3.2) 


b -2a?-5a-i 
a 


Cm 
Exercise 3C 
ia b - oe 
lea vi-z T-x* 
3241) wee 
T+ (43x)? axe—1 


(x? + 1) - arctan)? 


* 


d : 
——(arccosx + arcsinx) = —- 
dx 


vi-e v1 =# 
So fix) = arccosx + aresin< is constant. 


NO =F + 


2 


= ©(arccose - 


41 a Ify=arccosx, then siny = +/1— cos’y = 21T 


Since arccosz has range [0,z] and siny is positive 


i a2 arecos.a — ; es on this domain, we must have siny = v1 — x? 
i lex? b Ify=arctanx, then 
6 _#+(1 +24) arctana eye 1 1 
1+x)( + x4larctanx)) secy "1+ tan?y T+a? 
2 ‘ 
9 Wy sansnden kang E 2 Sinee aretans has range (— 
ay ae 238 
ay on this range, we must have cosy 
So, (1 — aft ~3q 7 
ae. 2 © Ify=arccosx, then secy = ey 
St ar cca aie ds Ify=areseex, then 
9 a Zarctans b - 1 
Aga? 1-2" (aresina) 


— 
(+ x9) + (arctana)?) 
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Answers 


Challenge 


Since arcsec has range (0.5) U (: ay aieeehe 


=) and sing is 


positive on this domain, we must have 1) HEP ansocewe 


OUR eng 
sing = . 
Exercise 3E 
Exercise 3D da Weotwis 
1 = [eset tg = 8 c= Larctant + eet) Vee) 
asa @+(atange 4 a Ss oe 
1 = in? ap _ 3@?+2)° 3-1 
2 eee-h sae =e o=-arceose + a eT a. 
3 a BaresinZ+e b AB arctan + +e 7? a. Tx 
2 Infe + 2| E tan 
© aresinE +e d@ Injes zF—a]+0 evelmys erent ee 
B 8 Ba ee te +2) 
4 “Sarctans = + c fe + 2 
6 b In \Zaretan| 
aap ean |e 
1 
: 4 fin( 2) -faratanE + © 
65 
5 ho + Zarcian +e 
» 3 w( $2417) Pabee 5 é 
3 i +9 +04 
BENS 6 eae sta - |e Jae 
= 3 Injx - 1]-2 Inlx+1] +4 arctan +c 
ft 
7 Seapets 
Za (x-4)(x?+6) 
34°12 c 2inlx — 4|~ 2 aretan* + ¢ 
g [2t8ae - Irae tes [Bt 
Taae™ 14 3x? Trae ea staal 
afl Sey 
+3 fia i ss 
. , 
2 sol [aye ayes UP as 
23 Pawel 2 
=<prarctan 32) + 5In(1 + 3x) +e ‘dx and show 


fopheper+ Poh 
l@-De@x-)* | @-2@r-1 


«E24 fo 
=aresin-2-—2/3—a? ; , 
2 Sata kee ee fhe Second integral diverges 


2 3 x 
Sancta 
IO 4in(a* + 4) ~Zarctans + ¢ eae re 7 = lin Sere Hoecp 
dx 
11 | flx)dx ral a-2 1 = 1 
J We- 30 -o=2] io Saal) +3 qt 
2fwtau 2 2 
=-2futan 2 ic and in-—2 | _. eas ¢— 2, so the integral diverges 


= Avo =se8 - Laresin( 3x) +c 9a 243,472 4) 
5 ar \6 w?+6 0 22+4 
wa Fine? + 16) +Sarcant +e b autre) ang 3 arctan +e 
2 4 = z Xz ve 
1fatipee 4 2 a 1 4 
be An (x +16) +3 arctan[ | 10 FH =) + ZarcianZ +e 
a,r2+16 4[2 4 20 \e?+5/) 5 v5 
4 Sa 
=i[ginz + 3s) ay ——2___ = 1=* , _1 in partial fractions. 
a6 G+ Dears) xed xed 
0, (ae 
ahi ae ae 
-lee- [sae [poe 
= faretanae - In(a? + 1) + Inf + 1] =F -find +In2 
Ig ff + eos2mda [x 4 Fsin 2x 1 
~ Te: 16 lo = ql +21n2) 


ifn, a, 
“ade* 4) nog tee 
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3x Sx 4 
: Wa*+) Qe + OF ae 
if + 3In(x? + 2) + 2lnkrl) +e 
8\x24+2 
Challenge 
e 1 y,|2- 4-2 b T avciay v2@+1) 
a2 |x-4422 v2 BS 


Mixed exercise 3 
1a arctane*+c¢ 


Catee 


nN 


es 


[g (sin2x - 2x cos: 2x)] 


b —Zareeoss +e 


“5 = -5 


5 = x = 
(2223) 41 (@- 1? (2x43)? + (@- 1? 
a-1 
See: ee 
ba?+10r+10 x? +2e42 


b x84 2n+2=(0418+1=1, 
=| =1 
e?p2x72 
G a We say an integral f(x) dx is improper if one or 
both of the limits are infinite or if flx) is undefined 
at some point in (er, 6] 
b It in undefined at x = 0 and has upper limit e 
con 
7 ~\1= 5x? +Larcsin Sx +0 
vo 


Ey 


a Use the substitution x = tand and identify 
sec?@ = 1 + tanFé so that the integral becomes 


[149 = arciane 


bis ii = 
9 a Fin(1 + 4x5) +5arcan2x +e 
b i@+2mn2) 
1a cae dx “le six = Laresin( 3x) + ¢ 


> [ee 
ee 
3x — 2 sin2x + sind] 


ae ai gon 6 


*sintods = [° (3-408 2x + cosa) dx 


1 = 
= (4a — 713). 
oat . 


Answers 


Here we know sin*x = }(3 - 4cos2x + cos 4x) by 
de Moivre’s theorem or by using the formula for 
sin?x twice. 
waz 
8 


b [Wedde=tim[Lareiana 


2 1 
a, Jimnar = [Zar + [ar - [ogee 
=2 Inlaj - 4 - arctan(2) +e 
nee rr : a 
Split (“fix)dx up as (7x) dx + [1 hee aa ana 
the first integral diverges. 
[Nad dx = lim fa) dx 
5 


= tani ae F (aseta + arian) 
baa 2 v2 v2 


and In|e - 4| + -0 as t+ 4, so the integral diverges 


b Infr-4]- 


Sarcian 


Challenge 
a ff fialdr =} fat - x? + 4a] = $= 4 
fle) = @ - 20+ 424 c=00re=/2 


b One example is f(x) = 0 for x <1 and fix) = 1 forx > 1. 
This has mean value $ on [0,2] but the function only 
attains the values 0 and 1. 


CHAPTER & 
Prior knowledge check __ 
1a 15633 bs ¢ 2=136" 
6 8 4 
2 141 Gs.) 
3 59.5660 
15 
Exercise 4A 
ta & b 4rn2 © 
d 2in41 e 2(1-In2) f 
4 2 
2 
3 -61n3 +4) 
4 -1) b 973-1) 
5 
6 a x=Oorsinx+1=0+2=00r= 
(9s? 
» 2 a -1) 
1007 1007 
aegis! tT 
8 0.237 (3 s.f) 
Challenge 
(sine 4 5) t= fe- 


= Fsin2x +\Zeosz| 
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Answers 


Exercise 4B 

1a z(tet-2e-le? + 4) b de-1) 
c Zins + 16) d ain? 

zah b x(2+3ln3) 
© x(4n2-2) a 2= 


aup w 


8 a By de Moivre’s theorem, 
sin 3 = 3cos*#siné — sin’ = 3sing — 4sin’¢ 
sin 50 = Scos*0sind ~ 10cos?#sin’# + sin’? 
sind — 20sin"0 + 16sin°d 
sind — 5(3sind — sin 36) + 16sin%@ 
10sin é + 5sin 34 + 16sin5@ 
= sin’é = L(0sing — 5sin 39 + sin 59) 


b in*ydy = = | (LOsiny ~ 5 sin3y + sin5y)dy 
= [0 cosy + Zeos3y - deossy] 
16 3 5 : 
432 ) 
3 
Exercise 4C 
3840 
ae, 
2a 2,3 
b xe? 
ce Inv=tsy?=t-1=Inx-1 
d xe 
3 a x2=1-sind > sind=1-2, 
P =cos?@ = 1—sin* 2-2 
b (2,0) 
© 7(£12) 
4a 0,2 p 582 
3 5 


© tan'9=2°, sece=y? 


so tan2@= sect@— 1 = x? 
a vez[(yi-Ddy- ik 
a 

Sis 

6 «ff Mans x Fae x zeae 


a tsin29+to+e 
b y= 4sin20 = 8sindcosd = y? = 64sin*0cos?0 


= cose? 


8 In7 
922 
i032 

5 


11 a zIn6 b =(In6 


Exercise 4D 
Ta 200m 


2 5xln4001 cm* 
3 a cos3é 
= cos(20 + 6) 

cos2¢cos@ — sin2@sin9 
(cos?6 — sin®0) cos — 2sin?écos 
= cos?@ — (1 - cos*#) cosd — 2(1 - cos*#)cosé 
2cos*@ - cosé + cos*4 — 2cos# 
4c0s*0 — 3co30 

= cos? = 4c0s9 + tcos3¢ 
b 500007m? 


x em? 
4a 2 b 8647m‘ 


5 a 2x? = 16sin?@cos?4 = 16sin24(1 — sin?4) 
. Bi -(2)) = 380 A 
= 16(4) 1 (S) =Hro-v) 
14 
i eg. Patterned earring may mean that earring 


requires less material 
ii e.g. Wasted material upon transfer to mould 


( 2 


2 a Use integration by parts with «=x and we = sect 


pl zu 0005 2 


oe 


Mixed exercise 4 
1a jrsin2x+teos2x+e  b 


+1) 


to got af sectxdx = a[xtana + Incos:]; 


quo - 32) 


7(e* -9e? + 8e + 8) 


oN an pw 


Using the substitution = sin¢, this becomes 
«faa 8* 
= f (1 -w)du = 3 


9a sind 


sin(2@ + @) 

= sin2écos@ + cos20sind 
(2sindcos0)cos0 + (1 ~ 2sin?d) sind 
2sindcos*6 + sind - 2sin’d 

= 2sind(1 — sin®é) + sind — 2sin*a 
2sind — 2sin’@ + sind — 2sin°@ 
3sind - 4sin'@ 

sing —1sin30 


= sin?é 

b 20007 
40 1282 
15 


228 GD Full worked solutions are available in SolutionBank. Os 


Challenge 


Rotate C by ee anticlockwise to the x-axis using the matrix 


zy) {1 1) 

|_| 

4. 4 

cos(-2)} | 1 

( ) v2 V2 
iy viet) 
v2\-1? + 2t 


v2 v2) 
So new parametric equations become 


x=1e + 2handy=10e + 29 
Z 2 


1pg 
y= 0-0? + 20=0> 6=0,2 
eee 3 ; 
201 dx 
a Les 20) 
von [i gto end) ae 


x afer + a) (hen + 2i)a 


Review exercise 1 


4 cos2x+isin2x _ __cosay +i sin2x 
cos9x—-isin9x cos(-9x) + isin(—9x) 


tt = cos 11x + isin 11x 


Hence n= 11 
2 a cos5#+isin5é = (cosé+ising? 
= cos*@ + 5i cos*0 sind — 10 cos?0 sin?o 

= 10i cos*@ sin*@ +5 cosé sin'é + isin’@ 
Equating real parts: 
cos 50 = cos*0 ~ 10 cos? sin?0 + 5 cos@ sin* 0 
= cos’ — 10 cos*4(1 - cos? #) + 5 cos a1 — cos? a)? 
16 cos*@— 20 cos?4 + 5 cosd 

b x= 0.809, -0.309, -1 
Ra cos50+isin5é =(cns4+i sing? 
= cos*0 + 5i cos*d sind—10 cos"? sin?6 

= 101 cos?é sin? + 5 cos@ sin*# + isin“@ 
Equating imaginary parts: 
sin 50 = 5 cos*@ sind — 10 cos?¢ sin? + sin*0 
= sin@(5 cos*@— 10 cos*# sin*@ + sin*@) 
sin (5 cos*@ — 10 cos? (1 — cos? 4) + (1 — cos? 4)) 


= sin (16 cos*@- 12 cos*@ + 1) 


= ae S23 + 102 - 102-1 + 52-3 — 2-5) 


(2-28 8-29), 10-24) 
iol a7 af ) 


=758in 50—5sin 30+ 10sind) 


Answers 


b ff sinsoaa. 4 [sin 50 —5sin30 + 10sin@ld@ 


az $0859 + $0830 - 10 cosd]* 


=i 
a z*=cos(-né) + i sin(—né) = cosn@—-i sinn? 
2+ 2% =cosnd + isinnd + cos nd i sinnd = 2 cosnd 
b Hieos60 + 6cos40 + 150s 20 + 10) 


c [ costae 
 fleos6o+ Geos40-+ 15 cos20 + 1049 
=i [fsino9 + $sin4e + Psin2¢ + 10: ; 
=pr-0= 35 

C+is 


=1+ (cos +i sind) + (cos 20 + i sin20) +... 
+ (cos(n — 1)0 + isin(n ~ 1)0) 
=e +e 4024+ eley 
eG -r) na 
I-r 


Using the sum of a geometric series S, 


1-e_(1-e"%{1-e4 
1-0” (1 eI — 4) 
L= ome seurin 1 eles gm 
1-e¥—e¥s1 2-2 cosd 

Equating real parts and using cos(-9) = cos 9, 

cos 20 — cos(-0) + cos(n - 1)8 

2-2 cosé 
cos 0 + cos(n ~ 1)0 ~ cosnd 

2-2cos0 
Equating imaginary parts and using sin (-) =~ sin, 
~sin nd ~ sin(—0) + sin(a~1)0 
2-2 c0sd 

_sind + sin(u ~ 1) -sinne 


Cris 
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Answers 


(408)’, (ae%)”, (ae) 

= 4 elt, 49 erin, 49 @-5 

The value of all three of these expressions is 
rae 


Hence the solutions satisfy 2 + 2¢ = 
9 z=cos#+ isin #, where 


a ae 

2e% , 26%, 20 

b_ Vertices of a regular pentagon, inscribed in a circle 
radius 2, centred on the origin. 


b (3.26, 1.64), (1.78, 2.40), (0.60, 1.22), (1.36, -0.26) 
12 Using partial fractions, 

oo Ng I. 

@+D0+2) r+1 742 

Using the method of ae 

y 2 wf 2 2 

der Dera =hGA- 1 ged = Bra 

2 _n+2-2_ 2 


“nt2  n+2  ne2 
13 Using partial fractions, 
4 
(r+ Dir+ 3 
Using the method of differences, 
. 4 2 
Seneca Slat ral 
oe ee ee eee ee 
2 3 n+2 n+3 3 n+2 n+3 
— dla + 2a + 3) - (n+ 3) Gln + 2) 


Bin + 2n+ 3) 
_ 5n2 + 25n +30 - 6n—- 18 - 6n- 12 
- Bin + 2tn + 3) 
_5n2+13n __aGn+13) 
 3n+ Qn +3) 3+ De+3) 
Hence, a =5,b=13,¢=3 
qa a CHL or irs Dre D-rtr +2) 
re2 r+] (r+Dre2) 
pfs2re1ore—ar 
(+De+2) +042) 
n 
Bea 
" 3. ai 
es ere es) 


a | 
6 ned aed 


a 


2r-1 
16a BF 


b Using the method of differences, 


2r-1 ( 1 -A)-4-4-1-2 
(ies ee eC a 


& Goa oe 
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0, where k = 18. 


17 


18 


19 


20 


21a RHS = r-1+4- 


a_ Using partial fractions, 


er 2 


rr+2) r r+2 


Using the method of differences, 


4 _#f2_ 2) 2.2 2 2 
Leen ie aa) 1*2 nei n+2 
aig 8 2 
=3-2e1 m2 
_ 3+ In +2) 2(n +2) n+ 1) 


(n+ 1)(r + 2) 
_3n2+9n+6-2n-4~2n-2 
> (n+ Din +2) 
—3n2+5n___nGn+5)_ 
(n+ 1+ 2) (n+ 1ln+2) 

Hence a =3,b=5 
b 0.0398 
a Using partial fractions. 

1 
r+1 


r-1- 
Using the method of differences, 


“9 2 7 _ 
haps Lea x) 2n+1 


20 
Ber 


a A=24,B=2 
b Using the identity from part a, 


Sle4r? +2) =V@r + 1)? = (@r- 1) 
ay 2 

to, tp reer 
2aSer? + Se =P er + 1 @r— 199) 
Using the method of differences, 
24S'r? = 8n2 + 12n? + 6n+1-1-2n 


=8n? + 12n? + 4n=4nin + 1)(2n - 1) 
Sr Anns W2n-1)_1 
= 24 


nn + 1(2n + 1) 


¢ 194380 
Using partial fractions, 

ee ee eee 
rir+Dr+2) 2r rei” 2r+2) 


Using the method of differences, 


¥ 
veDeTD- Sa ce * arp) 
oa cones eens ee 
4 22n+1) 4(n+1) 


_ (n+ DOn+1)-2n+D+2n+0 
i A+ Den + D 
_2n?4+3n41-2n-2+2n+1 

7 an + en + 1) 
—_2n?+3n____n@n+3) _ 
Tn+D@n+D Ans N@n+D 

Hence a = 2,b=3,c=4 

sl PARR SS Toot 


red 7+) 
2-41 _ red 
ee) eet NS 

n+) 

2(n + 1) 
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24 


29 
30 


31 


32 


+ 


= 2, neglecting terms in 2° and 


higher powers 
u sinx - 6 cosx + 5 = 112 6(1 Eyles 


=-14 1124 32? 


A=-1,B=11,C=3 
LHS = Inlx?- x + 1)+In(@v+1)-3 nx 
= In(lc? — x + Ur + 1) - Inx® 
e841 
wae te) 


Substituting J; for x and n for rin the series 


me a (ys tar 
Indexer Ee, — + 
i i 11 
US = 25 ~ aae ra 
A=1,B=-2,C= b=4 


aay 
—2y 4 dae 8 
Bet fe a +. 


1 
5 
2y — 442 — 453 4 8, 
b Bed? - Sets Bate, 


at 
= boa 
a Lotu=1+cos2x, then f(x) = In 
cee 
du _ 
) = fu SH = a = eee * C2sin2n 
_a4sinx cosa _-2sin __piany 
2oostx cos 


b f(a) =-2sec*x 

f(x) = -4sec?x tana 

f(x) = —-8 secx secx tanx tanx — 4sec*xsec?x 
espe tan?x ~ 4seetx 


In2- x? -ix+ .. 


Pops oO 


o 


= 
-tnfhf)) Aid 
=im(gn(2 ~aal)- 


=o-Hind=Tinz 


Using repeated integration by parts, 


.. = 1-2, neglecting terms in 


im oa) 


Answers 


1 
We-aa ** 
b The integral is infinite at the end points and not 
defined at the point x = 4, so fa oe the integral: 


31 i 
lara” =e et 


(5 - 2x? 
+f G- Cara 


33 a 


Consider the integral = c = aoe 


dx = lim 


i= ff ao aF aetna, 


a in) 
13\3G- 20 10 
Aste 

2 245-2) 10 
herefore, / di Ppt ar also di 
Therefore, J diverges, so rere 0 diverges. 
a4 1 
1 par 
ok oo 
35 a Mean vate == | 
Using partial fractions, 
3x. 
@- Dera 


Mean value = [| 


-3 z-1 


2r-3  x- 


=f oe 

2x-3 2-1. 

= Binex—3)-inee- 0) 
2 iz 


= (Jin7-ina) - (31-11) 
= 3in7-1n4)- 0-0) 


343 
16 


a1 -1n16= 
= yin 343 — 5In 16 = 


Ly 343 K7 
uae 


‘7 
36 a Mean value =s4/ x2(x3- 8dr 


=1 (4 @2_ ay] 
=sh5e wy) 


= 1 tea 14? — 1 (264 _ 9) = 57122 
pq le? — U4], = 54268 -=2 
b 12 

37 V2 

385 

39 a y=(arcsinx) 

Let = aresinx and y =u? 
2 aresinx 
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Answers 


b_ Differentiating the results from part a implicitly with asia Bat + Sx -_3e+5r__ A, B 
respect to x, 2 -3x45x-15  (x- 3745) x- 
2 as 245) 
-2e( M4) ets sph ft y 4 = 3x? + Sx = Ale? + 5) + BO - 3) 
dx) dx #2342 =144>A=3 
deities 2=0:0=15 -3B3B=5 
ee oy » [esse aeeoe 5a Il 
a-19 5-92 Br" + 5: 
is Se ae 
40 a y=arctan3x = tany = 3r ‘5 
Differentiating implicitly with respect to x, Hence P = 3, Q=\Sand R= 
dy i fey 
sec?y = 4 18. ie 
eae 9 28 45 a 12 b 9x? 
dx secty T+tan2y 192? ie ag, 
Using integration by parts and the resuit rom parta, 47 q =2 
fi 6x arctan3xdx = 3x? arctan3x — lig ax? x 3 ae Cd ge ferrari 


1+ 9x? 
a bv 


= 3x2arctan3x - f Idx + —_ 


“y cosy)? dy = = [peostydy 


3 [yal cos2y + thdy 


= Sx?arclan3x - x + Harctan3x 


eee , 
“q z= 0s 2y dy =—y? sin 2y — [y sin2y dr 
axtarctande ~x + Farctands] arctan 3 ~ 3 a ae fu see 
. =1y2sinzy+4ty cos 2u ~ [eos 2u dy 
~ 54a - 3,8) 4 2 I 
alyeg cree, ee 
41 a Lety =x) =aresing, thensiny =" Figd Siey sou Cszy— (siney ee 
Differentiating implicitly with respect to x, 2 
0 
49 Ind 
50 a Length scale factor 2 = volume seale factor 8 
ake Fs 25 
aaa Ale T+4r 
= sa ‘ 
a4 7 Fina + 433] 
1. lo 
Atx=0, O==sin@ a=0 
i Be =81(221n 17-0) = 507 In 17 
femme Big RZ b_ The thickness of the vase has not been taken into account. 
(1 -4x° ‘T-sin?é ae Bla (3 - fe") > 0=3-Fer= ev=6 > y=In6 
: b 9.65 cm* 
= eal fo singde ¢ eg. Filament may be wasted, or the shape may not 
2 fo exactly match the model. 
2 1g east 1 freosoae eI lg ores long 52 a Length scale factor 0.5 > volume scale factor 0.125 
4 4 4 
aresin 2r 4, 1 1 G 
aaa na de =[J0eose+ jsind]’ : 
saat F b V= 92 ['sintecos? ede 
42 Usi tial fractions, =*** = = = Ms 
ir aa ra wea x(x?+ 1) ae ad 
sin?¢(1 - sin? )) costdt 
Bet lay = (e&= 4jar= ft +tjae [ 
X4n e+ 1* x Sar +1 £ 


In? t eostsin* 
=2araanz—Linaet+1)+ine +6 [ leosesin 1 costsin* thde 


Hence A = 2, Be-5 


[esin® ¢— Lain dé = 9n(8 — 
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Challenge 
1 a_ nwill be of one of the forms 3k, 3k + 1. 3k - 


=2f(a- rx) 


consider r= ['(1->43)ax 
t= Ct pea)eee inl (te 


= jimi — arctan x}, 
= 0 -arctan0 - jimi - arctan 0 
As t + 0, I diverges, so Var(X) is infinite. 


¢ Dies [et [Pee 


ees th ayt 1 
f sell = 5 lint + rai] =F Int + 0) 


T+ 
b Consider jth term of fla), aa? and similarly, *_ ay =1inga + 402) 
ri eareopondng tons nS dA oy we Tee 2 
3 So lim ( [ ~dx — t st) 
a0Y aay afu*y = 1+2 1+x 
a ae = 2 yim (ind In4+0 
From part a, this expression is equal to a, ifjis 0 or 2e\ I+a 
a multiple of 3, and 0 otherwise. aes x 
AC) + fle) + M2) , ‘ Thetelore [ z iE gar 
ERTL! IS the sum of all such expressions 
os * © 
for all terms in f(x). so is equal to the sum of all a, at lence * Lise 
where j is 0 or a multiple of 3, as required. im [axl ; 
g i = Lim tint + x)’,, which di 
e (+ 245 = (45)ar. lim [5 rer Jim [In(1 + x"l]’,, which diverges 
So the sum of the coefficients of powers of x that sana Unermeanian ys, tum [xt az ignot 
are 0 or multiples of 3 is $-(3°). 
From part b, this is equal to 
(+ 8+ (14a + (1428 CHAPTER'S) 
3 Prior knowledge check 
Grass 
22 
oo 
ony 2 a Circle contro (0,3), radius 3 
In 
= ~3))-(-1-3 
> rr) ( 2 3 
Ast+00,1_,0and L.0,s0V 
t e 
Asi ome A 
ae ve [et [5 Ante [5 et 
os oe rn Pt 
im fy ye + fim [7S ede a) Re 
(limlarctan 2]2, + limlarctan x]i) 
= Alarcian 0 — limarctan(-0 + limarctan { - arctan 0) b a 
= A(limarctan ¢ — lim arctan(-2)} 
(in im ) % Exercise 5A 
Ast @ ,aretant — 5 and aretan(-1) + -F 1a (13,1176) b (13, 1.966) 
vealt (cas © (13,-1.966) d_ (13, -0.983) 
@ ( 2 ) e (2, 


Hence if V = 1, then A = 
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2 a (3V3, 3) b (3y3,-3) e 
ce (-3v2, 3v2) d (-5v2, -5v2) 
e (-2,0) 
Ba xt+ya4 b x=3 
e© y= a at=day or y= 2 r= 3cosecd 
@ x+y? = 2ax or (x- a +y? = a2 
ey 3a)’ _ 9a? 
f x+y?=3ay or a+ (y- St) es 
g (t+ y) = 8y* h (2+ y?) = 22? 
i 
4a b r=Scosecze 
c d r=2cosé f 
3 
e ft raz soe(0+F 
= =4, ® 
g 9=arctan2 h r=$eosec(#+3) 


i r=tandsecd + asecd 


Uhallenge 
Consider the triangle formed by the two points and the 
origin and use the cosine rule to find d. 


Exercise 5B 
la 


=== nals 
aren) 


o=0 
Tnitial line 


: Initial line 
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r=a(2+cos6) 


2a 
a=0 
ie 3a Initial line 
2a © 


k 
ip 
e=0 
al Initial line - 
6a 
1 =i 
og 
4a} r=a(4 +3cos@) 4 
e=0 
7a Initial line 
r 


P=a’sin2e 


o=0 
ky2 Initial line 


Bat 
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3a Im 


je-12-5i) = 13 


10. 


12+5i 


iS} 
y 
g 
BY 


b Cartesian equation is (x — 12)? + (y - 5)? = 169 
Convert to polar coordinates: 
(rcosé@ - 12) + (rsiné - 5) = 169 
Then rearrange this to get r= 24cos@ + 10sing 


aa Ima 


je+4+3i 


b Cartesian equation is (x + 4° + (y + 3)? = 25 
Convert to polar coordinates: 
(rcosé + 4)? + (rsiné + 3)? = 25 
Then rearrange to get r= -8 cos@ — 6 sind 


Exercise 5C 
1a me » Saat 
2 2 
é fer Sle a ie 
e@ Cin? o, wine i ae 


a a 
g fUir+24) 
2 area =2x1f ap +qcoseede 
2% 


aa'[ y+ 2pqcosd + q’cos"0)d0 


?[p'0 + 2pqsind}, + ZE£P tcos20+ tao 
wet F 
2 sin2e + 4. 


wctpte + OPE 2 ge 


=aipins 


4 
ee. 


an w 
ns 


#188 


en 
51 


NO 
® | 


Ima 


b 35.1 


ke Az 
aan 7 


Exercise 5D 
1 2a, 0), ($.22) and ( 


2a (9.15,1.11) b (212, 2.68) 

3a (420.421) b roan cosecd 
4 (a, 41.32) 

5 reos#=3 — rcosd= r= 3secd sec 


6 (2a,7) 
3473 
ay ae 


8 0.212 
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Mixed exercise 5 Ta 4 
9na* 
eg 


aesuneciyls 


2ab ‘ 


soos 


r=2asecd 


a=0 


r=a(1+cos 6) 
‘4 Initial line 


b Cartesian equation is (x ~ 1)* - (y + 1)*=2 
Convert to polar coordinates: 


(reos@ — 1)? + (rsin@- 1. 2 
Then rearrange to get r = 2cos@ + 2sind 
Cy Im, 
argz=% 
2 
b an 
6 Oo 2 Re 
d 3.59 
12 2.09 
13 1.52 
6=0 
aa Challenge 


initial lin 
reaee x= reosd=V/2écosd, y= rsind =\20sind 


= a jes 
1 SE. Zeoso ~\Zasino, A= \Fsind + ‘2ecos@ 


Maximum value at (2a, 7) so #Y = sind +0 cose 
dx = cos#-é@sing 
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Challenge 
2 a 4 
a y 
So the tangent is of the form y = (ee +e 
Substituting in the point G 
So the equation for the tangent is 
_(4ec Pa 
u-(S*2) +o ag ij 
Rearranging, this is 2 —4ly + 27+ 4lx = 7? vases | Pw 
> 
CHAPTER 6 0 x 
Prior knowledge check 
1+ 8) 
a(t 
<p - tants = sect - tantr = (1 + tantx) ~ tant 
3 [orsinzax = Lorcosal, + | ocosax 
=L-ecosal, + fe'sins], - | e'sinxdr 
« b UA 
= | crsinxdy = }f-creosx + e*sinxl, 
= Hl &* (1) + e*(0)) - (-1+ 0) =F +e) 
_ = cosechx 
Exercise 6A Z 
1a 27.29@dp) b 113(@dp) ¢ 0.962 4p) 
e-e! eset e-1 
eae ae © eat 
3a? be c 
4x-132(2dp)  *=-132(2dp) 0 = 
5 x=0.88 (2 d.p) 
6 x=-0.55 (2 d.p.) 
a y 
fy = 2cosh x 
y - cosh 2x é yA 
0 z 
8a fieR b fiyy>1 ce -1<f4)<1 y=cothr 
9a UA 


b y=5.y 


238 { Online } Full worked solutions are available in SolutionBank. Os 


Answers 


Exercise 6B © RIS =4cosh*A—3coshA 
aaletret)’_sfettet 
=485=)-12°5°) 

(e' + et Se + Setet + Sete + et 

=e¥ 4 Bets Bets et 

RHS = 2 +3e"+ 3e4#+e™ 3fet+e-) 


= y 
y=artanhe 


Fees a 
= hele +e#-e4) 


2 -e) Lee) 
sinhA - sinh& 
2 a sinh(A—8) = sinhAcoshB—-coshAsinhB 
b sinh3A = 3sinhA + 4sinh'A 
= A+B B 
y= (arsinh 2)? © cosh + coshB = 2cosh| : Jcosn( ) 
+tanh?A 
4 cosh2a = Lttanla 
e cosh2A = cosh‘ A — sinh*A 
z 3 a sinhx b tanhr=+%2 e cosh2r 
4a cosht=v2_ b sinh2x=-22 ¢ tanh2x =-22 
5 a x=In(l),x=0 b x=In3 
3. Let y = artanhx. Then x= tanhy = 22 = F and jaf <1. es z 
e x=In(),x=In4 d r=in(3) 
So (e + Ix =e¥- 1 > e*(1 - pene 348 
ae Let. yapn(Lt4 peta ct. e x=in( 243) 2 -mas v7) 
4a m@+i5)  b In@+22)  4n3 £ 2G SV) 8 2-0: 
5 a In2+.3) bb In@+v5) ee SIn(L) h x=In(}),x=In3 i x=In(1+v2) 
6a inca b m(3425) © dine v3) 6 a RHS=2(e* + 2+e%9))-1=L(e* + e*) = LHS 
7 i 
i ay b In@ +22) 
Dy (12) 414 =InJ? 7.35 
7 pind) + 41o( 72) = in 7 inf £35) 
= fF 8 He has not applied Osborn’s rule in line 1 — correct 
u(t 4) Ind identity should be sech?x = 1 — tanh?z since implied 
T-x\1- sin? term; he has split the denominator of the fraction 
70 +310 +9) = 301-2 yl ay 28-2941 = in line 2 which is invalid; he has taken the reciprocal of 


both terms in line 3 — this is mathematically incorrect. 


2=2r-1 = 
See nee j1ttanh?x _2—sech@x 2 


Correct pro! Easer a2 
Exercise 6C ss 1-tanh?x ~~ sech*x ~~ sech*x 
1 a RHS=2sinhAcoshA = 2cosh?x — 
sd (es e\(et 2 ©) 9 a 8cosh(x + 0.693) 
a z 2 bs 
= }(e"-1+1-e7) 0.148, 1.534 
—o4-e% 
ees ge Exercise 6D 
sinh2A = LHS 1 a 2cosh2x b 5sinh5x 
b oshA cosh B - sinhAsinhB c 2sech222 d 3cosh 3x 
ete et serese) 2) (52 et)(erser) @ —4cosech? 4 f£ -2tanh2x sech2r 
2 2 2 g e*(coshx — sinh x) h cosh3x + 3xsinh3x 
= eteettsetteets ptt ett ett sett 
7 i J x(2cosh 3x + 3rsinh 3x) 
= tot k- 2cosh 2xcosh 3x + 3sinh2rsinh 3x 
ete a gto 1 tanha m 32?coshx 
=o = n 4cosh 2x sinh 2x 0 sinha 
= cosh(A - B) = LHS p —cothxcosechx 
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2 y=acoshnx + bsinhnx 
Differentiate with respect to 2: 


ansinh nx + nbcoshnx 


4 — an®cosh nx + bn?sinhnx 


= 7? (acoshnx + bsinhnx) 


ae 
11/23 +13, 
9 (an(any El 
2 \11 2 


6 a y=arcoshz, then coshy = 


i = sinhy = (eosh"y—1 = 37-1 
so “\arcoshx) = —1— 
de vx? =1 


b y= artanhx, then tanhy =x 
Gy Sedu = 1 — taney = 1-x 


d 
0 —“(artanh x) = 
st a ] 


dy _e/ 1 __2er 
7 Using the chain rule, SY = terry reed 
2 

So (4— ont = 20", as required. 

dy 3 3 
8 a+, PH axl Ad +233=-204+232 

a 

SY __x(ax(-2)0 + 299) -1 + x94 


ary 
= 3x7(1 + 274-(1 aa 


ytd ay ¥ 
Sot 4x94 sxe 


= 3x21 +.22)9 - (14799 - 3x°(1 42294 (14+ 795=0 


9 Zrarcoshs bi 2 
@-yi v1 
10 25y - 251n5 = 169x— 156 


sys Preys + inlt +73) 


ae b 87% 106% 


nat 


sasligagl 
13 a x+tats hae > Goa 


14 a y=tanhz, tanh(0) = 


dy 
2sech*xtanhx, at 0—>=0 
sech?xtanh., a > 


‘ 2 dy 
=-2sechix + dsech?atanh?x, at 0-75 


ra 
Now use a Maclaurin expansion to obtain the 
approximation 

b 5.23% (3 s.f.) 

15 a y=artanhs, artanhO=0 

dy dy 


Y ax, ato 
ae 7 oe ato 


ae 


dy 


= 2x(1 -27)7, at 0 


Sb ea 22+ 801 7), ao ft 


dy 


2 


= 8x(1 — 27) + 16x(1 — x7}? + 482x°(1 — 27)4, 


ato ae 24 since remaining terms all involve x 


Now use a Maclaurin expansion to obtain the 
approximation 
inl 


—— © x+ax? 
Qne1 6 


1343, 12 ys 
16 2+ B24 hy 


i . 
aoe cosxsinha —sinxcoshx 


« 
SY __osinxsinhe 
i 


2y + 2sinxsinhx — 2sinxsinhx — 2y = —4y 


b 1-ix*+3350° c ays 
as i) n= a! 


Challenge 


yey Sgt 
ee eae t 


Exercise 6E 


ct 


2 


a 


a coshz+3sinha+¢ b sinha-tanhx+e 
ce -sechr+¢ 


a $coshaxr+e 


b 3sinh(3)+e 
a arcoshr+\x?-T+e b \1+x?-3arsinhr+c 
a fsinh'x +c b Fincosh4x +c 


e Heosh 2x} +e 
a 4in(2+3coshx) +e 
b tanhz + }tanh*x + ¢ or tanhx—sech*x +¢ 


© 5x+2Incoshx +e 
4xcosh 3x - fsinh3x+¢ 


dear 4 1. 
a fet+}ree 


lige Nyse 
b gers hevse 
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© het—het ste lease Challenge 
or fsinh4x + }sinh2x + ¢ 1 x?- 2x42 =1+sinh?4 = cosh?6, = coshé 
1 
8 1- 
e So Jeo: fcoshe ay 
9 a dsinh2xr—lree (2 cosh*@ 
b -jxr+}sinh4x+c = [sech:oa = tang + ¢= She 
c sinh + sinh®x + Lsinhx +c 
2(X\ a, 1 ‘ies 
10 ["coste(S)ar=4 [“teoshe + Dax = 7 ; 
eh? — ee? 2a fsinh(2x)+P+e b $tanh (2?) +e 
= (5% +n2-0+ 0) 4 2 
= 34ln2 + 3) = 303 + In 16) * Mixed exercise 6 
11 a areosh(3) +e b Jarsinh (2) +e tad bs cB 
a Sarsinh(3) +c b arcosh( 5) +¢ 2 y= 
13 a gareosh (4) +e b farsinh (32) +6 3. RHS =sinhAcoshB - coshA sinhB 
2 3 . S =(252)(2324)-(32) (£522) 
14 0.977 (3 s.£.) 4 2 2 
15 a In(l +12) b In(4) eho 4 ght gt gly gt oh 
16 /xvT +2 -arsinh/x +¢ 4 4 


17 0.824 (3 sf) qHetie) et: 


— 4 
18 f\x?-4dx = f\Fcoshu - 4 x 2sinhudu =sinh(A-B) 
=4fsinh?wdu =2/(cosh2u ~ 1)du = 2(sinh2u - uj) +e Sigal 
patie 2 
= 2sinhucoshu ~ 2u + ¢ = 2coshw/cos 2 RES = eeatel 
= P=4 ~2arcosh(2) +c ae 
2 2tanhix = 
isa f arf 1 az 2 esl c q 
2coshx ~ sinhx (e+e) - Herter) 1-tanh?ly xa 1-(S ah Ci ne dees 
oe z (e+ 1F 
lee cae) e+e 
2. er ay 2(e*—- 1) | (e+ 1F_ (e*- De+ 1) 
“Werte re—e erie S43 SORES Tory Fer er 
2 
b tune a)re = sinhx = LHS 
20 0.360 (3 sf) 5 x=In(}),2=In7 
21 a arcosh(*32) arsinh(x +3) +¢ 6 x=In(3) 
3 
c 7 r= In(-14+ 2205) 
a x=In(l+v2) 
Sa 


v 
22 a Sarsinh(2x—3)+¢ 
23 0.400(3 s.f.) 

24 In(2 + v5) 


Using u = x - 1, this becomes 


a: es sae (39) 
=-L|arsinh| 
sae wg 


she F a 


= Lin +3 41)- mo +1) = 4m +13) 
v3 v3 


2p 13 hn2: b 1n279936 - 10 bh 6+sinha=Seinhe + 4sinhix > sinh? + sinhe—3=0 
27 Volume = x [ sinhtxde F[(cosn2x ~1)dx = sinha = 1 > x=Inll +2) 
2 sinh (3In(1 + ¥2)) = 


= 5 [gsinh2x — 4] 


Fisinh2 - 2 - sinho + 0) 50 (In(1 + ¥2), 7) is tho point of intersection. 
4-1) 9 a R=12,a=0.405 b 12 
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10 a 4sinh(x + 0.693) 
b x=0.75(2d.p) 


© 0.75(2dp) 
V1 2sinh2x 
2x 
ia b 
Vox? +1 Veet 
© d 2z(arcosh 2x+ 4 
roa 
43 © _2arsinhx U'y_ 2 2xarsinhx 
dx fee? ‘dx? 1+2? (exp 
ay dy 
e lee 
So(1+29 Fre t-2 
axarsinhx | 2xarsinhx 
=2- 5, SEG 2 
v1+ vlex? 
which cancels to 0. 
14a al. = Ssinhx—3coshx b (nz, 4) 
45 —2cosh2x 
vsinh?2x—1 
16 a SH cosxcoshx + sinxsinhx 
a 
+ = 2cosxsinhx 
a 
= = 2cosxcosha — 2sinxsinhx 
dy - ‘ i 
Gara 2cosasinh.x—2sinxcoshx—2sinxcoshx 


—2cosxsinhx =—1y 


1ya_ 4 
b msde oy 
Ty3 4 Glys 
17 Ox + a3 4 Boe 
18 a a=2,b=1,c=16 
b jlnlt + v2) 
1 1 
19 a Z,cosh 10x -4eosh2x +e 
b le—lr+e 
20 Area on graph is 


{ a zits ree wivss arsinh (2 J 


r 
= Jarsinh22 — Sarsinh0 = 9.5944.. 


So area in real life is 960m* (2 s.f.). 
£—7 


2 


8 


arsinh (#51) +6 


2 
22 a arctan(y3e)+e 
a (3e) 


b Use substitution x — 1 = 3sinhu. 
Then intogral becomes 
see Q sinh u +2 
o — VScosh?e 
ania 


rsh 
=f (9sinhu + 2)du=[9coshu + 20) 


x 3coshudu 


= (9cosh(arsinh 1) + 2arsinh 1) — (9cosh0 + 0) 
Since arsinh 1 =In(1 + V2), 
Ycosh(arsinh 1) = 9cosh(In(1 + V2) and the integral 


simplifies to 
9V2 + 2arsinh1 — 9 = 92 - 1) + Zarsinh1 
23 a 595° b 882m? 
24 a fin +vT4) b 6.12 
25 6610cm* 
26 a (In(3 +10), 0) b 22.7 
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Challenge 
[sechxde=2 [ sechrdr=2tim [SR 
I, mel sechx 
Using the substitution w = tanhx, this becomes 
2tim f du = 2limlaresinul'* 
= 2limlarcsin(tanhd) 
=2aresinl 2x 5-9 
CHAPTER 7 
Prior knowledge check 
1 y=@-De're 
2 ya4-e 


3 a —3ln|50-2t)+¢ —4in|cos(4x)| +e 
Exercise 7A 
1 a y=x?+cwhere cis constant 
” 
ya=+2 
yoel 
3 y= 
2 y=2-1 
T y=e-2 
0 x 
a 
ay 
b  y=Ae" where Ais constant 
ue 9a 3 ya 20 
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cy =Ax°, where A is constant dy xd 


wh y E-9 


a if 22 
fpae=2 fg 
Iny = JInG@? 9) +6 
evx—9 
2a? 9) 
= 0%, then yf + kx? = 9K 
boy +5x2=45 
¢ ” 


TA yt+5x2=45 


BY 


d yx? =c, where c is constant 


3a y=tsinx+$ Db y=xee — 0% + ce 
© y= 3xcosecx + ccosecx d 


y =sinx—2 


{ y=Asinz, where A is constant 


y=2sinx 


y=sins 


Ale +1) yn 16@+D 
6a yo at) b ye 32) 
4° The Y= The 
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7a y=ter+ce* b y= -cotx + ccosecx 
© y= re + cams d y=e% + cet 
e y= f y=dinee$ 
g y=xin(v+ 2)+er bo y=tx+cr? 
i y=(x+2)In(e+2)+ ele +2) 
j 
8y 
oy 
wa 


b y=i02412-_2 _ 
HR OP TE ger Ty 
s c 
Wa yl eer etane 
1 cost 
Boy -1* secre tang °9~1* Tsing 


12 y= 2 cosh(t x *+¢) 


1B a y=emr b y=es 
14 a y=sinh(a +e) 


b y=sinhx 


YR 


y= sinh (x - 1) 


y= sinh(a +1) (Sane Dh 


15 a y=Acosa+sinx 
b y=-3cosx+sinx 
© x=$sy=Ax0+1=1 
v= py=Ax0-1=-1 
1) and (2, 1} lie on all possible solution 
curves. 
te 
16 y=e7 +c 
Exercise 7B 
da y=Ae™+ Be b y=Ac® + Bee 
© y=Ae* + Be¥ d y= Ac™ + Bo 
© y=A+ Be £ y=Acr™ + Be 
gS y=Aet + Box h y=Ae“ + Be* 
2a y=(A+Bye* b y=(A+ Bro” 
© y=(A+Br em d y= (A+ Brje* 
e y=(A+ Bre f y=(A+Brje* 
8 y=(A+ Bue hh y=(A+Boe™ 


ay 


y =Acos 5x + Bsin5x 
y=Acos9x + Bsin9x 
cosx + Bsinx 
cosix + Bsin3x 
e“(Acosz + Bsinx) 
e*(A cosx + Bsinx) 
(4 cos3x + Bsin3z) 
=(Acosax + Bsin3x) 
(A+ Bue 
y=Ae* + Be* 
(A cos 3x + Bsin3x) 
(A+ Bue" 

2x + Bsin2x) 


y 
y= 


peene eh re hen e ee 


+ BoE 
x = e“(Asin((V/9 — )1) + Beos((V9—E)) 
= (A+ Be” 
bi xr=e*(Acosly5) + Bsinlv5¢)) 
ii x0 
© From auxiliary equation: 
a= + (using quadratic formula) 


a 


0? = 4ac (setting discriminant = 0) 
y= (A+ Bre™ 
di 


Gea aes + Bu + Bes 


2, 
PL. Bae + ated + Bx) + aBe* 
Sbetiniie these 5 relationships into 
ay 
at be ott sey 
yields a ish of 0, so (A + Bre" is a solution 
7 Substitute y = Aflx) + £g(x) into differential equation: 
a(AP(a) + B(x) + bIAP() + Bg (a) + e(Aflx) + Bg(x)) 
= Alaf'(x + bE(a) + eft) + Blag"(x) + bgix) + egtx)) 
= A(0) + BO) 
=0 


Challenge 
Ac 1 Bet =Ac™c% 1 Be™ oat 
=e*((A + B)cosgx + i(A — B)singx) 
Set B = A*,so that A= +piandB=A—ypi,\ eR. 
‘Then A +B = 2d and i(A - B)=—2p 
Hence setting \ = 3C and j= -4D gives the required result. 


Exercise 7C 
1a y=Ac*+Be*+2 
y= Ac® + Be* +24 3x 
y= Ae + Be™ — 2e* 
y= Ae + Be¥ —4 
y=(A+ Bre +1450 
y=(4+ Brjex + 4sin2x - 3cos2r 
cos 9x + Bsin 9x + te 


o 


Acos 2x + Bsin 2x +4sinx 
(A cosx + Bsinx) + 3 + 8x + 5x* 
y= eAcosSa + BsinSa) + Je" 
etna gd 

4 Ber 4 ig2—1 
y=Aek 4 Be +dat—liee 
Ae +B 
2 ize 
y=Aow+B-Lxt4ty?_ ty 


a2 


rere oe eo me ae 
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4 y= A+ Bet + 2x? Sy? 4e 
eT in setting up 
equation in the form of e* ~ 0. Not possible. 
b a=5 
c y=U+Bxelve 
Ae + Be p-3.8 
2-1 


Challenge 
y= Acosx + Bsinx + (x — 30% 


Exercise 7D 

da y=Ae*+Be*+et b 24 er 

A+Be%+3e% = b y=2-3e*+ ie 
1 


ei 


2 
3 oe 4 
4 Acos3x + Bsin3x + 2sinx 
os3x + Qsin3x + 2sinx 


1 : 5 
e2(Acosx + Bsina) + sinx 


a 


Ae! + Boe +t 
=e" +e" —sint 
= Ae™ + Ble* +3 8e* b x= (+30 )o* 
=H (cos$e + singr+ 1) 

e(Acost + Bsing) +024 2041 

‘sing +1+ 20+ € or x =e'sint+(1+0* 
= Ae! + Be® + 3x02 


b x=e+e%ee 


wma 


10 


W 


b Setting net =O gives = Fins, then substituting 
this into x = e- A 


e* gives x 


since $= < 0, this is the maximum. 
Mixed exercise 7 
1 y=2sinx + ecosx 
2 y=5+e(l-a 
Sara 
3 y=-$+E 
aye 
4 yatated 
5 y=5tce* 
6 y=2x+ex1—e 
7 
8 
: | 


y = sinx + Acosecx 
= e'cosx +A cosx 
b y=ercosx—(1+e') cost 
Bias: 1 pit 
10 y--4,8sinx + cosx) + ze 


11a y=e™r b y=e™t 
12 y= 200-0) 

se" +1 
13 y=e (Acos Bee asin Ba! 


14 y= (A+ Bro 
15 y=A+ Be 

16 y=coske + tsinke 
17 y=ersin3x 

18a k=} 
e*(Acos3x + Bsin 32) + Le 
19 y= Aer + Bos + 2x0" 


b y= 3e"— Re + re 


Answers 


20 a y=(A+Bue™ 


b 
© 
21 y= 
Qa 


They are part of the complementary function. 
k=2and y=(A+ Bx + 227)e* 

jin 2t + 2cos2t— cos3t 
ke1p=2,2=3 


b y=Aer+ Bo + xe + 2x43 
23 a y=debsintx+x+3 


b 
24 y= 
Ba 


Asx ee. € — 0.80 4e“sindx — Oandy~x+3. 
be + L(cos3x ~ sin3x) 
re ae + Bie + gsindt 


CHAPTER 8 
Prior knowledge check 


a 
x 


2 
3 
4 
5 


a 


cy 


° 


_ 2027 + 200% 


x+50 
io" + B 


v= 40-200 b 200In2- 100 


=2in(5+1) 


Integrating factor is e~", so equation becomes 
ve" = fte“dt + v =0'%(e te") 

v=1 when (=02 c=3,sov=1(3e"-1) 
81.4ms* 

No; velocity would be over 13 million ms*. 
Integrating factor is (1 + 4), so equation becomes 


vt +4) =9.8(l +a Du +44 
_ 490+ 4)@—c 
~~ 25(t+4) 
v=0 when ¢ = 0 = ¢ = 50176, 
_ 491+ 4)5— 50176 


so 
25(0+4)* 


17.3ms* 
Velocity will increase without limit - unlikely to he 
the case 
The 2.5 (em*hr“) comes from 5% of the 50cm* gas 
mixture being added. 
The volume of the tank at time ¢ is (500 + 302)em*, 
so the amount of oxygen leaking out is 
20 x —* __em*hr*. 

500 + 301 
9.34cm? 
e.g. The model should take into account the fact that 
the oxygen does not mix throughout immediately on 
entering the tank 
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Answers 


Exercise 8B 
1 a Simple harmonic motion 
x = 2cos3¢ + sin3e 


x = 5cos4¢ + jsin4e 
Simple harmonic motion 
#=-5x 

x= 50s) +$y5sin(voy 


oP ROP bP oe 


3.36 seen 
r=0 183in( by, mis 287 cos( 4) 
2 

2x 
3 
The model does not allow for any changes in 
amplitude over time. 
Simple harmonic motion 
x = 0.3 cos(10/22) 
ea 
To 128: 0.3m 7 
4.24ms? (3 s.£) or 3Y2ms* 

x= cos(12.54) b 4 

x = 8cos(8V50) a 

0.3515 (3 s.£) 
x = 15co0s(3/10¢) em 
0.6885, 15cm 
Incorporate a damping effect, for example air 
resistance. This could take the form of a factor 
in the x formula which equals 1 at ¢= 0, and 
decreases down to zero as t— © 


a 
rR oO 


° 


an 
Ovr rep aoe 


Exercise 8C 
1 a 20% (cos2¢ + sin 2s) 
b 0.0901 (38.6) 
¢ Lightly damped 
2 Ge 2e“" 
Ba @* (cos VBt+ Je sin V2) 


b 


Je 140 Bs.£) 


4a x=ute™ bed 


2k 
5 a F=ma>-2v-6x=2a5%+443x=0 


ria) 


© -0.459m (3 sf.) 
d_ Maximum displacement will decrease exponentially 


Aight damping) 
k k 
Ass —Keos3r+ Asin3r + Feost 
2 ew BU gu 4 SU 
car ae ir 
ga ot aa ; 
a GF = 30c0si + 10sint, SF = -30sind + 10cost 
2 
2d at ye 100cose 
b x=Ae-! + Be! + 30sini - 10cost 
e -34.55m 
Exercise 8D 


1 x=4(24 3/2)e7 + 42 -3BVZJe™ 


Ha V2 07+ Ha Bye 


e 


oe 


= Fer((B - 2A) cost - (A + 2B)sint) 
OR y = e(Acost + Bsint) 

=-e-((2A + B)cost + 2B - A)sind) 
depending on your method 
x=er(cost+ 12sind), y=e(2 cost —5sint) 


(hoot 
wool) sl 


d?x 
= £2~00% sore 0 


ne ~ 0.0m + U.18 =U > m= 0.3 + 0.31 


So x = e°*(Acos0.3! + Bsin0.30) 
y= 0.1e°*((5A + 15B)cos0.32) 
+(5B—15A)sin 0.30) 


t= 6.17..., during 2018 
441 
Model seems reasonable for the first few years, but 


becomes unsuitable in the longer term as x and y 

oscillate, sometimes giving negative values. 

dy _1d?x , 3 dy 

aw 2de 200° 
Ldéx , 3 de_ 
2d2 2a 

s ere 2h axe Os x=(4 + B00" 


G8 - (p—A-Bye = y=(ho+A + Bie 
When ¢=0.x=A=1andy=3B+1=2>B=2 


So x= (1+ 20e" andy =(2 + 20e*. 

x= 0.677 litres, y = 0.812 litres 

‘The amount of both cbranieal tends to zero 
a2, a, 

dx _1 dy 4 


ay 
iz =-4y = 4-16 
dade 4 de v= ee 
= = —42y. This is SHM in the y direction. 
a= 4cos4t — 5sin4t, y = 4sin4i + Scos4e 

~ 00! ay — soo2t « 302 
y= 1008 3a - 5000 = — a 100-2 +3, 


d*x . oz dx ) 
210052 4 3° - 0.01x - 0.03(100 + 3x— 5000 
de ais dt 
d2x 


= ££ 0.06% + 0.0008 = 1.5 


de 
x= 1875 ae + Be-#*, y = 625 — Ae + Be-® 
x tends to a limiting value of 1875 and y tonds toa 


limiting value of 625. 


dx dy _d’x , dx 
a2, 27-15 Wi Oe, pdt 
9 ae OE Qe ae? * ae 
So PE 4 28F = des (SEs 2x1) 42 
dex, de 

-6r=1 
de Tae 


bo x=Ae® +Be*— 1 y = Ae” — 4Be* +18 


Model not suitable since for large values of t, the 
amount of nutrients grows exponentially without 
limit. 
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Challenge 
96 owls and 4800 field mice. 


Mixed exercise 8 


1a v=18-10e" b 18ms* 
26 

sag 250. _251n5)m~5 
3 a v=10-590- b (100-25ln5)m=59.8m 
4a $mst 

b Saget x=Owhent=0+¢= 
x fa? 
arr 3 =a ee 

5 a v=2t+Int+1) b (2+3in3)m 
6 a Intograting factor is o, then solve the differential 


equation to get V= 
b 1162.2em3 
© Bacteria will reproduce without limit — build in 
some limiting/decay factor 
7 a The 1200 comes from 4g per incoming litre of 
water, per day. The fraction is from the leaking, 
which is the total grams +, times the proportion of 
200 
10000 + 1004 


Oy It 4 Bogs 
2,112 4 2egH 


the reservoir leaking out, which is 


b 7860g 
€ og. Tho modol should take into account the fact 
that the contaminant does not mix throughout 
immediately on entry. 
8 a Simple harmonic motion 
b- General solution is x = A cos7¢ + Bsin70 
At rest at = 0 gives B = 0. and A is the displacement 
of B rom A. The period is then 2 (seconds) 
9 a Simple harmonic motion 
b x= sto0s(5(2 4) 
Period is 1.54 (3 s.f) 
Amplitude is (4 2.5)m = 1.9m 
a x= 2.161cos(}1) + 3.366sin(} 2) 
b 20 
© Tha madel daee nat allaw for any changes in 
amplitude over time or the effect of oscillations in 
the fisherman's line, for example. 
(A cos(tvn? —K) + Bsin(tyn? — K?)) 


10 


lla 


12 a Solving the equation gives x = e*(A coskt + Bsinke) 
and 2 = koMA + Bosh + (-B — Asinkd 
swore =0and #20, s0A= oands=2 


So when Pis instantaneously at rest, 
we Uer(coskt ~ sinkt) = 0 = tankt=1 


=k 
a % 


(n+d)nneN. 


w 


Answers 


13a x=Ut-Ysinn = bb 2 

dda o = 30cost— 15sins, FE 
ax, 4dr 

So F5 + 4GF + 3x = 150¢ose 

x =Ae*+ Be™ + 30sint + 1icost 

29m, 

x= e(Acos3t + Bsin 31) + 3cost 

x= 2e“sin31 + 3cost 

When ¢ = 7. the first term in the expression for x 

is very small compared to the second, so can be 

ignored. So x = 3cos¢, which has a distance of 6 

between maximum and minimum values. 


2Uz 
© <r 


-30sint - 15cost 


b 
c 
a 
b 
c 


16a 


= ot +10r=0 

‘Auxiliary equation has solutions m = 3 +i, so the 

equation has solution x = e™(Acost + Bsin). 

y= e*((A + B)cost + (B -A)sing) 

2009 

1113 

The model predicts a huge amount of hedgehogs 

when the slugs die out so it might not be sensible. 
‘esis We ode 

We sae tar ae a 

This has general solution x = (A + Bie. 


SE = Be*—(A + Ble" y= de + 3A) + 3B0e* 


Using the initial conditions, A = 10 and B = 30, so 
x= 30le + 10e" and y = 30te* + 20e". 

b 9 of organism M and 10 of organism N 

© The numbers of each organism tend to zero 


c 


hmoas 


ady 

18 a 3a 
2 

ey 1 

3Y ) 

b Se + 10, y=3e"- 5649 


AGT becomes lake #5 0, 8) theaie willbe 
approximately 10 litres in tank A and 9 litres in 
tank B. 


Challenge 


» dv ‘dX — 
ai x x= [S = [aes x=c0 
X= 300 when 1=0= ¢ = 300, so X= 300e* 
20 minutes 

iii 600 - 100e~(3¢ + 5) or equivalent 

i V, y(0) = 0 


y'=032r=y = 0% = ete 
= t= In 2 hours = 42 mins (nearest minute) 
ii n3 hours 


Review exercise 2 


la r=2 b r=3secd 
© r=2v3sec(a-Z) 
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Answers 


3@r-33) ¢ 4B 
4a 
a (1+ cos 0) 
WM. 
b r= HEH eoseeg 
r= Be coseco 


O=a 


o 


The circle and the cardioid meet when 
m= GU 08g) = 0S 0 = 0=6= = 


Az=2x 1p redo 
['ra= [ara + cos@)2d@ 


a fea +2 cosé + cos*#)d9 


= Fes +2 e0s0+ Zeos 2045) d0 
1 
=a? [4 {2 cos + 5.008204 3) a0 


2 


1 30)? (3 ) 
sat =a’ 
=a [sina + tsinz0 + an arte 


The required area is A less half the circle 


offen te 


Initial line 


@ ig, 
fa + 9v3) 

Lot the smaller area enclosed by € and the half-line 
= 


= 2Ay 


= Sats _2atg, +9y3)- ten 


- 3V3) 


9a? _a@z_ 9302 3a2x 
4 F 3 g 4 
Im. 
Re 
> 


In Cartesian form: (x ~ 3)? + (y + 4)? = 25 

= (r cos — 3)? + (rsind + 4)? = 25 

= cos? - 6r cos# + 9 + r2sin?4 + Srsing 
+16 =25 

= r°(cos?0 + sin? 0) — Gr cos@ + 8rsind = 0 

= P(cos?# + sin?4) = 16 cos@- 8siné) 

= r=(6 cos@—Ssing) 

63.3 


Initial line 


(0.667, 0.421) and (0.667, -0.421) 
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a Initial line 


b (0.943, 0.615) 

9a (3) +y= 
a+vBy=6 

b anh 


© (3.5), 06.0) 


2-8 
12” 16 
14 a P(4a, 1.107), Q4a, -1.107) 
5v5 
b 2m 
28750 ye 
c Sm: 
15 


b AB=2x3asin 


© (93 -4x)a2 
d 9.07 cm? (3 s.f.) 


17 a AxGa, 0), B:3a, 0) 
b c(4a, 33) 
ay 


25 


26 


27 


Answers 


=a? [ (11 +12 cos@ + 2 cos20)d0 
ef 


=@ {110 + 12 sind + sin 201- 


A= 2x4 [70765 - 2 cos0)?d9 


= a? [25 — 20 cosé +4c0s20) da 
=0 (707 — 20 cosé +2 cos20) do 


=a‘[270- 20sing sin) =r 2221909 


re: 138) 2 
Ay+ar=e2( pe 183) ea 
= Clon 48/3) 
din3 
In(5), 
p=3, a3 
1 
np 
jee in 
a kev b 0,-In3 
Bienes Wie gene 
24 sinhtx = (S74 97)" _ (oF—0 
a cosh?x ~ sinh?x = ("5°") =) 
St thret—(oh-2+e*) 4, 
= Seeds 
b k=-1,a=2 
at . 
a 2eosh?x—1=2(° 48") apeeteeket 
2 2 
+e = cosh 2r 
b 4n@+8) 
3 24(@ re ere 
a deosh?x— 3 coshs = 4(= 4 (SF) 
_e™+3e!+3e7+e% Bet+3e*_e*+e% 
. 2 2 °° B 
= cosh 3x 
b nQ221) 
a coshA coshB - sinha sinhB 
S etees)(orsen) es 
a lisainigaribs wun peace veniany aa 
+ 
+0489) 
= Hees 204 = 
b coshx cosh 1 - sinhx sinh = sinhx 


coshx cosh 1 = sinh x(1 + sinh 1) 
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Answers 


28 a Let arsinhy > x=sinhy 


= 2x = elev = e%—- 2x0! -1 
2x4 Va? 44 
2 


sea aut yx?+T 


= yalnle + Je? 47 
b arsinh(cot#) = Inleot# + /1 + cot?) 
= Inlcot9 + cosecé) 


2eose 


@ 
In} ——=_| = In{ cot 
PO ( 2) 

2 sin 5cos 5 


cos@+1 
=In( sind ) 


29 a Lety=artanhx 


= Cerraters 


) for ja] <1 


2) 
Seis ees 


evtev 1 
2. °«°2 
i) 


b y=arcosh(4) + coshy = t+ 


345) 
© in| 
31 a cosh 39=4cosh*# - 3coshé 


cosh 54 = 16 cosh*@ - 20 cosh*@ + 5 cosh@ 
b 40.96 


1 
ez 4 ez pinky gz elt + olny, 
32a cosh 2a = 5 = 5 =§ 5 
a1 ye Ket 
Pa 2 
128 
z 289 
250 


33 


34 


35 


36 x= 


37 


38 


39 


lees? 


4in(2 + v3) 
tanh24x = 1 - sech? 4x = 1 - 


ps 
Asx 0,tanh4r =F 


Ata =dnl2 + V3), _ 
a+ tanhax = —2Ini2 +3) +22 


y= 
= 72/3 - In + V3) 
2x + lO ys, O4y5 
3 5 
263 et 
@n-1! 
1-342 b 0.0029% 
a__,dt__acoshe 
sinhd da sinh? 
acosh@ 
sinh26_gg_ 
ear a a2y1 + sinh! 
=, 21 = 
=-f0+0=- 


y=artanha + tanhy =x 
Differentiate implicitly with respect to x 


dy dy 1 
ht em day 
Seen ae dx” sech2y 1 —tanh2y~ 1 


xartanhx +4In(1-22)+A 
Lety = arsinhx = x = sinhy = 


ev-ey 


= 2x =e! eo = ey — 2rev— 
2x4 4x2 44 


=0 


sea ava? +1 


= y= lolx + x47 
y=arsinhx > sinhy =x 
ee at implicitly with respect to x 
dy 1 1 1 
cosh y= 1 = 
vg dx coshy yl+sinh?y /1+x? 
= Mearsiuna) =(+a9 


y=(arsinh x), x = 2arsinhx(1 + x7} 


= 2(1 +221 — 2arsinh x(1 +237 


2— 2rarsinh x(1 + x2)? + 2rarsinh x(1 + x2)? - 2 

oO 

In(1 + v2)-y2 41 

p=2,q=1r=4 

(234) 
2 


aretan| +e 


J 


Let 2x + 1 = 2sinho = 4 
ca 


dx = 


cosh@ 


coshé d0= side 


| 2 
v4sinh?6 +4 
1 


lesa 
V(x + 1)2+4 


=0+0=arsinh(=* 


Je 
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Answers 


Using arsinhx = Inlx + /x? +1) © y, 
2 axe. |(2x+1)? 
ir at) +1)}+e 1 
fades ERY +) bey 
=n(sts arte are) +c 
> 

x fr ET ze 
=Inlax+1+/4x%+4x45)-In2+0 A / Zz a 
=Inlax +1 + (4x? + Ens 5) +k 


Vax? +9 
4 


. ‘2x 
40 + arsinh(22) + ¢ sta y=2-Lico® — b (2in5, tins 
24 a 


2 y 


o a= : Ve D+ 22 
= farsi 52)" = arsinh(3) ~ arsinho 


In 5) 


ve 


2 (3) 2 
= arsimn(3), sok=5 


Z 


2 
42 fxarcosh xdx= Farcoshx - 


Use integration by substitution to evaluate I Ez 
vx? — 


- 
o = 
Let x = cosh + 2 - sinha 
do 
x? ay [oh _ inn oan 52 a y=ermbne b g=em? 
Qe 2yleosh 92 — 
53 0=3e2 cost 
= feosneoae = + ficoshze + nde tego 2 
2 4 b y= 2eos2r-F sin2x + 3rsin2x 
49 _ sinh coshd , @ 55 a a=5,b=1 
a 4 4 b y=eX(3+2r)+5ex 


56 a y= e%(Acosx+Bsinx) + sin 2x -8cos2x 
b Asx—o,e*— 05 y — sin 2x - 8 cos2r 


1 
Lareoshx 
*| 


a=1 


tes = r 2 Let sin 2x - 8 cos 2x = R sin (2x - a) 
area of R= [¥ arcosh x2 =F _Larcosh a =R sin 2x cosa — R cos 2x sina 
Equating the coefficients of cos 2x and sin 2x 
= (Zareosh 2 = R=\65, tano=8 
Hence, for large x, y can be approximated by the 
=Finla + 3) -* sine function \65 sin (2x — a), where tan 
a= 8 (a ~ 82.9) 
43 688m* 57 a y=e"(Acost+Bsing) +2e* 
44 yan & b y=e*(2sint— cost) +2e* 
we 58 a x=e'(Acos2t+Bsin 20) 
45 y= Sex b x= e*(cos2t+sin20) 
_ x+inx+e e 
1 y-GTP 
47 y= 5(e™ + 3)cosx 
_ 2sintx 
48 y= "Sein 2 
_ Se mes ot 
© 9" gree) Alea) Wea) 
50 a y=sinx cosx + ccosx 


b cosx=0,0=% 


oY 


solution curves for the differential equation. 
59 a y=Ae+Be%s 2-121 
b y=t(e*-e*) 4-041 

© 145(3 sf) 
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Answers 


a 
by =Acos3x + Bsin 3x + 2xcos3r 
© y=(1+2z)cos3x 

d 


RY 


# 
6a y=Keen oy = 2K1e% + SKI. Si =2Ker 


+ spa + 9K 120% 
Substituting into the differential equation 
2Ke% + 12Kte% + 9K2e™ — 12Kte® — 18Ki2e 
+ 9Kt20* = 4e% 
=> 2K=4=>K=2 
212¢3is a particular integral of the differential 
equation 
b y=(A+Bts 2046" 
© y=(3-8t+ 222" 


qy 
G-3e) 
) T 1 t 
2 


62 a x-Ae™ + Bo%+t42 


b x=e%+64+2 
de. ~2e*+1=05¢=hin2 
a 
ee 4e~ > 0, for any real ¢ 


So stationary value is a minimum. 
1 51 
When (= 5In2 3 2 =3+51nz 


The minimum distance is 315 + In2). 
63 a A=} 
b w= (tate [ne 
ax a J p\er--lLpe 
e Baste (1+0+5e6 pets 0, 


for all real ¢ 
When ¢ = 0,2 = 1 and x has a negative gradient for 
all positive 1, x is a decreasing function of ¢. Hence, 
fort >0,x<1 
64a k=3 
b y=Asinx+ 3x 
ce Att=ny=Asing+3x=30 
This is independent of tho value of A. Hence, all 
curves given by the solution in part a pass through 
G, 3a). 


65 a s= 120-4 


67 a 


=Acosr4+3 


dy 
dr 


This is independent of the value of A. Hence, all 
curves given by the solution in part a have an equal 


Fsinx 


2 
dy 
e Fora minimum — = 3 - 
de 


y=3r 


ei 
In the interval 0 <2 <3, 54> 0 > minimum 


sin2x = 1— cos? =1- 


In the interval 0 <x <4, sinx = 


y= Baro ea 


(120 - 0° 3 
4 600 1 Oaks 


66 a Three-quarters of the nutrient = 751m, 


At time £, the nutrient consumed is 5(m — m,) 
75mm = S(m— 1m) = m= 16m, 

Rate of increase of mass = j1 x mass x mass of 
nutrient remaining 


o 


sm(LOOimy ~ 5m + Srrig) = Spum(21 my ~ m) 


Using partial fractions 
1 


1/1 1 
Se ee Cage er 
auift 1 
= ut = Get 21m —m Gm 
= 105junyt = In m — In (21 my— m) + € 
When ¢=0, m= my > 0= sane In20m, +c 


=In20 


= ¢=In20my— Inmo= Ine 


= 105pungt = In m ~ In (21 mg ~ m) + In 20 


=n 20m ) 
Ty — m 
From a, when t= T, m = 16m 


105pumoT = 10S) = In64 


Integrating factor is e/-}#" = e-™ =e} =1 
ide vil dyey_1 
Tar e707 ake) 
ev i 
ats f[tar=inese 


=v=lint+o) 
b 8.77ms* (3 s.f) 


1 
t 
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dv 
68 a=— =e 
ane 


v= ferdr=te" +A 
When t= 0,7=0=>0 


Hence v = He 1) 
69 a v=13- 30° b 11.2ms*(3s.£) 
© 13 
70 a v=26%-1 b $0-nm 
dv, 30 _ 49 
alt ade Br = 9.84 3) Se -2 
a (t+ 317 +3 = 9.84 > Pe aS 


— factor o23" = osne-3) = emna. = (t+ 3)s 
dv 2 49 
ade = 494493 
= (b+ BGP + Bull + =H + 3) 


a 3») = 29, 3 
nar ca o 5 tar 


s+ 3P0= Fis sk +e 


3969 


3440 c2- 
* 20 


see = 
When ¢ = 0,v=0 + 0=55 


By = 2904 ay — 
Slt+ 30 = Toles) 


49(t + 4} - 3969 

20 
_ 49(t + 4} - 3969 
~ 20(t+ 3 


3969 
20 
= (l+3h0= 


= 3969 


b 2iims* 
© The speed continues to increase as ¢ increases. 
This is unlikely to happen — terminal velocity, ete. 
72 a Volume, ml of distilled water in the bottle afier ¢ 
minutes is given by 400 + 40¢ — 30¢ = 400 + 10¢ 


cages 

Concentration of acid afier ¢ minutes= 400 + 102 

Rate acid in = 4 ml per minute 

ai 3x 

Rate acid out = 30x ___3x_ 
jane 400+ 101 40+ 7 

dx 3x 

Hen ao 4e 

22.3 m1(3s.£) 

It is unlikely that the acid disperses immediately 

so this could be factored in. 

Simple harmonic motion 

x = 0.3 cos (72) 

Period of motio: 


0.791m 
2.48 minutes 

Boat is unlikely to continue oscillating with such 
regularity. 

3 sin 2¢ - 6e" sint 

t= 6e-sint—6e~cost + 6 cos 2t 


o 


° 


oe 


74 


erp es 


oe 


= 6(edsin= —e ¢cos= Zz) = 
F-¥= 0(e ssing @ tcos% + cos) 0 


-.P comes to instantaneous rest when 


e 107m (sf) 
dz 


76a A=0 B=¥ b 


Be 
40 

av v 
cos ake ~ 4% sin 3kt) + Vi 4, 


78 a 0.3e"-0.6e"+0.3 


, Maximum speed = 2.1 ms“! 


Answers 


b #=-1.2e+ 1.2e7 = 1.2e(e* - 1) 
e%> 1 forall s>0 
+ #>0 throughout the motion (expect for ¢ - 0) 
i.e. the particle continues to move down through the 
liquid throughout its motion. 
79 a Differentiating (1) with respect to ¢: 
@r_ 9 ar 


dx 
Substituting (2): wr. = 0.157 + O.1(-0.0252 + 0.2y) 


1 0.00252 + 0.02y 


dx de 4 
1 0.00252 + 0.2(% - 0.12) 


122 _ 900252 + 0.22¢- o.02r 
de de 


a dx 
2 7 Og, * 0.02252 = 0 


= AelASt 4 Bye 045 
y = 0.5A0%5 + 0.5Bt0%!! + 10Be015¢ 

237 

The number of angler fish and angel fish will both 
increase without limit so the model is unlikely to be 
suitable for large ¢. 


80 a. Differentiating (1) with respect to c: £2 


de? 
2x _ pdx 
Substituting (2): 4¥= 204+ 4e—y +1 
dx 


eReot 


b e — Be — fue = Seen +320 — 

c Ast gets large, ae e* term isinisy and suggests 
the amount of gas increases without limit in both tanks. 
This is unlikely to be the case. for example size of tank 
will be a limiting factor. 


Challenge 
1 Let n =1: The result M" = M becomes M! = M, which is true. 
Assume the result is true for 2 =k 
That is 


2 hx 

Meem=( Cosh? cos! ) 
(Cakes stakes 

h2x cosh2x \/cosh?x — cosh?x 

Me! = MéM = ( °°5 ( ; ) 

-sinh2x Saber) sinh ~sinh22) 


Mt=M= ee —cosh?xsinh?x cosh*x — eae 


sinh4x -cosh2rsinh?x _sinh*x - cosh?xsinh2x 
a ( cosh?(cosh?x - sinh?x) —_cosh?.x(cosh2x — sinh?) ) 
~ \sinhx(—cosh?x+ sinh?) sinh?a{ — cosh? + sinh) 
xe ( cosh?x cosh? ) 
—sinh?x -sinh?x 
and this is the result for n =k + 1. 
The result is true for n = 1, and if it is true for n =k, then 
it is true forn =k +1_ 
By mathematical induction the result is true for all positive 
integers n. 
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Answers 


2a Wax, dx 


a —=—+3-5-«=0 
a die de 
m?-1=0=> m=+1 >x=Ae'+Bet 
dt 
=H Le 
tay 
When ¢ = 0,x=A+B=1andy=A-B=0,s0 


A=B=} 
So x = H{e! + e) = cosht and y = He! — e*) = sinht. 
p 24. op, dp 
dt di? a 
dp. dp 
ae ae ce a 
-2m+2=05m=1sisop=e(Acost+ 
Bas 
ap, 7 5‘ 
ane as cost +B sint) + e'(B cost A sint) 
q= p- Pe (-Beost + Asint) 
When (= 0,p=A=1andq=-B = 1,s0A=1and 
B=-1. 
er — r= e((cost - sint) + 2e"(cost + sini) 


(3cost + sind) 
Use integrating factor e, 
= e!/(3 cosé + sint)dé = e'(3 sint — cost + C) 
When ¢=0,r=C-1=1=C=2andso 
r = e(3sint - cost + 2) 


3 x=rcosd > 2 -rsind + Host 


7) 
zs oY cose + si 
y=rsind =o = reost + Tsing 
roost + Atsind 
So /has gradient Se ana +8) 
-rsiné+eose 
a6 or, 
reost + 2sing 
Thus ama+tand _ w@ 
1 -tana tand 


04, 
-rsind + Feoso 
Rearrange and cancel to get 


-rsin?@ + “ cos*# tana = rcos*@ — ow tana sin?? 


dr 
= games tana= ca 
de 
Exam-style practice: Paper 1 
1a 11200cm* 


b Does not take into account the thickness of the clay. 


re beiraedas =1VX7=10) 3414 4 3 
(22 + 324-12 14 0 14 
b -i 
© 43.9° 
( 2 ; ( 21 235) 
3a Letn=1:(0 1 2}=(0 1 2x1}, 
oo \o 0 1 


which is true. 
Assume the result is true for n =k, 


1 2k 2K 
210 1 2k 


oo 1 


o 


1 2 2\/1 2k 26 
n=k+1 (3 4 (0 1 2k 
oo v\o o 1 
1 2k+2 2k +4k+2) 
=|o 1 2k+2 
o 0 1 
1 2k+1) 2ik+1) 
=|0 1 2k+1) 
0 0 1 


and this is the result for n=k+ 1. 
The result is true for n = 1, and ifitis true for n=, 
then itis true for n =k +1. 

By mathematical induction the result is true for all 
positive integers n. 

i7 


-2 -(k+4) 8 
ii T 2 -1i1 8 
4 Bk+1 -2(k+ 1), 


z=cosd+ising 
z*=(cos@+isiné” 
z*=cosn§+isinné 


4 = cos no -isinno 
= 


zt-1=2sinno 
m 


a 1p: i! 
8sint = 512i sin a= 5(z—F 


Fer 427 +6 at) 
2! ees 


=h2 cos 4¢ — 8 cos20 + 6) 


= cos46 - 4 cos2# +3 
Volume = 500 + 154 


Ce tration of — 
oncentration of sugar => + 


Rate of sugar into aati = 30x 25 =750 
Sz 


Lose sugar at rate 15. “Wea 


3x 
100+ 30 


ETERS 
= 2 =750- 


6635 

Rate of leaking could vary with volume of oil, or 
model could take into account the fact that the 
sugar does not disperse throughout the vat on entry. 
(x +12)? + ly + 52 = 169 

(r cos@ + 12)? + (r sing + 5)? = 169 

r2cos?4 + 24r cos + 144 +1? sin24 + 10r sing + 25 
= 169 

r? =—24r cos@— 10rsiné 

r=-2(12 cos@+ 5 sind) 
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le+12 + 5i]=13 


7a 03xSt_p2ita03%x03x+03%02y+03 
J i +0.2 x 0.2% -0.2 x 0.3y 


a 
o.2b= 0.382 —(0.3* + 0.24 - 0.3 


x dy _ 934%, y dt 
fr -0.3%t, 024-03 403% 
“sree 0 
Se - 0.685 + 0.1384 0.3=0 
a 
ax 


100—-— - ood 13x +30=0 
ae 


b x= 0? cos0.2t + B sino.21) - 30 


cy =0°MB cos0.2t - A sino.20 - 22 


13 
oo2( 10, 85 


30 
0.26 a 
cos 0.26 + To 


13 
20 


sin 0.20) - 


85 160 


y= 00%( 8 c0s0. 2¢ 10 sino.20) - 20 


e Concentration on right side predicted to be negative 
which isn’t possible. Therefore, model is not suitable. 


Exam-style practice: Paper 2 
da p=7,q=25 


Using partial fractions, 
ae: eee eee ae 
(D+ 4) 242) Drs) 


Using the method of differences, 


by ee een es Oe 


7+ irs 4) 2ir+2) r+) 
-1,1_ 1 1 ~_ alfa +25) 
6° 8 2n+3 2n+4H 2n+3in+ 4 


b Let 2=1:fl1) = 2° + 39 = 35 which is divisible by 7 
Assume the result is true for n =k. 
n= ke: Mlk) = 2&2 + 32hlig divisible by 7 
A+ 1th + 1) = 2&3 + 3262 = 2(2h) + 371371) 
2(2K2) + 9(3241) 
= B22) + 2(32%+1) 4 7(32441) 
2f(k) + 7(321) which is divisible by 7 and this is 
the result forn =k +1. 


CS was 


Answers 


The result is true for n= 1, and if it is true for n = 
then itis true for n=k+1. 
By mathematical induction the result is true for all 
positive integers n. 

a 1-4 

b 1£4i,24i 

© 


3.42 (3 s.L) 
a 2x+ix3_ xs 


(ent - mal # 


x 
“oes 


b 2.754 x 104% (4 sf) 
= lim arent il, 


k=95 
a 0.722 
6y1E 


(-B sint ~ C cos) + 2B cost ~C sind) 
+314 +Bsint+Ccosd) 
=21+15 cost 


2B - C)sint + 218 + C)eost + 3A =21 + 15 cost 


= x=7 + osine + cose 
b x27 + Basins + cose 


~ ef 192 gina) + 33, 
ef 7 sinh2 ¢) + =Posti ) 


¢ The flow will stabilise and oscillate evenly about 
ety 
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Index 


acceleration 171, 175 
amplitude 176 
angular velocity 175 
arceos x. differentiating 63 
arcosh x 
definition 123 
differentiating 131 
graph 123 
integral for 135 
in terms of natural 
logarithms 124 
arcsin x, differentiating 62-3 
arctan x 
differentiating 63, 64 
Maclaurin series 44 
areas enclosed by polar 
curves 109-11 
arsinh x 
definition 123 
differentiating 131 
graph 123 
integral for 135, 
in terms of natural 
logarithms 124 
artanh © 
definition 123 
differentiating 131 
in terms of natural 
logarithms 124 
auxiliary equation 154, 180 
average Value see mean value 


binomial expansion 40 
boundary conditions 150, 153 
using to find particular 
solutions 162-4 


calculus methods 52-76 
differentiating inverse 
trigonometric 
functions 62-4 
improper integrals 53-6 
integrating with inverse 
trigonometric 
functions 65-7 
integrating using partial 
fractions 69-72 
mean value of function 
58-61 
cardioid 106, 109 
Cartesian coordinates 101, 102 
Cartesian equations 103 
centre of oscillation 175 
circles 104, 105 
complementary function 
(CE) 157, 139-61 
complex conjugate roots 154 
complex numbers 1-30 
division 5-6 
exponential form 2-4 
modulus-areument form 2 
multiplication, 5-6 
nth roots 20-3, 23-6 
solving geometric 
problems 25-6 
sums of series 16-18 
compound functions, series 
expansions 44-6 
convergent integrals 53-6 
conver curves 107, 115 
cosn 1-14 
‘osx, Maclaurin series 44 
cos 12-14 
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cosech x, definition 120 
cosh 
addition formulae 126 
definition 120 
differentiating 130 
as even function 121 
graph 121 
integrating 135 
cosh-tx see arcash x 
coth x, definition 120 
critical damping 180, 181 
curves 
sketching 104-8 
see also parametric curves: 
polar curves 


damped harmonic motion 180-2 
damping force 180 
de Moivre’s theorem 8-10 
derivatives 
first 38 
higher 38-9 
second 38 
differential equations 
coupled first-order linear 186-8 
first-order 148-51, 1714 
general solution 154, 159 
linear 153 
methodsin 147-69 
modelling with see modelling 
with differential equations 
second-order 
homogeneous 153-6 
second-order non- 
homogeneous 157-61 
using boundary 
conditions 162-4 
differentiation 
hyperbolic functions 130-2 
inverse hyperbolic 
functions 131 


‘dimple’ shaped curves 107, 115 
displacement 171, 175 
divergent intearals 53-6 
division, complex numbers 5-6 
‘dot’ notation 175 


e', Maclaurin series 44 

‘egy’ shaped (convex) curves 107, 
us 

Euler's identity 2 

Euler's relation 2 

even functions 121 

exponential form 2-4 


forced harmonic motion 182-4 
functions, mean value 58-61 


geometric problems, solving 25-6 
graphs, hyperbolic functions 121— 
2 


half-lines 104, 105 
harmonic motion 

damped 180-2 

forced 182-4 

simple (S.H.M.) 175-8 
heavy damping 180 
homogenous systems 186 
hyperbolic cosine see cosh 
hyperbolic functions 119-46 


differentiating 130-2 
equations involving 127-8 
graphs 121-2 
identities 125-7 
integrating 135-9 
introduction to 120-2 
inverse see inverse hyperbolic 

functions 

hyperbolic sine see sinh 

hyperbolic tangent see tanh 


improper fractions 71 
improper integrals 53-6 
initial line 101 
integrating factors 149-51 
integration 
hyperbolic functions 135-9 
improper integrals S36 
with inverse trigonometric 
functions 65-7 
using partial fractions 69-72 
interval 53 
inverse hyperbolic 
functions 123-5 
differentiating 131-2 
inverse trigonometric functions 
differentiation 62-4 
integrating with 65-7 


light damping 180, 182 

Timit notation 54 

In(1 +x), Maclaurin series 44 
Toops 106, 110 

Lorenz factor 48 


‘Maclaurin polynomials 41 
‘Maclaurin series 40-2, 44 
‘mean value 
attaining 76 
of function 58-61 
method of differences 32-5 
modelling with differential 
equations 170-95 
coupled first-order 
simultaneous 186-8 
damped harmonic 
motion 180-2 
first-order 171-4 
forced harmonic motion 182-4 
simple harmonic motion 
(S.H.M,) 175-8 
modelling with volumes of 
revolution 87-8 
modulus-argument form 2 
multiplication, complex 
numbers 5-6 


nth roots 
‘of complex numbers 20-3, 
25-6 
of unity 21, 25-6 


odd functions 121 
Osborn’s Rule 126 


parametric curves, volumes of 
revolution $34 

partial fractions, integrating 
using 69-72 

particular integral (PL) 158, 
150-61, 182 

period 176 

polar coordinates 100-18 


polar curves 
areas enclosed by 109-11 
sketching 104-8 
tangents to 113-15 

polar equations 103-4 

pole 101 

predator-prey model 186 

product rule 149 


ratio test 44. 
regular polygons 25-6 


sech x 
definition 120 
graph 145 
sech*x, integrating 146 
sector, area 109 
separating the variables 148 
series 31-51 
convergence 44 
expansions of compound 
functions 44-6 
higher derivatives 38-9 
Maclaurin 40-2, 44 
sums of sce sums of series 
shell, cross-section 112 
simple harmonic motion 
(SHM,) 175-8 
sin nf 11-14 
sin x, Maclaurin series 44 
sin 12-14 
sine wave 176 
sinh x 
addition formulae 126 
definition 120 
differentiating 130 
graph 121 
integrating 135 
as odd function 121 
sinh“! x see arsinh x 
spirals 104, 105 
sums of series 
complex numbers 16-18 
method of differences 32-5 


tangents 
parallel to initial ine 113-14 
perpendicular to initial 
ime 113, 114 
to polar curves 113-15 
tanh x 
definition 120 
differentiating 130 
exponential form 120 
graph 122 
integrating 136 
tanh y see artanh x 
trigonometric functions 
differentiating inverse 62-4 
integrating with inverse 65-7 
trigonometric identities 11-14 


unity, nth roots of 21, 25-6 


velocity 171, 175 
volumes of revolution 7-92 


modelling with 87-8 
‘of parametric curves 83-4 


